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JEE MAIN

UNIT | Sets, Relations and Functions
Sets and their representation, Union,
intersection and complement of sets and their
algebraic properties, Power set, Relation, Types
of relations, equivalence relations, functions,
one-one, into and onto functions, composition
of functions.

UNIT Il Complex Numbers and

Quadratic Equations

Complex numbers as ordered pairs of reals,
Representation of complex numbers in the form
a+ib and their representation in a plane, Argand
diagram, algebra of complex numbers, modulus
and argument (or amplitude) of a complex
number, square root of a complex number,
triangle inequality, Quadratic equations in real
and complex number system and their
solutions. Relation between roots and co-
efficients, nature of roots, formation of quadratic
equations with given roots.

UNIT Il Matrices and Determinants
Matrices, algebra of matrices, types of matrices,
determinants and matrices of order two and
three. Properties of determinants, evaluation of
deter-minants, area of triangles using
determinants. Adjoint and evaluation of inverse
of a square matrix using determinants and
elementary transformations, Test of
consistency and solution of simultaneous linear
equations in two or three variables using
determinants and matrices.

UNIT IV Permutations and

Combinations
Fundamental principle of counting, permutation
as an arrangement and combination as

selection, Meaning of P(n,r) and C (n,r), simple
applications.

UNITV Mathematical Induction
Principle of Mathematical Induction and its
simple applications.

UNIT VI Binomial Theorem and its
Simple Applications

Binomial theorem for a positive integral index,
general term and middle term, properties of
Binomial coefficients and simple applications.

UNIT VII Sequences and Series
Arithmetic and Geometric progressions,
insertion of arithmetic, geometric means
between two given numbers. Relation between
AM and GM Sum upto n terms of special series:
S n, Y n’, >n’. Arithmetico - Geometric
progression.

UNIT VIl Limit, Continuity and
Differentiability

Real valued functions, algebra of functions,
polynomials, rational, trigonometric, logarithmic
and exponential functions, inverse functions.
Graphs of simple functions. Limits, continuity
and differenti-ability. Differentiation of the sum,
difference, product and quotient of two
functions. Differentiation of trigonometric,
inverse trigonometric, logarithmic,
exponential, composite and implicit functions;
derivatives of order upto two. Rolle's and
Lagrange's Mean Value Theorems. Applications
of derivatives: Rate of change of quantities,
monotonic - increasing and decreasing
functions, Maxima and minima of functions of
one variable, tangents and normals.



UNITIX Integral Calculus

Integral as an anti - derivative. Fundamental
integrals involving algebraic, trigonometric,
exponential and logarithmic functions.
Integration by substitution, by parts and by
partial fractions. Integration using
trigonometric identities. Evaluation of simple
integrals of the type

_[ dx ) _[ dx ) J« dx i J« dx )
J' dx dx (px + q) dx
axl+bx+c Lax?sbx+c ax’+bx+c

(px + q) dx
[ > ’L a?+x? dx and -[4 x2-a? dx
ax“+bx+c

Integral as limit of a sum. Fundamental Theorem
of Calculus. Properties of definite integrals.
Evaluation of definite integrals, determining
areas of the regions bounded by simple curves
in standard form.

UNIT X Differential Equations

Ordinary differential equations, their order and
degree. Formation of differential equations.
Solution of differential equations by the method
of separation of variables, solution of
homogeneous and linear differential equations
of the type % +px)y =q(x)

UNIT XI Coordinate Geometry

Cartesian system of rectangular coordinates in a
plane, distance formula, section formula, locus
and its equation, translation of axes, slope of a
line, parallel and perpendicular lines, intercepts
of a line on the coordinate axes.

Straight lines

Various forms of equations of a line, intersection
of lines, angles between two lines, conditions
for concurrence of three lines, distance of a
point from a line, equations of internal and
external bisectors of angles between two
lines, coordinates of centroid, orthocentre and
circumcentre of a triangle, equation of family of
lines passing through the point of intersection
of two lines.

Circles, Conic sections
Standard form of equation of a circle, general

form of the equation of a circle, its radius and
centre, equation of a circle when the end points
of a diameter are given, points of intersection of
a line and a circle with the centre at the origin
and condition for a line to be tangent to a circle,
equation of the tangent. Sections of cones,
equations of conic sections (parabola, ellipse
and hyperbola) in standard forms, condition for
y=mx +  to be a tangent and point (s) of
tangency.

UNIT XII Three Dimensional Geometry
Coordinates of a point in space, distance
between two points, section formula, direction
ratios and direction cosines, angle between two
intersecting lines. Skew lines, the shortest
distance between them and its equation.
Equations of a line and a plane in different
forms, intersection of a line and a plane,
coplanar lines.

UNIT XIIl Vector Algebra

Vectors and scalars, addition of vectors,
components of a vector in two dimensions and
three dimensional space, scalar and vector
products, scalar and vector triple product.

UNIT XIV Statistics and Probability
Measures of Dispersion: Calculation of mean,
median, mode of grouped and ungrouped data.
Calculation of standard deviation, variance and
mean deviation for grouped and ungrouped
data.

Probability: Probability of an event, addition
and multiplication theorems of probability,
Baye's theorem, probability distribution of a
random variate, Bernoulli trials and Binomial
distribution.

UNIT XV Trigonometry
Trigonometrical identities and equations.
Trigonometrical functions. Inverse
trigonometrical functions and their
properties. Heights and Distances.

UNIT XVI Mathematical Reasoning
Statements, logical operations And, or, implies,
implied by, if and only if. Understanding of
tautology, contradiction, converse and contra
positive.



JEE ADVANCED

Algebra

Algebra of complex numbers, addition, multiplication, conjugation, polar representation, properties
of modulus and principal argument, triangle inequality, cube roots of unity, geometric
interpretations.

Quadratic equations with real coefficients, relations between roots and coefficients, formation of
quadratic equations with given roots, symmetric functions of roots.

Arithmetic, geometric and harmonic progressions, arithmetic, geometric and harmonic means, sums
of finite arithmetic and geometric progressions, infinite geometric series, sums of squares and cubes
of the first n natural numbers.

Logarithms and their Properties
Permutations and combinations, Binomial theorem for a positive integral index, properties of
binomial coefficients.

Matrices as a rectangular array of real numbers, equality of matrices, addition, multiplication by a
scalar and product of matrices, transpose of a matrix, determinant of a square matrix of order up to
three, inverse of a square matrix of order up to three, properties of these matrix operations,
diagonal, symmetric and skew-symmetric matrices and their properties, solutions of simultaneous
linear equations in two or three variables.

Addition and multiplication rules of probability, conditional probability, independence of events,
computation of probability of events using permutations and combinations.

Trigonometry
Trigonometric functions, their periodicity and graphs, addition and subtraction formulae, formulae
involving multiple and sub-multiple angles, general solution of trigonometric equations.

Relations between sides and angles of a triangle, sine rule, cosine rule, half-angle formula and the
area of a triangle, inverse trigonometric functions (principal value only).

Analytical Geometry

Two Dimensions Cartesian oordinates, distance between two points, section formulae, shift of
origin.

Equation of a straight line in various forms, angle between two lines, distance of a point from a line.
Lines through the point of intersection of two given lines, equation of the bisector of the angle
between two lines, concurrency of lines, centroid, orthocentre, incentre and circumcentre of a
triangle.



Equation of a circle in various forms, equations of tangent, normal and chord.

Parametric equations of a circle, intersection of a circle with a straight line or a circle, equation of
a circle through the points of intersection of two circles and those of a circle and a straight line.

Equations of a parabola, ellipse and hyperbola in standard form, their foci, directrices and
eccentricity, parametric equations, equations of tangent and normal.

Locus Problems
Three Dimensions Direction cosines and direction ratios, equation of a straight line in space,
equation of a plane, distance of a point from a plane.

Differential Calculus

Real valued functions of a real variable, into, onto and one-to-one functions, sum, difference,
product and quotient of two functions, composite functions, absolute value, polynomial,
rational, trigonometric, exponential and logarithmic functions.

Limit and continuity of a function, limit and continuity of the sum, difference, product and
quotient of two functions, I'Hospital rule of evaluation of limits of functions.

Even and odd functions, inverse of a function, continuity of composite functions, intermediate
value property of continuous functions.

Derivative of a function, derivative of the sum, difference, product and quotient of two functions,
chain rule, derivatives of polynomial, rational, trigonometric, inverse trigonometric, exponential
and logarithmic functions.

Derivatives of implicit functions, derivatives up to order two, geometrical interpretation of the
derivative, tangents and normals, increasing and decreasing functions, maximum and minimum
values of a function, applications of Rolle's Theorem and Lagrange's Mean Value Theorem.

Integral Calculus

Integration as the inverse process of differentiation, indefinite integrals of standard functions,
definite integrals and their properties, application of the Fundamental Theorem of Integral
Calculus.

Integration by parts, integration by the methods of substitution and partial fractions, application
of definite integrals to the determination of areas involving simple curves.

Formation of ordinary differential equations, solution of homogeneous differential equations,
variables separable method, linear first order differential equations.

Vectors
Addition of vectors, scalar multiplication, scalar products, dot and cross products, scalar triple
products and their geometrical interpretations.



Complex Numbers

Topic1 Complex Number in lota Form

Objective Questions I (Only one correct option) 6. Avalueofffor which 2 0sin8. purely imaginary, is
. . 22— . 1-2isin® (2016 Main)
1 Letz OC with Im (2) =10 and it satisfies =2 -1 30 1
2z+n @ R © sin 020 (d) sin_l%g
for some natural number n, then (2019 Main, 12 April 11) 3 6 040 3
(a) n=20and Re(z) =-10 (b) n =40and Re(z) =10 6: -3i 1
(¢) n =40and Re(z) = -10 (d) » =20and Re(z) =10 7. If | 4 3i —1|=x+iy,then (1998, 2M)
. 0 .
2 All the points in the set S = M ;o ORO@G =+/-1)lie U
M- O =3, y=1 =1, y=1 =0,y=3 (d)x=0,y=0
on a (2019 Main, 9 April ) @x=37=10)x 13 y=1©x=0.y @x=0.y
(a) circle whose radius is +/2. 8. The value of sum z @"+i"1), where i =+/-1, equals
(b) straight line whose slope is -1 n=1 (1998, 2M)
(¢) circle whose radius is 1. (a)i b)yi-1 (-1 ()0
d) straight line whose slope is 1. 1u
@ & P 5+3 9. The smallest positive integer n for which SIFH =1,1s
3 LetzOC be such that|zl<1. Ifw = , then -
5(1-2) (a) 8 (b) 16 (1980, 2M)
(2019 Main, 9 April 11) (c) 12 (d) None of these
(a) 4Im(w) >5 (b) 5Re (W) >1
(© 5Im @) <1 (d) 5Re() >4 Objective Question II

(One or more than one correct option)

4 Let 2‘*@ "”y =J-1), wh d 1
¢ % (:=+/-1), where xand y are rea 10. Leta, b, xand ybe real numbers such thata — b = 1and

numbers, then y - xequals (2019 Main, 11 Jan 1) y#0. If the complex number z=x+1iy satisfies

() 91 (®) 85 (c) -85 (d) -9l Euﬂﬁ y, then which of the following is(are)

5. Let A= % n Q 3 +2isinb | is purely 1mag1nary%
) 1-2isinB 0 possible value(s) of x? (2017 Adv.)
Then, the sum of the elements in A is (2019 Main, 9 Jan I) (@) 1-41+ ¥ (b)-1-41- ¥
RO © @ 2 ©1+ 1+ 5? @ -1+ 1~y

Topic2 Conjugate and Modulus of a Complex Number

.. . . .
Objective Questions I (Only one correct option) 2 Tra>0andz= "D bas magnitude \/g then Zis

1 Th ti -il=lz-1],i =J-1 t a-i
e equation |z = i| =]z =1],1 , represents equal to (2019 Main, 10 April 1)
(a) a circle of radius 1 (2019 Main, 12 April 1) 1 3. 1 3.
92 (a)g_gl () _g_g
the line passing through the origin with slope
(b) the li ing through the origin with sl 1 1 3. 3 1
(c) a circle of radius 1 © _g + 5 ! d - 5 - g

(d) the line passing through the origin with slope — 1



2 Complex Numbers

3 Let z and z, be two complex numbers satisfying| z | =9

and |z, —3 —4i|=4. Then, the minimum value of

2, —29lis (2019 Main, 12 Jan 11)
(@) 1 () 2 © V2 @ o

If z ;g (a OR)is a purely imaginary number and

|z| =2, then a value of a is (2019 Main, 12 Jan 1)
@2 o) @1 @2

Let z be a complex number such that |z|+2z=3 +1

(where i = \/—71).

Then, | z|1s equal to (2019 Main, 11 Jan I1)

34 5 41 5
(@ V34 M) = © Va1 @ =
3 3 4 4
6. A complex number zis said to be unimodular, if | z| # 1.
If z; and z, are complex numbers such that 21_7252 is
— 2172
unimodular and z, is not unimodular.
Then, the point z; lieson a (2015 Main)

10.

11.

(a) straight line parallel to X-axis
(b) straight line parallel to Y-axis
(c) circle of radius 2

(d) circle of radius v/2

If z is a complex number such that |z|>2, then the

minimum value of

1
z+ =
2

(2014 Main)
(a) 1s equal to 5/2

(b) lies in the interval (1, 2)

(c) is strictly greater than 5/2

(d) is strictly greater than 3/2 but less than 5/2

Let complex numbers a and 1/ lies on circles
(@=x)"+ (¥ =y0)° =r® and (x-x))" + (y —y,)* =4r%,
respectively.

If z, = x, + iy, satisfies the equation 2| zy|* = 7% + 2, then

|a|1s equal to (2013 Adv.)
1 1 1 1

a) — b) — c) — d) =

® V2 ®) 2 © Nk @ 3

Let zbe a complex number such that the imaginary part
of zis non-zero and a = z% + z + 1is real. Then, ¢ cannot
take the value (2012)

@) -1 1

1 3

= c) = d) =

(b) 3 © 5 (d) A
Let z=x+iy be a complex number where, x and y are
integers. Then, the area of the rectangle whose vertices
are the root of the equation zz° + z2> =350, is (2009)

(a) 48 (b) 32 (c) 40 (d) 80

If|z]=1and z # £ 1, then all the values of z lie on

1-22

(a) a line not passing through the origin (2007, 3M)
(b) |z1= 2

(c) the X-axis

(d) the Y-axis

12

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

If w=a+iB, where B#0 and z#1, satisfies the
.. L —wzl.
condition that 17 is purely real, then the set of
1-z B P Y

values of z is

@lzl=1,z#2
©z=2z

(2006, 3M)

(b)lzl=1land z 21
(d) None of these

If|2|:1andw=2_1 (where, z#-1), then Re (w) is
z+1 (2003, 1M)

(@0 o il @ 2
|z + 1] g+t lz+1 |z + 1]

For all complex numbers z;,z, satisfying 2| =12 and

|z, =3 —4i| =5, the minimum value of | z; — 2zyis

(@) 0 (b) 2 (2002, 1M)

(7 (d) 17

If z,2z, and z; are complex numbers such that

[z =129 =121 :Hl» +i +ﬂ§: 1,then |z + 2z, + 2;]is
B 2 30

(b) less than 1

(d) equal to 3

For positive integers n,,n, the value of expression

@ +D)" +@+2) +@Q +°)"2 +(1 +i)"2, here

(1996, 2M)

(a) equal to 1
(c) greater than 3

(2000, 2M)

i =+/-1 is a real number, if and only if

@n =ny+1 b)yn, =ny, -1

(c) ny = n, (d)n,>0,n,>0

The complex numbers  sinx+icos2x  and
cos x — I sin 2x are conjugate to each other, for

(a) x =nm (b)x=0 (1988, 2M)

@x=Mn+12m

The points z;, 24, 2; and 2z, in the complex plane are the

(d) no value of x

vertices of a parallelogram taken in order, if and only if
@z +2,=2+7 () z, + 23 =24 + 2, (1983, 1M)
©7z +2y=2 +2, (d) None of these
Ifz=x+iyand w=(Q1 —-iz)/(z — i), then |w| =1 implies
(1983, 1M)
(a) z lies on the imaginary axis (b) z lies on the real axis
(c) z lies on the unit circle (d) None of these

The inequality |z —-4| <|z —2| represents the region

that, in the complex plane

given by (1982, 2M)
(a)Re ()20 (b) Re ()< 0
(¢)Re (2)>0 (d) None of these
It o=03 +1§ L0 —1%?, then

o2 20 02 20 (1982, 2M)
(@ Re(z)=0 (b) Im (z) =0

(c)Re (2)>0,Im (z2)>0 (dRe(z)>0,Im(2)<0

The complex numbers z=x+ iy which satisfy the

equationaziaz 1, lie on
x+510 (1981, 2M)

(a) the X-axis

(b) the straight line y =5

(c) a circle passing through the origin
(d) None of the above



Objective Questions II
(One or more than one correct option)

23.

24,

25.

Let s, ¢, r be non-zero complex numbers and L be the set of
solutions z=x+1iy (x,yOR,E ﬁ) of the equation
sz+tz +r=0, where z=x-iy. Then, which of the
following statement(s) is (are) TRUE? (2018 Adv.)
(a) If L has exactly one element, then| s|# |¢ |

(b) If[s|=|t |, then L has infinitely many elements

(¢) The number of elements in L n {z:| z — 1+ i| =5}is at most
2

(d) If Lhas more than one element, then L has infinitely many
elements

Let z and z, be complex numbers such that z; #z, and

|zl =12y If 2z, has positive real part and z, has negative

z
2 may be
)

) . 2 +
imaginary part, then ———= (1986, 2M)
(a) zero

(b) real and positive

(c) real and negative
(d) purely imaginary

If 2, =a +ib and 2z, = c + id are complex numbers such
that |z|=]zJ =1 and Re (22,) =0, then the pair of
complex numbers w;, =a + icand w, = b + id satisfies

(@) lw =1 (©) lw,y) =1 (1985, 2M)
(c) Re (wywy) =0 (d) None of these

Passage Based Problems

26.

27.

28.

Read the following passages and answer the questions
that follow.
Passage 1
Let A, B, C be three sets of complex number as defined
below
A={z:lm (2) 21}
B={z:1z-2 -1 =3}

C ={z:Re((1 -)z) =2} (2008, 12M)
l’ngﬂl —-3i —z|1s equal to
2-4/3 2+ /3
b
(@) 5 () 3
3-43 3+4/3
d
(©) 5 (d) 5
Area of S is equal to
101t 201t 161 321
d
(@) 3 (b) 3 (©) 3 (d) 3

Let z be any point in A n Bn C and let w be any point
satisfying |w —2 —i| <3. Then, |z| = | w| + 3 lies between
(a) - 6and 3 (b) - 3and 6

(¢c) -6 and 6 (d)-3and 9

Complex Numbers 3

Passage 11

LetS=8S, nSy;nS;, where
a -1+.,/3;0 0O
S, ={z0C:|zk 4},SF z0 C:lmMD>OD
O ol-¥3i g g

and S; :{zOC:Rez 0} (2008)

29. Letzbeany pointin An Bn C.
The|z+1-i* +|z =5 —il® lies between
(a) 25 and 29 (b) 30 and 34
(c) 35 and 39 (d) 40 and 44

30. The number of elements in the set A n Bn Cis

(@0 (®) 1
(©) 2 (d) oo
Match the Columns

31. Match the statements of Column I with those of
Column II.

Here, z takes values in the complex plane and Im (z)
and Re (z) denote respectively, the imaginary part and
the real part of z (2010)

Column | Column Il

A.  The set of points z satisfying p.
|z=il Zl|=|z+i|2]|is
contained in or equal to

an ellipse with
eccentricity 4/5

B.  The set of points z satisfying qg.
|z+ 4| +|z-4=0is
contained in or equal to

the set of points z
satisfyinglm (z) = 0

C. Ifjw|=2, then the set of r. the set of points z
points z = w _1is contained satisfying[Im(z) [< 1
w
in or equal to

D. Iffw|=1, then the set of points s.
z =w+ —is contained in or t.
w

the set of points
satisfying|Re(z)|< 2
the set of points z

equal to satisfying| z| < 3
Fill in the Blanks
32. Ifa,B,y are the cube roots of p, p <0, then for any x, y
+ B+
and z then w =....
ap+yy+za (1990, 2M)

33. For any two complex numbers z,z, and any real

numbers @ and b, |az, — bz,/*+ | bz, +az,/* =... .
(1988, 2M)

%in %@+ cos %@— i tan (x)E
é +2isin %@E

is real, then the set of all possible values of x is... .
(1987, 2M)

34. If the expression




4 Complex Numbers

True/False

35. If three complex numbers are in AP. Then, they lie on a
circle in the complex plane (1985 M)

36. If the complex numbers, z,z, and z; represent the
vertices of an equilateral triangle such that
[z, =129 =125 |, then z; + 29 + 23 =0. (1984, 1M)
37. For complex numbers z =x + iy, and z, = x, + iy, we

write 2, n 2y, if ; < x5 and y; < y,. Then, for all complex
1-z

numbers z with 1 n z, we have n 0. (1981, 2M)

+z

Analytical & Descriptive Questions

38. Find the centre and radius of the circle formed by all the
points represented by z = x + iy satisfying the relation

Be—aB. k(k#£1), where a and [ are the constant
Dz-BO
complex numbers given by o =a; + it 4, B =p; + Po.
(2004, 2M)
39. Prove that there exists no complex number z such that
n

|zl <1/3 and z a,z" =1, where |a,|<2.

r=1 (2003, 2M)

40. If 7z and z, are two complex numbers such that
l-23

|21 <1 <]|zy, then prove that A% <l. (2003, 2M)
41T %

41.

42,

43.

44,

45,

46.

47.

For complex numbers z and w, prove that
lzPw-|lwPz=z-w,ifand only if z= wor zw =1.

(1999, 10M)

Find all non-zero complex numbers z satisfying
z =iz (1996, 2M)
If 22 +22-z+i=0, then show that |z|=1
(1995, 5M)

A relation R on the set of complex numbers is defined

by 2z, R z,, if and only if #1722 i real.
2zt 2

Show that R is an equivalence relation. (1982, 2M)
Find the real values of x and y for which the following

equation is satisfied
Q+i)x-2i . @2-3i)y+1i

. =1. (1980, 2M)
3+1 3-1
1 . .
Express — in the form A + iB.
(1-cosB) +2isin O (1979, 3M)
. a+1b 9 N2 (l2 + b2
Ifx+y= , prove that (x° + =
y vig P "+ ) 1
(1978, 2M)

Integer Answer Type Question

48.

If z is any complex number satisfying |z -3 -2i| <2,
then the maximum value of |22 =6 + 51 | is ...... (2011)

Topic 3 Argument of a Complex Number

Objective Questions I (Only one correct option)

1. Let z and z, be any two non-zero complex numbers such

that 312, = 4] 2,) Iz = 22 + 222 then
2zy 37 (2019 Main, 10 Jan 1)
1 |17
a) |lz| == |— b) Im(z) =0
(@ 2\ 3 (b) Im(2)
(c) Re( =0 D |zl = \/g
2. If zis a complex number of unit modulus and argument
01+ z0.
0, then arg %Bls equal to (2013 Main)
(a) -6 (b)l;—e (c) 6 (d) m-6
3. Ifarg(z) <0, then arg (-z) —arg (2) equals (2000, 2m)
(@) m ®)- T
(c) — W2 (d) Tt/2

4. Let z and w be two complex numbers such that |2/ <1,
|lwl<land|z+iwl|=|z-iwl| =2, then z equals
(1995, 2M)
(a)lori (b) i or —i
() lor-1 (d)ior-1

5.

7.

Let z and w be two non-zero complex numbers
such that |z|=|wl and arg (z) + arg (w) =T, then z
equals (1995, 2M)
(@ w ) ~w ©w d-w

If z, and 2z, are two non-zero complex numbers such
that|z + 29l =|2;| +124|, then arg (z;) —arg (z,)is equal
to (1987, 2M)

(@) -1t (o) - ’—21 © 0 ) ’—21

If a,b,c and u,v,w are the complex numbers
representing the vertices of two triangles such that
c=1-r)a+rb and w=(0-r)u +rv, where r is a
complex number, then the two triangles (1985, 2M)
(a) have the same area (b) are similar

(c) are congruent (d) None of these

Objective Questions II
(One or more than one correct option)

8.

For a non-zero complex number z, let arg(z) denote the
principal argument with —Tt<arg(z) < 1 Then, which of
the following statement(s) is (are) FALSE ? (2018 Adv.)

(a) arg (-1-1) zg,where i=+-1



(b) The function R~ (-m, 1 defined by
f(t) =arg (-1+1it) for all ¢ OR, is continuous at all
points of R, where i = /-1

(¢) For any two non-zero complex numbers z and z,,

0
arg E%—EI— arg (z;) + arg (z,) is an integer multiple of
ey O
21

(d) For any three given distinct complex numbers z;, z, and

z,, the locus of the point z satisfying the condition

- -z)0 . . .
arg %(M[F T, lies on a straight line.
0z - 2) (2, — )0
9. Let z and z, be two distinct complex numbers and let
z=(1-1)z +tz,for some real number ¢t with0 < ¢ <1. If
arg (w) denotes the principal argument of a non-zero
complex number w, then (2010)
(@) lz=z| +1z —z) =z, —2z,|(b) arg(z—z) = arg(z —z,)

(C) 273 f_zl =0 (d) arg(z-Zl)zarg(zz_Zl)

274 RT3

ComplexNumbers 5

Match the Columns

10. Match the conditions/expressions in Column I with
statement in Column II (z #0is a complex number)

Column | Column I1
A. Re(z)=0 Re(z?)=0
B. arg(z)= 1 Im(z%) =0
4
r Re(z%) = Im (z?)

Analytical & Descriptive Questions

11. |z]<1,|w|<1, then show that
lz-wl?<(l2 —|wl])? + @rg z —arg w)* (1995, 5M)
12. Let 2z, =10 +6i and z,=4+6i. If z is any complex

number such that the argument of (z —2,)/(z — z,) is
T1/4, then prove that |z =7 —9i| =342. (1991, 4M)

Topic4 Rotation of a Complex Number

Objective Questions I (Only one correct option)

2ug 1}
1. Letz= E{.@ +10 + E)l@ —ED.IfR(z)andI(z)
g2 20 02 20

respectively denote the real and imaginary parts of z,

then (2019 Main, 10 Jan 1)
(@) R(z)>0and I(z)>0 Md)I(z)=0
(c) R(z)<0and I(z)>0 d) R(z)=-3

2. A particle P starts from the point z, =1 + 2i, where
i =+/-1. It moves first horizontally away from origin by
5 units and then vertically away from origin by 3 units
to reach a point z,. From z, the particle moves V2 ynits
in the direction of the vector i + 3 and then it moves

TU . . . . .
through an angle By in anti-clockwise direction on a

circle with centre at origin, to reach a point z,. The point
2y 1s given by (2008, 3M)
(a)6+ 70 (b) =7+ 61 (¢) 7+ 6i d-6+T1T

3. A man walks a distance of 3 units from the origin
towards the North-East (N 45° E) direction. From there,
he walks a distance of 4 units towards the North-West
(N 45° W) direction to reach a point P. Then, the
position of P in the Argand plane is (2007, 3M)
(a) 3¢™* + 4i (b) (3-4i)¢™" () (4+ 31)d™* (d)

(3+4i)é™*

4. The shaded region, where P =(-1,0),Q = (-1 +~/2,+/2)

R=(-1++/2, -/2),8 =(1,0) is represented by (2005, 1M)

(a)|z+1|>2,|arg(z+1)|<g Q
b)lz+1<2]arg (z+ Dl< 2 ,

A SIS X
(C)|Z+1|>2,Iarg(z+1)|>%[ S

(d)|z—1|<2,|arg(z+1)|>l2T

5. If 0<a< I is a fixed angle. If P = (cos0,sin0) and
@ ={cos( g6),sin((:1 -0)}, then @ is obtained from P by
(2002, 2M)
(a) clockwise rotation around origin through an angle a
(b) anti-clockwise rotation around origin through an anglea
(c) reflection in the line through origin with slope tan a

(d) reflection in the line through origin with slope tan%

6. The complex numbers
A% - M are the vertices of a triangle which is
2 (2001, 1M)

2,2, and 2z satisfying

(a) of area zero

(b) right angled isosceles
(c) equilateral

(d) obtuse angled isosceles

Objective Questions II
(One or more than one correct option)

7. Leta,bORand a?+ b? 20.
g
;, t OR, # 0O where
a+ibt O
i=,-1.Ifz=x + tyand z OS, then (x, y) lies on
(2016 Adv.)

(a) the circle with radius ZL and centre in, ngor
a a

|
Suppose S = 0OC: =
0

a>0,b%0
(b) the circle with radius — 1 and centre % i, ngor a<
2a 2a
0,6#0
(c) the X-axisfora# 0,b=0
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(d) the Y-axisfora=0,b%#0

8. LetW = ‘6; Land P={W"n=1,23,.}
O 10
Further H, =z OC:Re (2 —
1 EZ (zP 2%
_g -10 .
and H, = g OC:Re(zx 2B where C is the set of all
complex numbers. If z; O Hy, z, 0 H, and O
represents the origin, then 0 2,0z, is equal to
(2013 JEE Adv.)
s
a —
(a) 5
s
b) -
(b) p
2m
C -
(0) 3
5Tt
q) °2°
(d) 6
Fill in the Blanks
9. Suppose z,2z,,2; are the vertices of an equilateral
triangle inscribed in the circle |z|=2. If 2, =1 + i3,
thenz,=.., 23 =.... (1994, 2M)
10. ABCDis arhombus. Its diagonals AC and BD intersect
at the point M and satisfy BD =2 AC. If the points D and
M represent the complex numbers 1+i and 2-1i
respectively, then A represents the complex number
...0T... (1993, 2M)
11. If a and b are real numbers between 0 and 1 such that

the points z; =a+1i,z9=1+bi and z; =0 form an
equilateral triangle, thena =...and b =... . (1990, 2m)

Analytical & Descriptive Questions

12,

If one of the vertices of the square circumscribing the
circle|z — 1| =+/21is2 + /3. Find the other vertices of
square. (2005, 4M)

13.

14.

15.

16.

17.

18.

Let bz+ bz =¢, b#0, be a line in the complex plane,

where b is the complex conjugate of b. If a point z; is the
reflection of the point z, through the line, then show

that c=2,b + 25b. (1997C, 5M)

Let z and z, be the roots of the equation 22+ pz +q =0,

where the coefficients p and ¢ may be complex numbers.
Let A and B represent z; and z, in the complex plane. If
0 AOB= o 0and OA = OB, where O is the origin prove

that p2 =4q COSZ%Q

Complex numbers z;, 25, 25 are the vertices A, B, C

(1997, 5M)

respectively of an isosceles right angled triangle with
right angle at C. Show that

(1 —29)° =2z, —23) (25 —2y). (1986, 2 1 M)

Show that the area of the triangle on the argand
diagram formed by the complex number z, iz and z + iz
is 1 | 2%
2 (1986,2 } M)
Prove that the complex numbers z,z, and the origin
form an equilateral triangle only if 27 + 25 — 2,2, =0.
(1983, 2M)
Let the complex numbers 2,2z, and z; be the vertices of
an equilateral triangle. Let z, be the circumcentre of the
triangle. Then, prove that 27 + 22 + z3 =3z7. (1981, 4M)

Integer Answer Type Question

19.

For any integer &, let a,= cos QI%T@ + isin %@ where

i =+ —1. The value of the expression
12
Z 0y q =00
k=1
3
Z [0y -1 = O gyl
k=1

is

(2016 Adv.)

Topic5 De-Moivre’s Theorem, Cube Roots and nth Roots of Unity

Objective Questions I (Only one correct option)

1.

If z and w are two complex numbers such that | zw|=1

Tt
and arg(z) —arg(w) = P then (2019 Main, 10 April I1)

_ . — _1-1
a) zw=-1 zw =
(a) () 75
_ . -1+
c) Zw=1 d) zw =
(0) (d) 7z
Ifz =§ +%(i =y/-1), then (1 + iz + 2° +iz%)? is equal
to (2019 Main, 8 April I1)

(@) 1 ®) -1+ 20)° (©) -1 (d 0

3.

Let 2, be a root of the quadratic equation, o+ x+1=0,

If z=3 +6iz5! —3iz)°, then arg zis equal to
(2019 Main, 9 Jan II)

f
()3

15
Let z = cos 6 + i sin 6. Then, the value of Z Im " Yat

(a) ’7: (b) g © 0

m=1
0=2°s (2009)
1
a
(® sin 2° ®) 3 sin 2°
1
c d
()2sin2° ()4sin2°



5. The minimum value of |a + bw + c«¥|, where a, b and ¢
are all not equal integers and w (#1) is a cube root of
unity, is

(2005, 1M)
1
()3 (b) 5 (©1 o

6. Ifw(#1)be a cube root of unity and (1 + w?" =1 + w')”,
then the least positive value of n is (2004, 1M)
(a) 2 () 3 (©5 (d)6

7. Let w= L +1 g, then value of the determinant

1 1 1
1 -1 _002 002 iS (2002' 1M)
1 o W

(2) 3w ) 3w (w-1) (c) 3w (d)301-

8. Let z and z, be nth roots of unity which subtend a right
angled at the origin, then n must be of the form (where, %
is an integer) (2001, 1M)
(@4ak+1 (b)4k+2  (c)4k+3 ) 4k

0 - @ 0 . =%

9. 1fi =T, thend+5HL + V30 L3 BL, iVB8E,

02 2 0 O 2 2 0
equal to (1999, 2Mm)
(@1-iv3 ()-1+id3 (0)i~3 (d)-i 3

10. Ifwis an imaginary cube root of unity, then (1 + w - of)’
is equal to (1998, 2M)
(a) 128w (b) -128w () 128w’ (d) 128 w?

11. If w (1) is a cube root of unity and (1 +w)’ = A + Ba
then A and B are respectively (1995, 2M)
(@0,1 M) 1,1
(C) 1’ 0 (d) _17 1

6
12. The value of z %in@— i cos @Qis (1998, 2M)
= 7 7 !
(-1 ()0 (©)—1 ()i
Match the Columns
13. Let z, =cos g@§+ isin g%— 1 k=1,2,..9.
10 10
Column | Column I
P.  Foreach z,, there exists a z; such that (i) True
z, [z =1
Q. Thereexistsak 0{12,.. ,9}suchthat (i) False
z, [z = z, has no solution zin the set of
complex numbers
R -zt -2z)...]1- 2 equal (i) 1
10
S. S E@kn (iv) 2
1- |
k;cos 10 @equas
(2011)

Complex Numbers 7

Codes

P Q R S
(@ @ G (iv) (111)
®) @ O (1) (iv)
(© @O @) (iii) @iv)
(d) (D) @ @iv) (iii)

Fill in the Blanks

14. Let w be the complex number cos%-[ +isin Z?H Then

15.

the number of distinct complex number z satisfying

z+1 (%) o’
w  z+o 1
w? 1 z+

=0isequal to ... .

(2010)

The value of the expression

12-0)@2-w)+2B - B - df) +...

+(n-1)0n -w) (n ~o),

where, wis an imaginary cube root of unity, is....
(1996, 2M)

True/False

16.

The cube roots of unity when represented on Argand
diagram form the vertices of an equilateral triangle.
(1988, 1M)

Analytical & Descriptive Questions

17.

18.

19.

Let a complex numbera,a #1, be a root of the equation
2Pt —2P 2941 =0

where, p and q are distinct primes. Show that either
l+a+a?+ ... +a?! =0

or l+a+a?+ ... +a?7! =0

but not both together. (2002, 5M)

If1,a,,ay,...,a,_; are the n roots of unity, then show
that Ql-a)A-ay@-ay)...A~-a,;)=n

(1984, 2M)
Itis given that n is an odd integer greater than 3, but n

is not a multiple of 3. Prove that #° + & + x is a factor
of x+1D)"=-x"-1 .
(1980, 3M)
If x=a+b, y=aa +bB, z=af + ba, where a,3 are
then show that

(1979, 3M)

complex cube roots of unity,
xyz=a® + b3,

Integer Answer Type Question

21.

Let w=¢™ and a,b,c, x, y,z be non-zero complex
numbers such that a+b+c=xa +bw +cw’ =y,
a+bw?+cw=z

2 2 2
lxI+1yl"+1zI".

Then, the value of ——"———"—
lalP+101*+]cl?

Download More Books: www.crackjee.xyz
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Answers
Topic 1 46, A+ iB= 1 _;_ cot ©/2)
1. (c) 2. (c) 3. (b) 4. (a) 2§+3 cos? Q@ 1+ 3 cos® (8/2)
5. (d) 6. (d) 7. (d) 8. (b) 2
9. (d) 10. (b, d) Topic 3
Topic 2 L () 2. (o) 3. (@
1. () 2. (b) 3. (d) 4. (d) 4. (9 5. (d) 6. (c) 7. (b)
5. (b) 6. (c) 7. (b) 8. (0) 8. (a,b,d) 9. (a,¢,d) 10. A-q;B-p
9. (d) 10. (a) 11. (d) 12. (b) Topic 4
13. (a) 14. (b) 15. (a) 16. (d) 1. () 2. (d) 3. (d) 4 ()
17. (d) 18. (b) 19. (b) 20. (d) 5. (d) 6. (o) 7. (d) 8 (.4
21. (b) 22. (a) 23. (a,c,d) 24, (ad) 0. 2,22z =1-is3 0.3l or1 -
25. (a, b, c) 26. (c) 27. (b) 28. (d) 2
29. () 30. (b) 1. a=b=2++3

3. A- qr; B-p; Cop,s,t; Doq,r,s,t 32, W
83. (a* +b°) (2" +|2,)

34, x =2nTt + 20, o =tan 'k, where k (1, 2) or x = 2nTT

35. False 36 True 37. True
38. Centre = , Radius = %(0(72%
1- O1-k° g

O i O

2 3 =i,t£—im

0 2 29

45. (x =3andy =-1)

12, z, =-~3i,z; =(1 -3) +iandz, =(1 +43) =i

19. (4)
Topic5

1. (a) 2. (o) 3. (a)

4. (d) 5. (c) 6. (b)

7. (b) 8. (d) 9. (¢) 10. (d)
11. (b) 12. (d) 13. (c) 14. (1)

15. Q'(”z;”g -n 16. True 21. (3)

Hints & Solutions

Topic1 Complex Number inlota Form
1. Let z=x+10i, as Im (2) =10 (given).
Since z satisfies,

227N _9i _1 0 ON,
2z+n

O @x+20i-n)=@Qi —-1) @x +201 +n)

O @x-n)+20i=(-2x —n —40) + (dx +2n —-20)¢

On comparing real and imaginary parts, we get
2x—n =-2x —n —40 and 20 =4x + 2n -20

ad 4x=-40 and 4x + 2n =40

a x=-10and -40 +2n =400 n =40

So, n=40and x=Re (z) =-10

B
2. Letx+iy= l
a-1

O x+y=
RN a+1 a+1

On comparing real and imaginary parts, we get
a?-1 2a

x= and y =
aZ+1 a1

@+ _ @?-1)+@)i _a’-1 20 .
= - +Q}@

Now, x? + y? L+1§2 Qﬁig

at+1-0%+40? @2+1)?
(GZ+1)2 ((x2+1)2

a K+ y2 =1
Which is an equation of circle with centre (0, 0) and
radius 1 unit.

+i
So, S = E«):; ;a DR@lies on a circle with radius 1.
-1

3. Given complex number
_5+3z

51 -2)
a 5w-5wz=5+3z

a B+5wz=5w-5
O [B+5wllzl =5 w-5| ...()
[applying modulus both sides and |z;z,l =21 24| ]
lzl <1
O B+5w|l>bw-5]| [from Eq. (1)]



6. Letz

>lw-1]

0 Doo+
ad

B

Let w =x + iy, then @c+§g+y2>(x—l)2 + 52
g 9c2+g+§x>x2 +1 —2x
25 5

16x 016 0 s lpsest
25 5

5
g 5 Re(w) >1

4. We have, ~ ‘y %2 g —(6+ )g
0 x;;y —(216 +108; +18i% +i%)
_E (198 +107i)
[ (@ + b =a® +b® +3a% +3ab? i2=-1,i% = -

On equating real and imaginary part, we get
x=-198 and y = -107
0 y—-x=-107 +198 =91

5. Let Z_[B+2isin9|:|x 01 +2isin60
) B —2isined M+ 2isin®

(rationalising the denominator)
_ 3-4sin%0 +8isinB
- 1+4sin%0
[ a?=-b%=(a +b)(a —b)and i = -1]
EB 4sin 9%_'_ U 8sin6 Dl
E[L +4sin?00 [ + 4sin?60

As zis purely imaginary, so real part of z=0

—Aein?
374800 _ )0 5 4din%e =0

1+ 4sin?0
O sin6== 0 sin9=i§
Y-
1 y=sin 6
v3/2
« 2 -3
Ow3 2m3 T
—/3/2
» 3/
v
Ogm m 21y
O el —,—,—
H3'3 30
Sum of values of 6 = 2£
3
-2+3isinb . is purely imaginary. Then, we have
1-2isinB
Re(z) =0

2+ 3isinB

Now, consider z = —
1-2isinB

10.

Complex Numbers 9

_ @2+ 3isinB) (1 +2i sin 0)

(1 -2isinB) (1 +2i sin 6)
_2+4isinb +3isin B +6i%sin? 0
- 1% - (2i sin 0)2
_2+ 7isin® —6sin?0

1+4sin%0
_2- 6 sin? 9 7sin 0
"1+ 4sin? 6 1+4sin26
Re(z) =0
— A ain2
o 27680 50 5-6sin%e
1+4sin“0
a sin29:l
3
O sinOZii
3
1 .- 1
a stmlgt— :ismlgfg
V3 3

06: -3i 10
Given, 4 3t -lg=x+1y

20 3 i 0

061 1 10
O -3ig4 -1 - 1=x+iy

020 i i [0
a x+ iy =0 [+ Cyand C; are identical]
EI x=0,y=0

) 13
G"+i"H =S i"A+i) =1 +i) i"

> > 2,
0-@a-:%0
o

+i'?) = (1 +1) — [
o =i @

=A+0)GE+i2+8 +..

Alternate Solution

B +iyi=i-1

Since, sum of any four consecutive powers of iota is zero.
13
0y + Tty =@ +it 4.+

+ @2+ 2+ i =i+it=i-1

g i"=1
The smallest positive integer n for which ;" =11is 4.
g n=4
az+b _ax+b+aiy (ax+ b+ aiy)((x+1) —iy)
z+1  (x+1)+iy (x+1)2+ 52
. Loz + b0 —(ax+ b)y + ay(x +1)

Im H= CR)

z+1 (x+1)"+y
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(@-by _
(@+1)" + 5
a-b=1
O (@x+1)2+y?=1
O x=-1%41 -5

Topic2 Conjugate and Modulus of

1.

Complex Number
Let the complex number z = x + iy
Also given, |z-1i| =]z -1]|
Olx+iy—il=lx+iy -1]|
02+ (=12 =y -D)? +°
[121=(Re(2)? + (Im(z))*]

On squaring both sides, we get

X+ y2—2y+1 =2 +y2 —-2x +1

0 y = x, which represents a line through the origin with
slope 1.

2
The given complex number z = M
a-1i
:(1—1+221)(a+l) [ri2= 1]
a”+1
_2i(a+1i) _—2+2ai @
a?+1 a?+1
|z|=~2/5 [given]
4 + 4a” _\/g 02 _\E
@+1* V5 1442 V5
O 42=2Da2+1=10
1+a 5
a’=90a=3 [ra>0]
0 z=2%6 [From Eq. ()]
10
So, z = QL +6L§: Q—l +§i§|] E:—l —§i
10 5 5 5 5
[-ifz=x+ iy, thenz = x —iy]
Clearly | z,| =9, represents a circle having centre C; (0, 0)

and radius , =9.
and |z,—-3-4i| =4 represents a circle having centre
Cy(3,4) and radius r, = 4.

The minimum value of |z -z, is equals to minimum
distance between circles | z;|=9 and |z, —3 —4i| =4.

0,0y =43 -0)? + (@ -0)? =9 +16 =25 =5
and|n —rl=9-41=5 O C,Cy=lr -1y
O Circles touches each other internally.

Hence, |z =29l =0

Since, the complex number Z:Z (a OR) is purely
imaginary number, therefore

2T2,27% [-a OR]

z+d z+a
0 ZZ-0z+0z-0%+2z 0z 4z % =0
0 2|zf-2a%=0 [-2z = z[]
O (12:\2\2:4 [l z| =2given]

a=%= 2
We have, |z|+2z=3 +i

Let z=x+1y

a w/x2+y2+x+iy:3+i
(+a®+y%) +iy =3 +i
x++/x®+y® =3and y=1

Now, 2+1=3-x
a 2 +1=9 -6x +x
a 6x=8 [ x=é

3
0 _4

z=—+1i
3
a |Z|:1E+1:1§D |z|:§
9 9 3

PLAN If z is unimodular, then| z| = 1. Also, use property of modulus
ie. zz = z?
Given, z, 1s not unimodular i.e.|zy| # 1
and 2 _252 is unimodular.
~Z12
-2 _

O AT 1 O lzr 22,2 12 22,/

2-2z2,
O (5 —229) (7 —229) = @2 —2,29) 2 —2,29) [2z =1z*]
O |2 P+4] 25*-22,2, -22,2,

=4+ 2?1 22 22,2, —22,2, 0 (1252 1)(1zE 4F 0

|2l #1
g lz1=2
Let z=x+iy O 2+ y? = (2)>

O Point z lies on a circle of radius 2.

|z| =2 1is the region on or outside circle whose centre is
(0, 0) and radius is 2.

Minimum is distance of z, which lie on circle

1
z+ =
2

| z| =2 from (-1/2,0).
= Distance of %% , ngrom (-2,0)

= %mlgm:é - @Hzgmzé
2 2 ~\O2 2

0 Minimum

1
z+=
2




(0,0) (2.0)

Geometrically Min =AD

1
z+ =
2

Hence, minimum value of lies in the interval

1, 2).

1
zZ+=
2

PLAN Intersection of circles, the basic concept is to solve the

equations simultaneously and using properties of modulus of
complex numbers.
Formula used l22=2Z
2 _ p—
|21 = zl" = (2 —29) (&1 —25)

T R - 2
=1zl" - 2125 255 +]2zy

and

Here, (x - xo)2 + (y —yo)2 =r?
and (x- xo)2 +(y - yO)2 =4r? can be written as,
|z - z,/* =r% and |z - z,* =472

. 1.. . .
Since, o and — lies on first and second respectively.
2

0 |(x—z0|2=r2 and | = -z, =4r?
a
@ —ZO)@—EO)=F2
O laf? = 2@ —z@ +lzyl* =12 .0
2
1
and — -2 =472
a
1 1
O %—3(@%—20@:4#
1 20 EO 2 _ 2
O j_i_j +|ZO| =4r
|al a a
Since, lal? =a
1 Zom EO 2 2
—_— = - —=[d +|z,|° =4r
la’  laP  laf? ’
a 1-2,0 —z0 +a |2|20|2 =4r%a |? ...>11)

On subtracting Egs. (i) and (ii), we get
(lal?-1) +1z,2 @ ~lal?) =r2 @ -4la?)

O (la?=1) @ -1z,*) =r*Q -4lal?)
O r2+2|:|
0 la?-1) 0 -—=20=r%1 -4la?
( )D 5 o ( )
2
Given, 2l =" 2+2

10.

11.
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2 D‘VZD 2 2
0 (la? - 1) —0=r%1 -4la?)
020
O lal?-1=-2 +8lal?
O Tlal=1
0 lal=1/7

PLAN If ax®+ bx + c =Ohasrootsa, B, then
-bt,b%-4
a, B :7ac
2a
For roots to be real b? - 4ac = 0.

Description of Situation As imaginary part of
z=x+ 1y 1s non-zero.

0 yz£0

Method I Letz=x+1y

O a = (x+iy)?+(x+iy) +1

ad (xz—y2+x+1—a)+i(2xy +y):0

O -y +x+1-a) +iy@x +1) =0, ...()

It is purely real, if y @x+1)=0

but imaginary part of z, i.e. y is non-zero.

a 2x+1=0 or x=-1/2
L 1 51
From Eq. 1), —-y*-=+1-a =0
q. () YR
a a:—y2+§ U « 3
4 4

Method II Here, 22+ 2z + (1 -a) =0

. Z_—111/1—4(1—a)

2x1

-1+.,4a -3

0 Z=—m—
2

For z do not have real roots, 4a-3<0 0O «a <%
Since, 2z (2 +2z%) =350
O 2 (x®+ y%) (% - y%) =350
a (x2+y2) (xz—yz) =175

Since, x,y I, the only possible case which gives
integral solution, is

x*+y* =25 . ()
-y =7 ... (11)
From Egs. (1) and (i),
x2=16,y* =90 x=+4, y=+3
O Area of rectangle =8 x6 =48
Let z=cosB +isinB
z cosB+isinB

|:| 2 = . .
1-z° 1-(cos2 B+1isin206)
_ cosB+isinB
2sin?6 -2isin O cos B
cosO+isinB _ 1
—2isinB(cos0+isinB) 2 sinB
Hence, lies on the imaginary axis i.e. Y-axis.

1-22
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12.

13.

14.

15.

Complex Numbers

Alternate Solution

Let E = z 5 = 72 5 == which is an imaginary.
1-z zz—z z—z
Letzlzw_wz be purely real 0 2z =2z
-z
0 w—wzzw—uji
1-z 1-z
0 w-wz-—wz+rwzl2 =w -zw —wz +wzl2
0 w-w+@w-wlzl?=0
0 w-w)@-1z*) =0
a lzI?=1 [as w-w #0, since B #0]
a |z]=1 and z#1
Since,|2|:1andw:2_1
z+1
1+ 1+
O z-l=zwz+w 0O z= Y0 |z|:| wl
-w |1 - w|
a 1-w|l=]1+w| [~1zI=1]

On squaring both sides, we get
1+ wl -2 w|Re (w) =1 +|wl* +2|w| Re (w)
[using |z, % zo|* =12 * + | 2,/> £21 2|2, Re (z,25)]
ad 4|w|Relw|=0
ad Re (w) =0
We know, |z =29l =12, —(29 =3 —4i) —@3 +41)]|
2|zl -1z, -3 -4i| -3 +4i]
212-5-5

O |2y — 25/ 22

[using |z, — 2ol 22| — |24l ]

Alternate Solution

Clearly from the figure | z; — 25| is minimum when z;, z,
lie along the diameter.

Y

X X
v

O 2 -2 2C,B-C,A 212 -10 =2
Given, 211 =129l =125 =1
Now, [z]=1
O =10 2z =1
Similarly, 2929 =1,2323 =1
Again now, H + 1 + 1H 1

B 22 30
O |z+2zy+2 =1 0 |z +2y+2]=1

U |2, + 29 + 251 =1

16.

17.

18.

19.

20.

A+)m +@ =" +Q +)™ +A )™
=[1C, + MCyi + MCy”% + M Cyi® +...]
+[MCy="C i+ MCy? =" Cyi® +...]
+[2Cy + ™CLi + "2Cyi% + 2Cyi° +...]
+[2Cy —™C, i+ "Cy% — "Cqi® +..]
=2[MCy + "Cyi% + M C it +...]
+2[2C, + "2Cy% + "C i +...]
=2["Cy-"Cy+™MCy —-...] +2[™C, -™C,
+ 20, -..]
This is a real number irrespective of the values of n, and
ng.
Alternate Solution
{A+)" +A-9"}+{@ +)™ +0 -0}
O A real number for all n, and n, OR.
[+ z+z=2Re(z) O 1 +i)" + (1 -i)" is real number

for all n OR]
Since, (sin x + i cos2x) =cos x — 1 sin2x
ad sin x—1i cos 2x = cos x —isin 2x
ad sin x = cos x and cos 2x = sin 2x
ad tanx=1 and tan2x=1

0 x=m/4 and x =11 /8 which is not possible at same
time.

Hence, no solution exists.

Since, z;, 24, 23, 2, are the vertices of parallelogram.

D(z4) Clza)

Azy) -

B(zo)

0 Mid-point of AC = mid-point of BD
7tz 2tz

a
2 2
a 21tz =29tz
Since, |w|=1 0O Eﬂa:l
gz—-1d
ad lz=-i]=]1-iz|
O lz=i|=|z+i| [~ |1-iz|=|-i|lz+i|=]|z+i]]

01t is a perpendicular bisector of (0, 1) and (0, —1)

i.e. X-axis. Thus, z lies on the real axis.

Given, |z -4|<|z -2|

Since, |z — 2| >|z — 2| represents the region on right
side of perpendicular bisector of z, and z,.

O lz=-2]>|z —-4]|

ad Re(2)>3 and Im(z) OR



21.

22.

23.

>
<
D
>

O| @0 (30 (40
YI
i 1u]
Given,z=|§l\/—§+i|] +%—1D
02 20 02 20
0 - —1-iJ30
o w= 1+L«/§ d o = 1 L\/gm
0 2 0
; - A3
Now, \/§+L——iD1+L\/§D=—Lw
2 o 2 0
-1 [1 -;y30
and Boi_HL-BE_
2 o 2 O
O z=(miw) + (W)’ =-iaf +iw
=i-w)=i(iV3) = -3
ad Re(z) <0and Im (2) =0
Alternate Solution
We know that, z+ z =2Re(2)
1u] 1ug
If z=%+lD +I%i.\/é—iD,then
O 20 02 20

2

z 1s purely real. i.e. Im (z) =0

Given, E=%B-1 0 |z-5il=2 +5i]
(z+510

[ iflz — z| =1z — 24, then it is a perpendicular
bisector of z; and 2z, ]

+0.9
0

T (Ov _5)

y'

0 Perpendicular bisector of (0, 5) and (0, — 5) is X-axis.
We have,
sz+itz+r=0 ...(0)
On taking conjugate
sz2+tz+7=0
On solving Egs. (i) and (ii), we get

..(i)

= rt—rs
ElE
(a) For unique solutions of z
I =120 O |d#]4
It is true
(b)If| sl =|¢t|, then rt — rs may or may not be zero.
So, z may have no solutions.
0 L may be an empty set.

24.

25.

26.

27.
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It is false.

(c) If elements of set L represents line, then this line
and given circle intersect at maximum two point.
Hence, it is true.

(d) In this case locus of zis a line, so L has infinite
elements. Hence, it is true.

Given, | z,| =1z,
Now, 2L t2 AT Ak a5t 22521 ~22
2172 3 T2 |2 = 2
- |21 + (202 — 2 25) ~ 2
| 21~ Zzlz
- R~ 21‘22 [ |21|2 - | 22|2]
|2, =2y
As, we know z — z =2i Im (2)
O 2921 — 2129 =21 Im (2421)
2 t2zy _21Im (292)
a - 2
2 T 22 |2 = 24
which is purely imaginary or zero.
Since,z, =a +ib and z,=c+id
O lzlP=a®>+b%=1 and |z)=c*+d*=1 ...(®)
[ 1z]=12yl =1]
Also, Re (z2,) =0 0O ac+ bd =0
O a__d_, [say]...(ii)
b c
From Eqs. () and (i), 822 + b2 = +A%?
ad b>=¢* and a”®=d?
Also, given w; =a +icand wy, = b +id
Now, |w1|=\/a2+cz =\/a2+b2 =1
lwy] = /b + d® =\[a® + b2 =1
and Re(w, @) =ab +cd =(bA)b +c(-Ac) [from Eq. ()]
=AD*-¢%) =0
r?érsl [1 —3i - z| = perpendicular distance of point (1, —3)
from the line  +/3x+ y=0 O |\/§_3|:3_\/§
J3t+1 2
Since, S=85; NSy n S,
Y
150°
X \ X
Q 4,0)
y = -3Vx

y'



14 Complex Numbers

Clearly, the shaded region represents the area of sector

O =12l g2, Om 20T
2 2 6 3
28. Since, lw-@2+)<30 |w-12+il<3
O -3 +5 <|u| <3 +5
0 -3-5 <—|ul <3 -5 @)
Also, lz=-@2+1)| =3
0 -3++/6 <lz21<3 +5 ...(ii)
O - X a4 luk X9

29, |z+1-iP+|z-5-if
=(x+1)° +(y -1 +(x -5)* +(y -1)?
=2(x” + y? —4x -2y) +28
=2(4) +28 =36

30. Letz=x+1y

[ o+ y2 —dx -2y =4]

Set A corresponds to the region y =1 ...Q0)

Set B consists of points lying on the circle, centre at
(2, 1) and radius 3.

ie. 2+ y? —dx -2y =4 ...(>11)
Set C consists of points lying on the x + y =+/2  ...(iii)

>P< _
(0,V2)
\ enl

\%

Clearly, there is only one point of intersection of the line
x+ y =+/2 and circle x* + y? —4x -2y =4.

31. A. Let z=x+1y
0 we get y xz+y2 =0
a y=0
d0 I, (=0
B. We have
2ae =8, 2a =10
a 10e=8
O e:é
5
O b* =25 @—ng
25
2 2
O x7+y7 =1
25 9
C. Let w=2 (cosB +isin6)
O 222 (cos8 +isin6) - !

2 (cos 0 + i sin 6)

=9 (cos0 +isin0) —% (cos 6 =i sin 6)

:§ cos9+g 1sin O

Let z=x+1iy
3 5 .
ad x=—cosBand y=—sinB
2 2
: BB -
3 5
2 2
. ES A
9/4 25/4
D e= 1—% :é
\ 25/4 5
D. Let w=cosO+isin6
Then, z=x+iy:cose+isine+%
cosO+isinB
=2cosB
ad x=2co0s0,y=0

xa+yB+zy _ x(p)” +y() P w+z(p)” o
PBroyy+za 2P+ y)” W +2(p)" o
W (x+ yw+z o)
w? (xw+ yoF + 2)
:wz x+ yo+ zu¥) —
X+ YW + 26

32.

33. laz - bzzl2 +|bz + a22|2
= [a% 2 + b% z,/> —2ab Re (2,2,)]
+ [b2 2,1 + a¥ zo* +2ab Re (z,2,)]

=(@®+ b)) (1z* +124%)

. X x .
%mf+ cosfg—Ltanx
2 2

34. p OR
1+2isin—
2
%inf+ cosf—itanxggl—%sinfg
_ 2 2 2
1+4sin2§
2
Since, it is real, so imaginary part will be zero.
ad -2 sinE%inE + cos fQ—tanx=0
2 2 2
g 2sin§%inf+cosfgcosx+2sin§cos§=0
2 2 2 2 2
oxldg. x x@% 9 X .23@ x[J
0 sin = 4sin — + cos —[[tos“ = —sin“ —[J+ cos — =
2 2 2 2 2 2H
ad sinf =0
2
a x=2nT .. ()

X X 2X .. 92X X
or %Hl* + cos *Q Q:OS — —Ssin *E* cos— =0
2 2 2 2 2



35.

36.

37.

38.

On dividing by cos® g, we get

%anf + 1@@—tan2§§+ Ql + tanzfgzo
2 2 2

3 X

O tan f—tanf 2 =0
2 2
Let tan > = ¢
2
and fo)=t> -t-2
Then, f1)=-2<0
and f@)=4>0

Thus, f (¢) changes sign from negative to positive in the
interval (1, 2).
O Let t = k be the root for which

f((k)=0 and £0O(,2)

ad t=k or tang=k:tana

a x/2=nT+ Q
%&c=2m‘[ +2a,a =tan"" k, where & [(1,2)
0 or x=2nT

Since, z;,2,,2; are in AP.

g 2z9=2 +2
i.e. points are collinear, thus do not lie on circle. Hence,
it is a false statement.

Since, z;, 24, 23 are vertices of equilateral triangle and
|21 =129l =121
O 2, 2y, 25 lie on a circle with centre at origin.
O Circumcentre = Centroid
0 0= ! + ) + <3
3
O Z tzg+tz =0
Letz=x+iy O 1nzgivesl n x+ iy
or l1<xandO<y ...Q0)
Given, 1-z u no
1+z 1+x+1y
. i
0 1-x l:}/)(l X l.y)nO+0i
A+x+1y) A +x-1iy)
2.2 .
ad ! x2y2_ 22’ 5N 0+0:
A+0"+y" A+x)"+y
a x% + y2 >1
and -2y <0
or x>+ y* =21 and y =0 which is true by Eq. @).
As we know, | 2> =z [Z
2
Given, |2 a|2 =
lz -8l
O E-a)E -0) =k*z -B) @ -B)

O |zP-az -az +lal? =k2(12°> Bz Bz +IB?)
O [22QA-F)-@ -kP)z -@ -pEH =

39.

40.
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+ (lal* - E*BI*) =0

2 2 _ 1202
0 e OTFD) @B P -RABE
A -F 1 -F) 1 -k

On comparing with equation of circle,
|z?+az +az+b =0
whose centre is (- @) and radius =+/|al®> = b
O Centre for Eq. (i) = a- k?f
g | -
and radius = Eb k? Eﬁ k? oo k?B
J1-k"001-k 1-k
Dl k2
Given, a,;z+ ax®+... +a,2" =1
1 .
and zl<=
|z 5 @
| laz + a® + a;2° +... +a,2" =1

la,2l +la2? +lag2’| + ... +|a,z2" 21

[using |z, + 2ol <12] +125/]
w2t >1

O 2((lal+ 12 +12P + [using | a, | <2]

ad %ﬂlzl)>l [using sum of n terms of GP]
-1z
O 2]z -2]z]""' >1 -4
O 3|z|>1+2|z|”+1
0 2> L4 2
3 3
a |z > é , which contradicts ...>1)

0 There exists no complex number z such that
n
|z|<1/3and § q,2" =1
Given, |z <1 and |24 >1 ...(®)
Then, to prove
. O O
M( 1 Blsing %: @
02 ~ 2,0 0 l2210
d 1 -2z <lz -z ...(11)
On squaring both sides, we get,

(1 =229)(1 =229) <(z; —29)(z; —2y) [using lzI? = 22|

U 1 =212y = 2125 + 21212929 <2121 ~Z125 ~ 297 T 2525

O L+|2 Plzg P <lz I+ 2,

0 1-1z1* —12,/*+] 2% | z* <O

O A -1z1*)A -1z*) <0 ...(ii1)

which is true by Eq. () as |z <1land|zy >1
O 1 -1%*)>0 and (1 —|z,*) <0
0 Eq. (i11) is true whenever Eq. (i1) is true.

O M<1

0z — 290

Hence proved.
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41.

Given,|zPw-lwlP’z=z -w

Ozw-wwz=z-w [ol2?=22 ]...4)
Taking modulus of both sides, we get

lzwllz —wl=|z —wl
0 |zwllz -w|=lz-wl [DOl# |2]
O lzwllz-w|=lz -w|
d lz-wl|(lzw|-1) =0
ad lz-wl=0 or |zwl-1=0
O |z=w|=0 or lzw| =1
ad z-w=0 or lzwl=1
ad z=w or [zw|=1
Now, suppose z # w
Then, |zw|=1or|z|lw|=1
ad Izlzi:r [say]

lwl

Let z=ré® and w:%ei‘p

On putting these values in Eq. (i), we get
P ) = rd® - e
r r

S o1
O rd® — = d% =pd® - = ¢
10 10
: 3t
r r
O d°=¢° Dp=0
Therefore, z=ré®and w= 1 &0
r
—_ 8l _p
O zw=rd’.— e =1
r
NOTE ‘If and only if " means we have to prove the relation in
both directions.
Conversely
Assuming that z=worzw =1
If z =w, then
LHS=zz w-wwz=|z2 -|w|*Z
=1zIP2 -1zP@ =0
and RHS=z-w =0
If zw=1,thenzw =1 and

LHS=zzw-wwz=z0 -w0
=z-w=z-w=0=RHS
Hence proved.

Alternate Solution

We have, 1zPw-lwPz=z-w

- lzPw-lwlz-z+w=0

- (1z2+ Dw - (|w|* +1)z =0

= (IzPP+ Dw=(lwl +1)z

z _|zIP+1

0 Zis purely real.
w

<

0 zw=zw ...Q0)

gl i

42,

43.

44,

Again, l2Pw-luPz=z ~w

= zRw-wlvz=z ~w

= zEw-1)-w(Ew -1) =0

- z-w)(zw -1) =0 [from Eq. ()]
- z=w or zw=1

Therefore, |z2?w - |wl®*z =z —w if and only if z=w or
zw =1.

Let z=x+1y.

Given, z=i2?

O @+ iy)=i(c+iy)’

ad x—iy =i(x® —y® +2i xy)

ad x—iy=-2xy +i (2 —y?)

NOTE It is a compound equation, therefore we can generate

from it more than one primary equations.
On equating real and imaginary parts, we get

x=-2xy and -y=a%-,>

ad x+2xy=0 and x*-y*+y=0
ad x1+2y)=0
g x=0 or y=-1/2
When x=0, x>-»*+y=0 O 0-3*+y=0
d yl-y=0 0O y=0 or y=1
When, y=-1/2,22-y*>+y =0
0 2-tolog gogesd
4 2 4
0 x:i—B
2
. . 3 1
Therefore, Z=O+l0,0+l;i?—§
O z:i,iﬁ—i [+ 2#0]
2 2
Given, iz’ + 22—z +i =0
O i —i%%-z+i =0 [ i2=-1]
O i22(z-1)-1(z —1) =0
0 (2> -1)(z -i) =0
ad z-i=0 or iz22-1=0
a z=1 or 22:1.:—1
i
If z=1, then|z|=|i|=1
If 2% = —i, then |2% =|-i| =1
0 lzP=1 O |zl=1
Here, 2, Rz, = #1722 5 real
2+ 2y
; ; L
(i) Reflexive z Rz, < =0 [purely real]
2z + 29
O 2 Rz, is reflexive.
(1) Symmetric z, Rz, < 21722 i real
2z + 29
O ) isreal O z,Rz
2t 2y
O zRz, 0 z,Rz

Therefore, it is symmetric.



(iii) Transitive z Rz,

2z~ 2y .

ad L2 is real
Zt 2y

and zoRz,
29— 23 .

ad 22 isreal
2yt 2z

Here, let 2 =x; + iy;, 29 =%y +iygand zg =25 + iys

0 2"%245veal O (g —x2)+z.(y1 ~ o) is real
2+ 2 (o +2) + i (0 +9)
g g mx) + 1O —y)HE +a) —0 (O +yn))

(o +2)" + (0 + 39)°

O (n —y2) (g +x9) = —x9) (3 +y9) =0
ad 2 x5y, —2y9%, =0
O h-% . @)
N e
Similarly, 2,Rz,
0 % ... (if)
Yo U3

From Egs. (1) and (i1), we have b % g z Rz,
no»

Thus, z, Rz, and z,Rzy 0 z Rz;.

Hence, R is an equivalence relation.

[transitive]

45. (1+L)x.—2L+(2—3l):y+l:i
3+ 3-1
O Q+i)@-i)x-2i @-i) +@ +i) @ -3i)y
+1@B+1i)=101
ad 4x+2ix—61 -2 +9y —Tiy +31 -1 =10¢
ad 4x+9y-3=0 and 2x-Ty-3=10
ad x=3and y=-1
46. Now, ! = 1

(1 - cosB) +2isinb 2sin29 + 4isingcosg

. 0 . 0
sin— — 21 cos —
1 2 2

2sing%ing + 2icos§§x %ing —2icosg§

. 0 . 0
sin — — 21 cos —
2 2

2sin9 %inzg +4 cos29§
2 2 2

. 0 . 0
sin — — 27 cos —
2 2

ZSing@ + 3COSZSQ

1

cot9

-3 2 5

2 @l+3cosz§§ 1+ 3cos=
2 2

0O A+iB=

Complex Numbers 17

47, Since, (x+ iy =270
c+id
o eepele 2o
[c+id| 0 12e 1zl
0 o + 2)=\/az+b2
Ve + d?
2, 12
a“+b
0 (x2+ y2)2 - by 5
+d Hence proved.
48. Given,|z-3-2i|<2 ...(D)

To find minimum of |2z -6 + 51|

or 2 , using triangle inequality

z—3+§i
2

Le. |zl -1zl <1z + 2

a z—3+§i =z—3—2i+2i+§i
2 2
N 9.
=l(-3-2i)+-1
( ) 5
>lz-3-2i1-2|s2-2]52
2 2| 2
ad z—3+§i 2§0r|2z—6+5i|25
2 2

Topic3 Argument of a Complex Number

. 4
1. (*)leen,3|z1|:4|z2|D@:f [+ 2,200 |2y 20]
|22| 3
a i=ie"eandﬁ=ﬁeﬁe
Ry |R2 2 &
[ z=|zl(cosB + isinB) =|z| €%
a ﬁ:ée"eandﬁ:§eﬂ-9
29 3 21
O §i:2eiean gﬁ:le_ie
2z, 3z 2

On adding these two, we get

Z:§i+gﬁ:2ge +le_i9
22y 37 2

=2co0s0 +2isin O +%cose —éisinﬁ
[ e"® = (cos B + isin 0)]

:§cos6 +§isin9

Note that z is neither purely imaginary and nor purely
real.

“*> None of the options is correct.
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2.

3.

Complex Numbers

Given,lzIZI,argzzeDz:ei9
0 z=¢®pz=l
z
0 + o0
a arg gﬁ%arg D£D=arg (z) =6
+z 1
R
U
Since, arg (z) <0 O arg (z) = -0
a z=rcos (0) +isin (-0)
=7 (cos B —1isin )
and -z =-r [cos® —1isin O]
=r[cos (T—6) +isin (11— §]
ad arg (-z) =T -6
Thus, arg (-z) —arg (2)
=m-8-(-9=m
Alternate Solution
z
Reason arg(-z)-argz =a zarg(-1)=m
g (-2) -arg rg%@ rg(-1)
dal (-2)=arg P2 [=arg (-1) =m
and also arg z —arg (—z)=ar =arg (-1) =
g g gB_:H g
Given, lz+iw|=lz-1w]|=2
ad lz-(-iw)| =lz -(w)]| =2
O lz - (-iw)| =lz - (-iw) |

O zlies on the perpendicular bisector of the line joining
—iwand - {w. Since, — iw is the mirror image of — iwin
the X-axis, the locus of z is the X-axis.

Let z=x+1iy and y=0.

Now, lzl<1 0 » 028 10- ¥ £ 1L

0 z may take values given in option (c).

Alternate Solution

lz+iuwl |z +|iw] =2 +|wl

<1+1=2
O lz +iw]| <2
ad |z+ iw|=2 holds when
argz-—argiw=0
a arg.iZO
Tw

ad i is purely real.
iw

0 —is purely imaginary.
w

Similarly, when |z-iw|=2 , then é is purely
w

imaginary
Now, given relation

lz+iw| =z —iw| =2
Put w =1, we get

lz+iY =z +i% =2

g lz-1] =2
ad z=-1 [-1z] 1]
Put w=-1i,we get
lz-iY =z -1} =2
0 lz+1|=2 O =z=1 [~z 1]
0 z=1 or -1is the correct option.
5. Since, |z|=|w|and arg (z) = m—-arg (w)
Let w=re® then w=re®
O 2=rd M0 =i 0= —pe® = -y

6. Given, |z, + 2zl =]z + ]z

On squaring both sides, we get
2 2
| 211° + | 2o)° + 21 z|| 24| cOs (arg z; —arg z,)
2 2
[“ + |22| +2 |21| |22|

= |Zl
O 2|z || zy) cos (arg 2y —arg z,) =221z
a cos (arg z; —arg zy) =1
a arg () —arg (z,) =0
7. Sincea, b, cand u, v, ware the vertices of two triangles.
Also, c=(1-r)a+rb
and w=1-r)u+rv ...(1)
0o uw 10
Consider [b v 1
e w 1[0
Applying By - By —{(1l =) R, + rRy}
a u 1
= b v 1
c-Q-ra-rb w-0-r)u-rv1-A -r)-r
e u 1[0
=gb v 10=0 [from Eq. ()]
0o 0 0
8. (a) Let z=-1-1iand arg(z) =0
Now, tan® -Hm () @ B0-io 1
ORe(z)0 O-10
O 0= E
4

Since, x <0, y <0

O arg(z):—%[—ggz—?%

(b) We have, f(t) =arg(-1 + it)
0 _ -1
arg (-1 + it) = T — tan _1t, t=0
T (m+tan™ " ¢), t <0

This function is discontinuous at ¢ =0.
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9. Given, z =

(c) We have,
Lk O
arg —arg (z;) +arg (z,)
&H 1 2

k, O
Now, arg[fi[=arg(z;) —arg (z,) +2nT
2,1

kO
O arg [1-[]-arg (z;) + arg (2,)
EEB 1 2

=arg (z) —arg (zy) +2n1m —arg (z;) +arg (z,)
=2nTt
So, given expression is multiple of 2T
z

(d) We have, arg Wﬁ: -
z2=2z) (29— 2)
Oz -2 Oy —2, 0.
g 1 2 1 1
ey 0 PO e

Thus, the points A(z,), B(z,), C(z5) and D(z) taken in
order would be concyclic if purely real.
Hence, it is a circle.

C(zs)

Az1)

O(a), (b), (d) are false statement.
A-t)z +tzy
S a-n+t

A P B

Z, Z Z,
t:(1-1)

Clearly, z divides z; and z, in the ratio of ¢:(1-¢),
0<t<1

O AP+ BP =AB 1ie. |z—z|+]z -2y =l2z; —2z4
O Option (a) is true.
arg (z-z;) =arg (25 —2)
=arg (2, -2)
0 Option (b) is false and option (d) is true.

and

Also, arg (z—z;) =arg (z9 —2;)
Oz-z 0
d arg =0
2721

0 275 purely real.

29 "%
z-z z-z
O ZTa 273
2972 RT3
z-z z-z
or _ _1=0
R9TR RT3

Option (c) is correct.

10.

11.
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Letz=a + ib.

Given, Re(z)=0 O a =0
Then, z=1b O 22 =-p?
Therefore, A — q

Also, given, arg (z) = g
Let z:r%osﬂ+isinlﬂ§
4 4

T . . M. T
2= r2§0s2— _szlﬂg+ 2ir? cos —sin —
4 4 4 4

2

or Im (22) =0

Then,

=ir’sin /2 = ir
Therefore, Re () =0 0 B - p.
O a=b=2-43 [ a,b < 0,1)]
Let z =17 (cos©; +isin 6;)and w = ry(cos 6, + i sin 6,)
We have, |z| =, |w| =y, arg (2) =6, and arg (w) =0,
Given, |z|<1,|w|<1
O n<landr<1

Now,
z-w=(rcos0; —rycosB,) +i (rsin B, —rysin 6,)
O |z - wl* = (1, cos B, —r,cos B,)*
+ (1 8in B, — rysin 0,)”
=12 cos%0, + rf cos”0, — 217, cos B, cos 6,
+ rsin®0, + rfsin®@, —2r7,sin 6, sin 6,
= 12(cos?0; +sin?0;) + rZ(cos® B, +sin? B,)
—21,15(cos 6, cos By + sin 6, sin 6,)
=12+ 1 -2nr,cos 0, —6,)
- 2
=(n — 1) +2n71,[1 —cos B; —6,)]

= (5 —1y)? +4nrysin? 1671 ;GQQ

2
<ln —r2|2+4gsin g%%gg [or,rp<1]
and |sin©|<[0|,081 R )
Therefore, |z-w |*<|n -, |*+ 4@1;67D
o2 0
<In -l +16; -6,
O |z - w< (I2 - |ul)® + @arg z —arg w)”

Alternate Solution
lz-wl? =|z? +|wl® -2|z|| w|cos (arg z —arg w)
=z +wl® -21zllwl +2]2]|wl

-2|z|lw]|cos (arg z —arg w)

= (lzl - lwh? + 2]z wl Qsinzg;rgz;arg “’@ ()
0l wk (2l -lul? +4 anfEE-aE e

[ sin B <0]

O lz-wP<z|-lwl)?+ @rg z —arg w)?
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12. Since, z, =10 + 61, 22 =4 +6§
L -2z0

and arg B;H— —
2

shown as from the figure whose centre is (7, y) and
0 AOB 90 ,clearlyOC=9 0 OD=6+3=9

. 6
O Centre = (7,9) and radius = — =32
@9 7z

represents locus of z is a circle

| |
(4,0) D (7,0) (10,0)

0 Equation of circle is | z = (7 + 97)| =342

Topic4 Rotation of a Complex Number
o3, if BB _id

1. Given, Z—B—+f
02 20 IZ|2 2[I
- Euler’s form of
ﬁ+£=§;osﬁ+isin—m§:e‘(me)
2 2 6 6

and — —cos§;§+ Lsm% n@ e 6
5T

SO, Z—(éT[IG)S +( lTl6)5

% 5m . . 51‘@ % 5T . . 51@
= [tos — + isin —+ [Los — —isin —
6 6 6 6

5T [ é® =cos® +isinf]
=2cos r

_e6+e 6

0 I(z)=0 and R(z) = -2 cos ~ =

0 5Tt %T n@ i
%* COS — = CO0Ss ——L|= —C0S—
H 6 6 6H

3 <0

@

2. Imaginary axis
Z / 7'5(7,6)
2 1
SN
90°| 1 5 6.2)
Real axis

=6+ /2 cos45°,5 +/25in45°) = (7,6) =7 +6i
By rotation about (0, 0),
0,0

2292 [ g,= 22%@

= (7 +6i) §osE +isin§n§=(7 +6i) ()= ~6 +Ti

3. LetOA =3,sothat the complex P 14

number associated with A is
3¢™4 . If z is the complex & 3pim4
number associated with P, A
then ‘ 3

z-3d"* _4 iz 4

0-3J"" "3 3 x ™ X
O 3z-9¢"* =12i™
O 2= @+4i)dm Y

4, Since, |PQ|=|PS|=|PR|=
O Shaded part represents the external part of circle
having centre (-1, 0) and radius 2.
As we know equation of circle having centre z, and
radius r,islz —zyl =7
O |z=(-1+0i)|>2
a lz+1]>2

Also, argument of z + 1 with respect to positive direction
of X-axis is /4.

0 arg (z+1)s§ ()

and argument of z + 1in anticlockwise direction is —T1/4.
O - /& arg (z 1) ...>1)
From Egs. (1) and (ii),
larg (z+1)|<T/4
5. In the Argand plane, P is represented by ¢ and @ is
represented by ¢'(®™®

Now, rotation about a line with angle a is given by

e® o @0 Therefore, @ is obtained from P by reflection

in the line making an angle a /2.

6. Z2 -z _1-i3 _ (1-i3)1+iV3) Z
29~ 23 2 2 (1+iV3)
_ 1-i%3
2(1+iV3)
_ 4 Z3 2
2(1+iV3)
-2
1 +i3)
g 2% - 1+ZI cosE+LsmE
Z — 2 2 3 3
- -20
o Bo3H0 and arg ﬁ@azﬂ
[k~ &0 173 3
Hence, the triangle is an equilateral.
Alternate Solution
0 z -z _1- i3

29— 25 2
Zp=z _ 2 _1 +i3
2 -2 1-i3 2

by -2z, 0 1
g ar Liz A==
& 1—235 3

Therefore, triangle is equilateral.

m .. T
0 =cos— +1sln—
3 3

29—
2 TR

and also =1




7. Here,x+ iy = 1, xa—%bt
a+ibt a-ibt
. a - ibt
a x+ 1y =
S, b2
Let az0,b%0
- bt
O x=————- and =
a?+ b%? J a?+ b%?
0 l:;btu e
x a bx
On putting x = ————, we get
0 ay?0
xw?+ %0 O=a O a?0*+y)=ax
O b0 J
or x2+y2—ﬁ=0 ... ()
a
o B LH L
2a 4a?
O Option (a) is correct.
For a#0and b =0,

. 1 1
x+iy=—0x=—,y=0
a a

0 zlies on X-axis.
0 Option (c) is correct.

For a =0and b 20, x+iy:_i|] xZO,y:—i
1bt bt

0 zlies on Y-axis.
O Option (d) is correct.

8. PLAN It is the simple representation of points on Argand plane and
to find the angle between the points.

Here,P=W"=§:osE+iSinlﬂ§=cosn—n+isinn—n
6 6 6 6
O 10
H, = 0C:Re(zp —
1 EZ ()>2E

. . T,
O P n H, represents those points for which COS%IS +ve.

Hence, it belongs to I or IV quadrant.

Oz=PnH, = cos X + isinﬂorcosll—n+ isinll—n
6 6 6 6

ad 21:£+£0rﬁ—i ...Q0)
2 2 2 2

Similarly, z, = P n H,1i.e. those points for which

cosn—n <0
- 6
2e | a2y
-1,0)Z ///Z\\
Lo .
(3 (%3
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5Tt 5Tt cos 7T
0 zy=cosT+isin T, cos— +isin—,
6 6 6
.. T
+ isin —
6
O zz——l,_‘/§+i,;‘/§—i
2 2 2 2
Thus, 0z 0z5 271'[,571'[’1_[
3 6
9. 2 =1+iV3 =r(cosB +isin0) [let]
a rcos9:1,rsin9=«/§
ad r=2 and 06 =1/3
So, 2, =2 (cos T1/3 +sin TU/3)
Since, |zy =z =2 [given]
Y-axis
X-axis

Now, the triangle z;, z, and z; being an equilateral and
the sides 2,2, and z;2; make an angle 211/3 at the centre.
T, 2T

Therefore, OPOzs §+ §= m
and OPOz= mo2Mm 2T 5T

Therefore, z, =2 (cos T+ isin ™M =2 (-1

|
and23=2§:s%+zsm D 2%—L—D—1—ix/§

0) = -2

Alternate Solution
Whenever vertices of an equilateral triangle having
centroid is given its vertices are of the form z, zw, zw’

0 If one of the vertex is z, =1 + i+/3, then other two
vertices are (zw), (21(.02).

i 1+ i/3) C1+iV3) iﬁ), 1+ i/3) C1-i3) —;\/5)

- ~(1+3) <1+i2<f>2+2if>
2

. g (2+221f) i3

o 2,=-2 and 2z =1-i3

10. Given, D=(1+i),M =@ —i)

and diagonals of a rhombus bisect each other.
Let B=(a +ib),therefore
a+1:2’b+1:_1
2 2
g a+1=4,b+1=-2 0 a=3,b=-3

O B=(3-3i)
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— D (1+i)

Again, DM =,/@-1)>+ (-1 -1)> =1 +4 =5
But BD=2DM 0O BD=2J5

and 24C=BD 0 2A4C =25
0 AC =+/5 and AC =2AM
0 V5=2AM 0O AM-= %

Now, let coordinate of A be (x + iy).
But in a rhombus AD = AB, therefore we have

AD? = AB®

@=-1)°+(y -1 =(x -3)* +(y +3)°
2+ 1 —2x+y2 +1 -2y =x? +9 —6x+y2 +9 +6y
4x -8y =16
x—2y=4
x=2y+4 ...Q0)

AMzﬁ O AM2=§

O o0oooo

Again,
0 (=2 +(y+1)" =

O @y+2)7°+ (y+1)* = [from Eq. ()]

Aot ot »lk\cnm

5y +10y +5 =
20y% + 40y + 15 =0
4y +8y +3 =0
Qy+1)@2y+3)=0
2y+1=0,2y+3=0

y=-

O oOooo o

18
2’ 2
On putting these values in Eq. (i), we get

x=2 §~1§+ 4,x=2 Q—§§+4
2 2
a x=3,x=1
. i 3i
Therefore, A is either @ - 5@01“ @l - E@
Alternate Solution

Since, M is the centre of rhombus.

O Byrotating D about M through an angle of + /2, we
get possible position of A.

11.

12.

13.

U 2z :(2—i)i%i(2i—1) :(2—1')1%(_2 -i)
_(@4-2i-2-i) 4-2i +2 +i 3 ;

, =1-—-1,3 ——
2 2
.. 3. i
0 Ais elthergl—f L@OI‘%‘*@.
2 2

2 2
Since, z;, 2, and z3 form an equilateral triangle.

2, 2., .2 _
2t 2yt =22y Y2z v

0
O (@+ D)2+ @ +ib)? +0)? =(a +i) A +ib) +0 +0
O a?-1+2ia+1-b%+2ib =a +i (ab +1) -b
0
O

(@®-0b%+2i (@ +b)=(a =b) +i (@b +1)

a’?-b%>=a-b

and 2(a+b)=ab +1
ad (@a=bor a+b=1)
and 2(a+b)=ab +1
Ifa=b, 2@Qa)=a’+1
0 a’-4a +1=0
4+./16-4
O 02%221\/5
If a+b=1,2=a(@l-a)+10 a’-a+1=0
1+£,1-4
O a=————,butaand b OR

O Only solution when a=b
0 a=b=2++3
0 a=b=2-3  [ra,b0(0,1)]

Here, centre of circle is (1, 0) is also the mid-point of
diagonals of square

Y
Z3
Z4 (2B)
1.9
7N X
N
Z, z,
0 2tz _ 2
2
O 29= =31 [where, 2, =1 +0i]
and 51 etin?
z -1

O =z =1+(@1 +J§i)[@osﬂiisin:@[': 2, =2++/3i]
2 2

=1+i(1+31) =1 FB)2i=(1-~3)+i
and 24:(1+«/§)—i

Let @ be z, and its reflection be the point P(z) in the

given line. If O(z) be any point on the given line then by
definition OR is right bisector of QP.

O OP=0Q or |z-zl=lz -z



14.

15.

a |z—21|2:|z—22|2
O (c-2)E-2) =@ -2) & -2)
O 2@ —29) +2 (2 —29) =212, —2929
Comparing with given line zb + zb = ¢
51:52 _A T2 _ 217 2% =,
b b c
=p 2" _y 212, ~ 292y

)

_RZ TER

[say]

..(d)

=c

[from Eq. ()]

A
Since, z; + 2z, = —p and 2,2, = q B (z,)
Now, ﬁ:@(cosd +isina)
2y |z
0 2, _cosd +isina
2y - 1 o) A(z)
RAEARIEAN!
Applying componendo and dividendo, we get
z + 29 _cosO +isina +1
2, -2, cosO +isina -1
_ 2cos%(0/2) + 2i sin @/2) cos @ /2)
-2sin@/2) + 2i sin @ /2) cos (@ /2)
_ 2cos (@/2) [cos @ /2) + i sin @ /2)]
21 sin (@ /2)[cos @ /2) + i sin (@ /2)]
S00t@R) | oota 0 —P =i cot @)
i z — 2
2
On squaring both sides, we get 5 = —cot?(a/2)
2~ 2y)
P’
O — = -cot’(aiR)
(& +25)" 4212
2
0 P =—cot’@2)
p”—4q
ad p?=-pZeot?@/2) +4q cot?@ 2)
a P21 + cot®a /2) =4q cot?@ /2)
O p?cosec?(@/2) = 4q cot?@ 12)
ad p?=4q cos®a /2

Since, triangle is a right angled isosceles triangle.
O Rotating z, about z; in anti-clockwise direction
through an angle of /2, we get

Az)

2~ 2 _ |z~ 2] o2

212 |7zl
where, |2, — 25| =2, — 2]
u (29— 23) =iz —23) B (z,) C @)
On squaring both sides, we get

(29 = 23)2 ==(z _23)2
0 2, .2 _ —_.2_2

2tz —222 =72~y t221%

d 22+ 22 - 2212, =22125 +2202 227 —222,

Complex Numbers 23

ad (z - 22)2 =2{(z125 —zg) + (2925 —2129)}
a (2 — 22)2 =2(z —23)(z3 —29)

16. We have, iz = z¢™2 This implies that iz is the vector

18.

19

obtained by rotating vector z in anti-clockwise direction
through 90°. Therefore, OA O AB. So,

Y
B
+ )
iz
> A
X 0 X
YY

AreaofAOAB:%OAXOB:élzllizlzélzlz

Since, z;, 2z, and origin form an equilateral triangle.

0 ifz, 2y, 25 from an equilateral triangle, then

0 0
2, 2., .2
Bi+a+ta =22t 52 B
g 2422 +0% =22, +2,00 +0 [F
2, .2 _
a Z] t 25 =22

2, .2 -
O 2z +25-22=0

Since, z,,z2,23 are the vertices of an equilateral
triangle.
. _ O 2yt 2 .
O Circumcentre (z,) = Centroid HQ ...(0)
Also, for equilateral triangle
i+ =z, t2z 22 ... (1)

On squaring Eq. (1), we get
920 =2f + 25 + 2 +2 (12, + 22 + 22)
O 922=22+22+22 +2 (20 + 25 + 22) [from Eq. (i1)]

O 322 =27 +252 + 2

Given, o, = cos ¥§+ isin %rﬁ
= cos %Q-F isin %T%

&, are vertices of regular polygon having 14 sides.
Let the side length of regular polygon be a.
O ‘a pe1—0 k‘ =length of a side of the regular polygon

and |0 g, —0 4| = length of a side of the regular
polygon

=a

...(i1)

=a
12
> ‘ak+1_ak‘

= _12(a) -4
3 (a)

3
Z ‘ A yp-1 —Q 4k—2‘
A=
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Topic5 De-Moivre’s Theorem, Cube Roots

1.

and nth Roots of Unity

It is given that, there are two complex numbers z and w,
such that | zw| =1 and arg(z) —arg(w) = /2

o lzllwl= [z 291 =12 [1251]

and arg(z) = g +arg(w)

Letlzlzr,thenlwlzl ...Q0)
r

and letarg(w) =6, thenarg(z) = g +0 ...>11)

So, we can assume

z=re M2+ 9 ...(1i1)

[-if z=x+ 1y 1s a complex number, then it can be
written as z = ré® where, r =| 2| and 6 =arg (2)]

and w==2¢ ...(v)

Now, EDu=re_i(”/2+e)deie
r

= TR0 O 2 iD= g [e'®=cosB —isinf
and zw = relm2t e)ére_ie
r
:ez(n/2+ 0-96 :ez(T[IQ) =i

Key Idea Use, e® =cosB+isind

Tt
leen Z—*‘F%QZ—COS*‘FLSIDG 66

so, 1+ iz+2 +iz%°

8

L i—

+Le6+e6 +1ie GQ

T[ . TU . T

A pmooT 4 O
2 [6 6+e2@3@ O ize
B

4
iR
g m g pm?
1
g B

mOoO

63 +eob es@

2 5mm. .. 5
os—+zsm +§05—+Lsm—@
6 6

=cos3T+isin3 Tl [ for any natural number ‘n’
(cos® + isin B)" = cos(nB) + i sin(n0)]

3. Given, s> +x+1=0

-1+43i
2
[~ Roots of quadratic equation ax? + bx + ¢ =0

—bi\lbz —4ac]

2a

0 x=

are given by x =

o TNe ! +2\/Sil and

0 z, = w, o [where w =
-1-31
02 = V3 i

are the cube roots of unity and w, w* # 1)
Now consider z =3 + 6i 25" —3i z°
=3+6i -3
=3+3i=31+1)
If 9" is the argument of z, then

"= (W) =)

tan© = Im(z) [ zisin the first quadrant]
Re(z)
“3_1p9="
3 4

. Given that, z=cos 0 +isin 8 =¢™®

© 2u-1 » Oy 2 -1 » (2u-1)6
O SYIuE@* )= SiuE")* 7= Fip -

=sin0+sin30+sin50+... +sin 29 0O

éﬁ+29 9@ . §15x2 GQ
n sin
2 2
. 9@
sin ﬁz—
2

_ sin (15 0)sin (15 0) _ 1
sin @ 4 sin 2°

. Letz=|a + bw + co¥

O 2%2=la +bw +codl? =(a? +b% +¢& —ab -be —ca)

or%=§«a—w2+w—@2+@—m% @

Since, a, b, care all integers but not all simultaneously
equal.

0 Ifa=bthena#candb#c

Because difference of integers = integer

O (b - ¢)® 21 {as minimum difference of two consecutive
integers is (+ 1)} also (c—a)? 21

and we have takena =b O (&= b)%: 0
From Eq. (i), 22 2% O+1+1)

0 22>1

Hence, minimum value of |z|is 1.

6. Given, 1 +w)" =1 + w')"

0 -w)"=(-w)"
O w "=1
O n =3 1is the least positive value of n.

[+’ =1land1+w+ o =0]



7.

10.

1 1 1
LetA=|1 -1-w? o
1 W ®
Applying Ry - Ry~ R;; Ry - Ry - R
01 1 0
—EO 2 -w w’-1
DO w2 -1 w-1 0
= (-2 ~)(W-1) —(F -1)
=-20+2 -8 +F —(of -2 +1)
=3w? -3 w=3w (w -1) [ w' = o
. z, T
Since, arg — = —
2y 2
a i:cosE+isinE:i
29 2 2
Zn
O ZL=@" 0 i"=1 [olzgl =121 =1]
=2
a n=4k
Alternate Solution
R B(z2)
Since, arg ~2 = —
2 2
T
O 22 _ |22
z |5 o) A(z4)
O 22y [z =12y =1]
=
nf

; -

O z and z, are nth roots of unity.

z' =25 =1
(e, 0"
0 2M =
H.H
0 =1
a n =4k, where k is an integer.
We know that,
w:—l +§l
2 2
Ij334 0 ﬁeo
0a+sleBE gH L, VB
o2 2 0 02 2 0

=4+5 334+3(A§65
=4+5E0)3)1“ Eio+3[ﬂo§)121[t3
=4 +5w+3w [ o =1]
=1+3+20+3wW+3 o
=1+20+3(1 +w+ o) =1 +2 w+3 x0
[+ 1+w+« =0
=1+ (-1 ++/3i) =+3i
A+w-) =(- - )
= (20?7 =(2) w'*= -128 w?

[+ 1+ +0” =0]

13. (P) PLAN

Complex Numbers 25

11, 1+ =1+ 1+’
=1 +w) (- =1 +w
g A+Bw=1+w
O A=1,B=1

S 2km 2k
:Z L%os—+zsm—
7 7
6 i2kT
_lDZe 7 D__L{eLZTIN z4n/7+ei6rt7

Q +ez81‘[/7 +eleTT/7 +ezl21‘[77}

) 0 ; 1- ezl2n 17 0
:_ZEEZHN( ,'21-[/7)D
O I-e O
Ebi2r[/7 ejl4n/7|:|
=-i0 0 e
0 1- ezQTI/7 0 [

I:bl2T[/7
=—157,D
il - 2"7D

e/‘SE i e i(® +a)

2 @LHW p)

Given  z,=e 10 O 2,&

4T /T2 9

2z}, 1s 10th root of unity.
O z, will also be 10th root of unity.

Taking, z; as z;, we have z;, [£; =1 (True)

e — i8-a)
@pan o= ooy
z=2z/z =e 710 10H=g 5
;I

For k =2;z = e 5 which is in the given set (False)
(R) PLAN

(i1 = cos 26 =2 sin’B

(i)sin26 = 2 sin B cos Band

(i)cos 36°=£_1
4
(ii)COS108°:\/g+1|1_ZW‘|1_22‘.“‘1_Zg|
4 10
NOTE \1—zk|=@1—cosﬂ—/sinﬂ@
10 10 O
-52 sin m@sm -/ cos —KD=2 Sini
10 M 10 100 10
Now, required product is
29s1n£@1n2—n@1n@ sins— 1n9—n
10 10 10 10 10
10
9%. T . 21 .. 371 47‘@2. 5 T
27 [$in — sin ~— sin — sin —[] sin —
- 10 10 10 10 10
10

99 %in Bl cos o $in 2Tcos 2—7@2 a
- 10 10 10 10
10
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14.

15.

16.

99 %sinEésin z—ng 17.
5 2 5
] 10
_ 2% (sin 36°[8in 72°)?
10
5

=10 (@ sin 36° sin 72°)?
X

22
:— (cos 36° — cos 108°)?
22Eﬂ3f g, D\/5+1DD2 _28 5

1
585 4 00 4 DD 5 4
(S) Sum of nth roots of unity =0 18.
1+a+aZ+a? +... +a® =0
o
1+ a” =0
2
9
z Q:os—+zsm& =0
L 10
9
1+ z cosz—n=0
=, 10
9
2kTT
So, 1- 2 -
0 Z cos 0
P) - @, @ - (), R) - (@ii), (S) - (iv) 19.
0 w O
Let A= o 1§
" 1 wj
M 0 0O
Now, A®=1 0 0ca Al=0
o o OE
A% =0
z+1 o’
O w z+w 1 [=[A+z]=0
w? 1 zZ+ 20.
0 2 =0

0 z =0, the number of z satisfying the given equation
is 1.

Here, T, = (r -1) (r —w) (r —)*] =(¢* -1)
. h(n+ 1)t
o S,= 3 —1)= -
n VZI (7’ ) E 9 E
Since, cube root of unity are 1, w, w’given by

30 .0 0
A(1,0), Bl}l ‘F% ! ﬁm
28°82 20

0 AB=BC =CA =+/3
Hence, cube roots of unity form an equilateral triangle.

21.

Download Chapter Test
http://tinyurl.com/y3avd3wd

Given, 2P —zP 2941 =0 ...(0)

0 " -1)E7-1)=0

Since, a is root of Eq. (i), eithera” =1 =0ora? -1 =0
p_ q_

0 Either a ! =0or a’-1 =0 [asa # 1]
a-1 a-1

O Either 1+a+a?+..+a?7 ! =0

or 1+oa+...+a?™' =0

But af?-1=0 and a?-1=0 cannot occur
simultaneously as p and ¢ are distinct primes, so
neither p divides g nor ¢ divides p, which is the
requirement for 1 =a” =a%.

Since, 1, a;, g, ..., a, _; are nth roots of unity.
O & -D=@x-1)(x-a)(x~-ay)....(x ~a,_;)
Xt -1
a - =(x-ay) (x—ay)..... x-a,-1)
O «" 1+ 2+ +a%+x+1
=(x—ay) (x—ay)..... (x-a,_1)
O x* -
D.x 1 :xn—l +xn—2+ +x+1D
o «-1 O

On putting x=1, we get 1 + 1 +... n times
=l-a)@-ay.... 1-a,.1)
O Ql-a)A-ay...QAd-a,_q)=n

Since, n is not a multiple of 3, but odd integers and
L+l +x=0 0O x=0,(.0,(,02

Now, when x =0

O@+1)"=-x"-1=1-0-1=0

O x=0 isrootof (x +1)" —x" -1

Again, when x =w

O @+D)"-x"-1=(1 +w)" -of' -1=w* - -1 =0

[as n is not a multiple of 3 and odd]

Similarly, x = w*is root of {(x+1)" —x" -1}

Hence, x =0, w, o are the roots of (x + 1)" —x" -1

Thus, ¥* + x> + xdivides (x+ 1)" —x" - 1.

Since, 0, B are the complex cube roots of unity.

0 We takea =w and B =w?

Now, xyz = (a + b)(aa + bB)(aP + ba)

=(a + b)[a’op + ab@” +B%) +b0P]

= (a + b)[a* @B + ab(F + of) + b2 WID)]

=(a + b)(a® —ab +b?) [+1+w+w =0and o§ =1]

—_ 3 3
=a” +b .21
Paddd

Priniting error =e 3
2 2 2
[x®l+ [y "+ 121" _

(@) + B+l
e
NOTE Here, w =e 3, then only integer solution exists.

EE-I%EI
or G



Theory of Equations

TOpiC 1 Quadratic Equations
Objective Questions I (Only one correct option)

1.

If a and B are the roots of the quadratic equation,

«%+ xsin® —2sin 0 =0, 0 D@),g@ then

a2+ B2 .
51 57 1s equal to
@™ +p @ -p) (2019 Main, 10 April 1)
g12 ) 96
(a) —— = N
(sin B +8)12 (sin B + 8)'?
ol2 ol2
(c) 1 (d) PN
(sin 6 - 4) (sin B - 8)

. Letp, g OR.If2 - /3 is a root of the quadratic equation,

x2+px+q:0, then
(@) ¢°-4p-16=0
®) p*-4¢-12=0
() p*-4g+12=0
(d) ¢2+4p+14=0

(2019 Main, 9 April I)

If m 1is chosen in the quadratic equation

(m?+1)x* -3x+(m? +1)> =0 such that the sum of its

roots is greatest, then the absolute difference of the

cubes of its roots is (2019 Main, 9 April 11)
(b) 85

(a) 10J5
() 8J3 @ 443

If o and B are the roots of the equation x* —2x +2 =0,
then the least value of n for which %g =1is

(@) 2 () 5
() 4 (d) 3
The number of integral values of m for which the
equation (1 + m?)x? -2(1 +3m)x + (1 +8m) =0, has no
real root is (2019 Main, 8 April 11)
(a) 3 (b) infinitely many

(© 1 @ 2

The number of integral values of m for which the

quadratic expression, (1 +2m)x*> -2(1 +3m)

x+ 41 +m), x OR, is always positive, is

(2019 Main, 12 Jan Il)
@ 3

(2019 Main, 8 April 1)

(a) 6 (b) 8 (c) 7

10.

11.

12

13.

14.

If A be the ratio of the roots of the quadratic equation in
%, 3m%2 + m(m —4)x +2 =0, then the least value of m for

. 1 .
which A + N =1,1s (2019 Main, 12 Jan 1)

()-2++2 (b) 4-2V3
(©)4-3J2 (d2-+3
If one real root of the quadratic equation

8122 + kx + 256 =01is cube of the other root, then a value

of kis (2019 Main, 11 Jan 1)
(a) 100 () 144
(c) -81 (d) -300

If5, 57, 5r2are the lengths of the sides of a triangle, then
(2019 Main, 10 Jan 1)

3
CY "

r cannot be equal to

5 7 3
a) = = c) =
(a) . (b) A (©) 5
The value of A such that sum of the squares of the roots
of the quadratic equation, % + (3 —A)x +2 =A has the
least value is (2019 Main, 10 Jan II)
4 15
(a) = (©)1 (©) = (d) 2
9 8
The number of all possible positive integral values of a
for which the roots of the quadratic equation,
6x? - 11x + o =0 are rational numbers is
(2019 Main, 9 Jan 1)

(@5 (b) 2
(c) 4 (d)3
Let a and B be two roots of the equation W2 +2+2 =0,
thena®® + B® is equal to (2019 Main, 9 Jan )

(a) 256 t(b) 512
() -256 (d) -512
Let S={xOR:2 0 and 2|vx - 3| + Jx(Jx -6) +6 =0 .
Then, S (2018 Main)

(a) is an empty set

(b) contains exactly one element
(c) contains exactly two elements
(d) contains exactly four elements

If o, 0C are the distinct roots of the equation
2

x* —x+1 =0, thena'® + [5107 is equal to (2018 Main)
(@) -1 ()0
(©1 (d) 2

Download More Books: www.crackjee.xyz
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15.

16.

17.

18.

19.

20.

21.

22,

23.

Theory of Equations

For a positive integer n, if the quadratic equation,
x(x+1)+x+1)(x+2)+... +(x+n-1)x+n)=10n
has two consecutive integral solutions, then n is
equal to (2017 Main)

(a) 12 ()9 (c) 10 (d) 11

The sum of 22111 real values of x satisfying the equation
(@ —5x+5)" TN =14s (2016 Main)
(@) 3 (b) -4 (@5

Let - g <0< —%. Suppose a; and 3; are the roots of the

(c) 6

equation x* —2xsecB +1 =0, and a, and B, are the roots
of the equation x*+2xtan®-1=0. If a, >B, and

Oy >By, thena; + B, equals (2016 Adv.)

(a) 2(secb — tan B) (b) 2secB

(c) —2tan® (d) o

Let a and B be the roots of equation x* —6x -2 =0. If

a,=0a" =B" for n 21, then the value of I ~ 208 is
2a4

(a) 6 (b)—6 (2015 Main)

(©) 3 (d) -3

In the quadratic equation p(x) =0 with real coefficients

Then, the equation
(2014 Adv.)

has purely imaginary roots.

plp()] =0 has

(a) only purely imaginary roots

(b) all real roots

(c) two real and two purely imaginary roots
(d) neither real nor purely imaginary roots

Let o and B be the roots of equation px2 +qx+r =0,

p#0. If p,gand r are in AP and l+%:4, then the
o

value of |[a —B]1is (2014 Main)
61 2417 34 24/13
(a) V61 ®) 2017 (© <34 @ 213
9 9 9 9
Let o and B be the roots of x* —6x -2 =0, with o >p. If
a,=0a" =B" for n 21, then the value ofalLZOL8 is
2a4
(a)1 (b) 2 ()3 (d) 4 (2011)

Let p and ¢ be real numbers such that p 20, p® # g and
p’#-q. If a and B are non-zero complex numbers
satisfying o +p = - p and a® +B® = ¢, then a quadratic

equation having x and — as its roots is (2010)
B a

(@) (p° +@a®-(p° +29)x +(p* +q) =0

b) (P° +qx®-(p® -29)x +(p* +q) =0

© (° -« -(6p° —29)x +(p® —g) =0

@) (@* -@a®-(5p” +29)x +(* —g) =0

Let a, B be the roots of the equation x* — px+r =0 and

% , 2B be the roots of the equation x> —qx+r =0.Then,

the value of r is (2007, 3M)

2

(a)%(p—q)(zq—m ® 2@-p)ep-0)

© §<q— 2p)(2q - p) &) §(2p -9 (2q-p)

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

If a,b,c are the sides of a triangle ABC such that

22=2 (a+b+c)x+3\ (@b +be +ca) =0 has real roots,
then (2006, 3M)

(a)x<i31 (c)m%,g@ (d)m%,g@

If one root is square of the other root of the equation
2% + px + g =0, then the relation between p and q is

@ p’ -qBp -1 +q*=0 (2004, 1M)
®) p’ —q@Bp+1) +q° =0

©p’ +qBp-1)+q =0

@ p’ +qBp+1)+q¢* =0

The set of all real numbers x for which x> — |x + 2| + x >0
18 (2002, 1M)
(@) (o0, =2) U(Z0 ) (b) (-,~v2) 029 )

(©) (=o0,= ) 0(I0 ) (d) (2,)

The number of solutions of log, (x — 1) =logy(x —3) is

5
B2

() 3 (b) 1 (2001, 2M)
(c) 2 (@0

For the equation 8x% + px +3 =0, p >0, if one of the root
is square of the other, then p is equal to (2000, 1M)
(a)1/3 ()1 (OF] (d) 2/3

If o and B (@ <B) are the roots of the equation

22+ bx + ¢ =0, where ¢ <0 < b, then (2000, 1M)
(a) 0<a<pP (b)a <0< <|al
©a<p<0 @a<0<lal<p

The equation \/x+ 1 —\/x -1 =,/4x -1 has (1997€C, 2M)

(a) no solution

(b) one solution

(c) two solutions

(d) more than two solutions

5

§(10g2 x)2 +logg x ——

The equation x4 4 =42 has (1989; 2M)

(a) atleast one real solution

(b) exactly three real solutions
(c) exactly one irrational solution
(d) complex roots

If a and B are the roots of x% + px + ¢ =0 and o ?,B*are
2

the roots of x“-rx+s=0 then the equation
x% —4gx + 2¢% —r =0 has always (1989, 2M)
(a) two real roots
(b) two positive roots
(c) two negative roots
(d) one positive and one negative root
The equation x - =1- 2 has

x-1 x-1 (1984, 2M)
(a) no root (b) one root
(c) two equal roots (d) infinitely many roots
For real x, the function W will assume all real

x—c

values provided (1984, 3M)
(@a>b>c b)a<b<c
(©a>c<b (d)a<e<d



35.

36.

37.

The number of real solutions of the equation
|x|*-3|x| +2 =01is (1982, 1M)
(a) 4 ()1 (03 (d) 2

Both the roots of the equation
x-b)x-c)+(x-a)x-c) +(x —a)(x =-b) =0

are always (1980, 1M)
(a) positive

(b) negative

(c) real

(d) None of the above

Let @ >0,b5>0 and ¢>0. Then, both the roots of the
equation ax® + bx + ¢ =0 (1979, 1M)
(a) are real and negative

(b) have negative real parts

(c) have positive real parts

(d) None of the above

Assertion and Reason

For the following question, choose the correct answer

from the codes (a), (b), (c) and (d) defined as follows :

(a) Statement I is true, Statement II is also true;
Statement II is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true;
Statement II is not the correct explanation of
Statement I

(c) Statement I is true; Statement II is false

(d) Statement I is false; Statement II is true

38. Leta,b,c, p,qbe the real numbers. Suppose a,B are the
roots of the equation x®+ 2px + ¢ =0.
and o ,% are the roots of the equation ax? +2bx + ¢ =0,
where B20¢ 1,0,1%
Statement I (p?-q) (b*-ac) 20
Statement II 6 Opa or & qa. (2008, 3M)
Fill in the Blanks
39. The sum of all the real roots of the equation
lx-2*+|x-2| -2 =0is...... . (1997, 2M)
40. If the products of the roots of the equation
x% = 3kx + 2¢7°8% —1 =0is 7, then the roots are real for
k=.... (1984, 2M)
41. If 2 + i3 is aroot of the equation x> + px + ¢ =0, where
pand q arereal, then (p, q) = (...,...). (1982, 2M)
42. The coefficient of x* in the polynomial
(x=1)(x—=2)...(x —-100) 1s.... (1982, 2M)
True/False
43. If P(x)=ax? + bx +c and Q(x) = — ax® + bx +¢, where
ac # 0, then P(x) Q(x) has atleast two real roots.
(1985, 1M)
44. The equation 2x% + 3x + 1 =0 has an irrational root.

(1983, 1M)
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Analytical & Descriptive Questions

45.

46.

47.

48.

49,

50.
51.

52.
53.

54.

55.

56.

Ifx2 - 10ax -11b =0 have roots c and d. x2 = 10¢x - 11d =0
have roots ¢ and b, then finda + b+ c+d. (2006, 6M)

If a,B are the roots of ax®+ bx+c¢=0,(a 20) and
a +38,B + 3 are the roots of Ax® + Bx + C =0, (A #0) for
some constant 8, then prove that
b% —4ac _B®>-4AC
a A?
Let f(x)=Ax>+ Bx+C where, A,B,C are real
numbers. prove that if f (x) is an integer whenever x is
an integer, then the numbers 24, A + B and C are all

integers. Conversely, prove that if the numbers
2A, A+ Band C are all integers, then [ (x)is an integer

(2000, 4M)

whenever x is an integer. (1998, 3M)
Find the set of all solutions of the equation
ol —ppy=l —11 =277t 41 (1997 C, 3M)
Find the set of all x for which
2x 1
5 > (1987, 3M)
2x“+5x+2 «x+1
Solve| x2 +4x+3|+2x +5 =0 (1987, 5M)

For a <0, determine all real roots of the equation

22 -2alx-al-3a® =0 (1986, 5M)

Solve forx: (5 + 2«/@)"2 B4+ 6 —2\/E)x2 ~3 =10 (1985, 5M)

If one root of the quadratic equation ax? + bx + ¢ =0 is

equal to the nth power of the other, then show that
1 1
@" " +(@e"" +b=0 (1983, 2M)

Ifa and B are the roots of x* + px + ¢ =0 and y, are the
2

roots of x“+rx+s=0, then evaluate@ -y)B-vy)
(@ -3)B -9d)intermsof p, g, rand s. (1979, 2M)
Solve 2log, a + log,,. a+3log, a =0,

where @ >0,b =a®x (1978, 3M)
If o and B are the roots of the equation

22+ px+1=0;y, dare the roots of * + gx + 1 =0, then
¢* =P’ =@ ~yY)B V(@ +O)(B+d (1978, 2m)

Passage Type Questions

Let p, g be integers and let a,f3 be the roots of the equation,

2

x*=x-1=0 where

a#B. For n=0,1,2,.... , let

a, =pa” +qgp".
FACT : If g and b are rational numbers and a + bv/5 =0, then

a=0=b. (2017 Adv.)
57. a,=

(@) a; + 204, (b) 2ay; + &

© a; —a (D ay; +
58. Ifa, =28 then p+2q =

(a) 14 (b) 7 (c) 21 (d) 12
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Topic2 Common Roots

Objective Questions I (Only one correct option) 3. A value of b for which the equations x* + bx -1 =0,

2 _ . .
1 If o, and y are three consecutive terms of a X"+ x + b =0 have one root 1n common 18 (2011)
non-constant GP such that the equations () =2 ORAE] (© V5 (@2
2 2
ox” +2Bx +y =0 andx” + x —1 =0 have a common root, .
then, a(B +y)is equal to (2019 Main, 12 April 11) Fill in the Blanks
(@0 4. If the quadratic equations x*+ax+b=0 and
(b) op 2>+ bx+a =0 (a £b) have a common root, then the
(0 ay numerical value of a + bis... . (1986, 2M)
(d) By
2. If the equations 2%+ 2x+3 =0 and ax®+ bx + ¢ =0, True/False

a, b, c R have a common root, then a: b: cis
(a) 1:2:3 (b) 3:2:1 (2013 Main)
() 1:3:2 d 3:1:2

5. Ifx - ris a factor of the polynomial f(x)=a, x",
+ a,_, x n-1

ris a root of f' (x) =0 repeated m times.

+... + a, repeated m times (1 <m < n), then
(1983, 1M)

Topic 3 Transformation of Roots

Objective Question I (Only one correct option)

1. Leta,Bbe the roots of the equation,(x —a)(x —b) =c,c#0.
Then the roots of the equation (x —a) (x =) + ¢ =0 are
(a) a,c ®)b,e (¢) a,b (d) a+c,b+c (1992, 2M)

Analytical & Descriptive Question

2. Leta, bandcberealnumber s witha #0 andleta,Bbe

the roots of the equation ax® + bx + ¢ =0. Express the
roots of a®x? + abex + ¢ =01in terms ofa,B. (2001, 4m)

Topic4 Graph of Quadratic Expression

Objective Questions I (Only one correct option)

1. Let P4, -4) and Q(9,6) be two points on the parabola,

y? =4y and let X be any point on the arc POQ of this
parabola, where O is the vertex of this parabola, such
that the area of APXQ® is maximum. Then, this

4. If ¢ OR and the equation -3 (x - [x])* +2 (x —[x])
+ a? =0 (where, [x] denotes the greatest integer < x) has
no integral solution, then all possible values of a lie in
the interval (2014 Main)

maximum area (in sq units) is (2019 Main, 12 Jan ) (@) (-1,0)0(0,1) M) @, 2)
(a) 125 M) 7 © (-2,-1) @ (-, -2) 02 )
6%5 1225 5 For all @, 22 + 2ax + (10 —3a) >0, then the interval in
© e (@ 4 which ‘@’ lies is (2004, 1M)
(@a<-5 (b)-b<a<2 (c)a>5 (d)2<a<5

2. Consider the quadratic equation, (¢ —5) x*—2¢x + (c —4)

=0,c#5. Let S be the set of all integral values of ¢ for
which one root of the equation lies in the interval (0, 2)
and its other root lies in the interval (2, 3). Then, the
number of elements in S is (2019 Main, 10 Jan I)

6. If b > a, then the equation (x —a) (x —b) —1 =0 has

(a) both roots in (a, b)
(b) both roots in ( — o, a)
(c) both roots in (b, + )

(2000, 1M)

(a) 11 (b) 10 (d) one root in (-,a) and the other in (b,)

(© 12 (d) 18 . If the roots of the equation x% - 2ax + a® + a =3 =0 are
3. If both the roots of the quadratic equation real and less than 3, then (1999, 2M)

x% = mx + 4 =0 are real and distinct and they lie in the (@) a<?2 (b) 2<as<3 (©) 3< as4 ) a>4

interval [1, 5] then m lies in the interval
(2019 Main, 9 Jan II)

. Let f(x) be a quadratic expression which is positive for

(a) (4, 5) () (-5, - 4) all real valuesof x. If g(x) =f (x) + ' (x) + /"' (x), then for
©) (5, 6) @) (3, 4) any real x (1990, 2M)
(@gx<0 (b gx)>0 ©@gx=0 (Dgx®=0



Analytical & Descriptive Questions

9.

10.

If ¥ + (@ — b)x + (1 —a —b) =0 where a, b OR, then find
the values of a for which equation has unequal real roots
for all values of b. (2003, 4M)
Let a, b, cbe real. If ax? + bx + ¢ =0 has two real roots o
and [, where a<-1 and B>1, then show that

1+ 4200
a0

a (1995, 5M)

Topic5 Some Special Forms

Objective Questions I (Only one correct option)

1.

The number of real roots of the equation

5+2% -1 =22 -2)is (2019 Main, 10 April 11)
(@1 (®) 3
(c) 4 (@) 2

All the pairs (x,y) that satisfy the inequality
2o . .
gVsinTx - 2sinx+ 5 EIl—Z <1 also satisfy the equation

gy (2019 Main, 10 April I)
(a) 2|sin ] =3 sin y (b) sin x =|sin ¥
(c) sin x=2sin y (d) 2 sin x =sin y

The sum of the solutions of the equation
[Vx = 2] +Vx(/x =4) +2 =0 (x >0) is equal to
(2019 Main, 8 April 1)
(@ 9 (b) 12
© 4 @ 10
The real number % for which the equation,

2x> + 3x + k£ =0 has two distinct real roots in [0, 1]
(2013 Main)

(a) lies between 1 and 2 (b) lies between 2 and 3
(c) lies between —1and 0 (d) does not exist
Let a,b,c be real numbers, a#0. If a is a root of

a®? + bx + ¢ =0, B is the root of a’?-bx-c¢=0 and
0 < o <P, then the equation a®? + 2bx + 2¢ =0 has a root

y that always satisfies (1989, 2M)
_a+B —qa P

(@y= 5 (b)v—a+§

©y=a (da<y<p

If a + b + ¢ =0, then the quadratic equation

3ax® + 2bx + ¢ =0 has (1983, 1M)

(a) at least one root in (0, 1)

(b) one root in (2, 3) and the other in (-2, —1)

(c) imaginary roots

(d) None of the above

The largest interval for which

w2 -x" +at —x+1>0is (1982, 2M)

(a) -4<x<0 (b)0<x<1

(c) -100<x <100 (d) —o<x<o

Let a, b, cbe non-zero real numbers such that

J’; (1 + cos® x)(ax? + bx + c)dx (1981, 2m)

2 8 2
= .[0 (1 + cos® x)(ax” + bx +c)dx
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11. Find all real values of x which satisfy x* - 3x + 2 >0 and
x% —2x -4 <0. (1983, 2M)

Integer Answer Type Question

12. The smallest value of &, for which both the roots of the
equation x%-8kx+16 (k% -k +1) =0 are real, distinct
and have values atleast 4, is ...... . (2009)

Then, the quadratic equation ax?+ bx + ¢ =0 has
(a) no root in (0,2) (b) atleast one root in (1,2)
(c) a double root in (0, 2)  (d) two imaginary roots

Objective Questions II
(One or more than one correct option)
9. LetSbe the set of all non-zero real numbers a such that
the quadratic equation ax®-x+a =0 has two distinct

real roots x; and x, satisfying the inequality |x, — x5 <1.

Which of the following interval(s) is/are a subset of S?
(2015 Adv.)

1 1 1 1 1 1
—,——0 b Og-—,0 —0@ s
@ G- JBQ Of = ] <c)§o,£§(>§ﬁ, HE
10. Let ¢« OR and f:R - R be given by f(x) =" —5x +a.
Then,
(a) f(x) has three real roots, if a > 4
(b) f(x)has only one real root, if a > 4

(¢) f(x)has three real roots, if a< -4
(d) f(x)has three real roots, if -4<a <4

Passage Based Problems

Read the following passage and answer the questions.
Passage I

Consider the polynomial f(x) =1 + 2x + 3x%+ 4x>. Let s be

the sum of all distinct real roots of f(x) and let ¢t =] s|.
(2010)

11. The real numbers slies in the interval
W W ok g 0B

12. The area bounded by the curve y = f(x) and the lines
x=0,y=0and x =¢,lies in the interval

3 21 11 21
(a) %I 3@ () % EQ (©) (9,10) @ @o o
13. The function /' (x)is

(a) increasing in Qﬂf, - i@and decreasing in % i, t@

(b) decreasing in % t, —%Qand increasing in % ?11, t@

(c) increasing in (=t, t)
(d) decreasing in (—t, t)
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Passage 11

If a continuous function f defined on the real line R,
assumes positive and negative values in R, then the
equation f(x) =0 has a root in R. For example, if it is
known that a continuous function f on R is positive at some
point and its minimum values is negative, then the
equation f(x) = Ohas aroot in R. Consider f(x) = ke* — x for
all real x where k 1s real constant. (2007, 4M)
14. The line y = x meets y = ke* for k <0 at

(a) no point

(c) two points

(b) one point
(d) more than two points

15. The positive value of k for which ke* —x =0 has only one

16. For k>0, the set of all values of k for which ke* —x =0
has two distinct roots, is
Il
&1

W]
(d) (0,1

(c)%,mg

True/False

17. If a <b <c <d, then the roots of the equation (x—a)
(x—¢)+2 (x —-b) (x —d) =0 are real and distinct.
(1984, 1M)

Analytical & Descriptive Question

root is 18. Let -1 < p <1. Show that the equation 45’ —=3x - p =0
(a)l (b) 1 (c)e (d)log,2 has a unique root in the interval [1/2, 1] and identify it.
e (2001, 4M)
Answers
Topic 1
1. (a 2. (b 3. (b 4. (c .
5. Ea; 6. Ec)) 7. Ec)) 8. Ed)) Topic 2
9. (b) 10. (d) 11, (d) 12. (0) L. (@ 2. (@) 8. (b) 4. (1)
13. (¢) 14. (c) 15. (d) 16. (a) 5. False
17. (o) 18. (c) 19. (d) 20. (d) Topic 3
21. (¢ 22. (b) 23. (d) 24. (a) 1. (¢ 2. x =aB, ap’
25. (a) 26. (b) 27. (b) 28. (c) .
29. (b) 30. (a) 31. (b) 32. (a) Topic 4
33. (a) 34. (d) 35. (a) 36. (0) 1@ 2. @) 3 @ 4 @
37. (b) 38. (b) 39. 4 40. k=2 5. (b) 6. @ 7 @ 8. (b)
41. (-4,7) 42. -5050 43. True 44. False at W x Ol 510 #45.2) 12, k=2
45. 1210 48. y 0¥ 10 [® ) Topic 5
- 1. (a) 2. (b) 3. (d) 4. (d)
49. x O 2~ 10 4 = 5@ 50. —4and (-1 -3) 5 (@ & () % @ 8. (b)
5. x={a(1-+2),a(\6 —1)} 52 %2, ++2 9. (ad) 10. (b, d) 1L (o) 12. (a)
54. (q—s)* —rqp —rsp +sp® +qr’ 55. x =a > ora *" 13. (b) 14. (b) 15. (a) 16. (a)

56. ¢° - p 57. (d) 58. (d)

a _
17. True 18. x = cos = cos
ERE
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Hints & Solutions

Topic1 Quadratic Equations

Given quadratic equation is
x> + xsin® —2sin0 =0, 0 [ @), g@

and its roots are o and f3.

So, sum of roots =a +f = —sinB

and product of roots =af = —-2sin®

O o =@ B ) ...Q0)
Gl2 +Bl2

(G -12 + B—lZ)(a _B)24

BlZ _ 12 Blz

= 12
E}% 125(“ -p)% %Lm(a —p)

1212
B

Now, the given expression is

0 og O 0 ap HZ
“Ho-p7°H "B +p7 -40p0
0 2a+p O
" Ha +B)2-8(cx +B)

g 2
Ekcx +B) - SH B—sme SH

o2
(sin® + 8)12

[from Eq. (1)]

o+ =-sinb]

Given quadratic equation is x%+ px+q =0, where
p, ¢ OR having one root 2 —+/3 , then other root is 2 + V3
(conjugate of 2-+/3) [+ irrational roots of a quadratic
equation always occurs in pairs]
So, sum of roots =-p =4 0 - 4
and product of roots =q=4-3 0 ¢ 1
Now, from options p%-4¢-12 =16 -4 =12 =0
Given quadratic equation is

(m?+ 1)a? = 3x + (m? +1)? =0 ..()
Let the roots of quadratic Eq. (i) are a and B, so
a+B= andap=m? +1

According to the question, the sum of roots is greatest
and it is possible only when “(n? + 1) is minimum” and
“minimum value of m? + 1 =1, when m =0".
+B= 3andoB=1,asm=0
Now, the absolute difference of the cubes of roots
=la’ -p’|
=la -Blla* +p* +ap)|
=@ +B)* ~4aB | @ +B)* ~ap|
=/9-419-1=8V5

Given,a and 3 are the roots of the quadratic equation,
X -2x+2=0
0 (x-1)2%+1=0

0 (x-1)2%=-
O x—1==%i [where i =+/-1]
O x=(1+i)or (1 -1)

Clearly, ifa =1+ i, thenf =1 -

According to the question %g =1

. O+ _ )
H—H ~
HL+ l:)(l * %)[f = [by rationalization]
(1 -0 +1)

[fl
0 JL+itr2id o %g 10 i"=1
D 1-42

So, minimum value of n is 4.

Key Idea
(i) First convert the given equation in quadratic equation.
(i) Use, Discriminant, D = b* — 4ac <0

Given quadratic equation is
@+ m?a® -2(1 +3m)x + (1 +8m) =0 ...()
Now, discriminant
D =[-2(1 +3m)]* -4 +m*)(1 +8m)

=4[(1+3m)* -1 +m*)(1 +8m)]

=41 +9m* +6m —(1 +8m +m” +8m?)]

=4 [-8m® +8m* -2m]

= -8m@m® —4m +1)= -8m@m -1)
According to the question there is no solution of the
quadratic Eq. (i), then

D<0

O- 8m@m 1) 0 O m>0
So, there are infinitely many values of ‘m’ for which,
there is no solution of the given quadratic equation.
The quadratic expression
ax® + bx+ ¢ xORis always positive,
ifa >0and D <0.
So, the quadratic expression
(1+2m)x®> -2 (1 +3m)x+ 4(1 + m), x OR will be
always positive, if 1 + 2m >0 ...Q)
and D =4(1 + 3m)? -4@m +1)4(1 +m) <0 ...(i1)
From inequality Eq. (1), we get

m>—% ...(ii)

From inequality Eq. (i), we get
1+9m? +6m -4 @m? +3m +1) <0
0 m?-6m-3<0
O [m-@+~12)][m - @ -/12)] <0
6+ 1/36+ 12 ]

[-m?®-6m-3=0 Om

Download More Books: www.crackjee.xyz
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O 3-12 <m <3 +4/12 ..(iv)
From inequalities Egs. (ii1) and (iv), the integral values
of mare0,1,2,3,4,5,6

Hence, the number of integral values of m is 7.

Let the given quadratic equation in x,
3m%% +m(m —4)x +2 =0, m # 0 have roots a and B, then

m(m —4) 2
a+B=-——-— and af =—
B m? B am?
a
Also, let —=A\
B
Then, ret=10% B (given)
A B «a
O a 2p ZeB
O @+B)* =3ap
2 _A\2
O m(m44) _3 22
Im 3m
O (m-4)?=18 [-m #0]
O m—4=+32
O m=4+3/2

The least value of m =4 -3+/2
Given quadratic equation is
81x% + kx + 256 =0

Let one root be a, then other isa®.
256

81

[- for ax® + bx + ¢ =0, sum of roots = —

Now,a+a?’:—£anda|]13:
81

o Qo

and product of roots = —]
a

4
a“z%@ Doa=t2
3
E=-81@ +a?)
=-8la (1 +a?

= -81 %%@Q{+%6 = +300

Let @ =5, b =5r and ¢ =5r>

We know that, in a triangle sum of 2 sides is always
greater than the third side.

O a+b>cb+c>aandc+a>b

Now, a+b>c
O5+5r>5r2 O 5r2-5r-5<0
O rf-r-1<0

0 _ /3000 0

0 —%1 5% —E}Hﬁg <0
o HiE| I
02 Og 0O 2 O

[- roots of ax® + bx + ¢ =0 are given by

_mbE\b—dac o L,

x=
2a
_111/1+4_1i£]
2 2

Or

10.

- + /50
a rDM,l \/ED @)
o 2 2 0O
+ - Tt
1-V5 1+ V5
2 2
Similarly, b+c>a
O 5r+5r2 >5
a rP+r-1>0
U 0-1-s000 0O-1++500
O _F1-vHD By,
o 0 2 Opp 0O 2 0O

g -1+, /1+4 - O
D'r2+r—1:0|:|r= = li\/gm
0 2 2 0
O -1-+50_ 0O O
0 roBe clo¥HEL+E O ... (i)
0 2 0O 0O 2 0
+ - Tt
-1-V5 —1+v5
2 2
and c+a>b
0 5r2+5>5r
O r2—r+1>0
Drz—Z%r+%g+l—%g>0
T SR
2 4
0 rOR ... (iii)

From Egs. (1), (i1) and (ii1), we get
O0-1++56 1+ \/gg

r——,
o 2 2 0O
-
® 4-y5  1-v5 -1++5 1+V5 «
2 2 2 2

and % is the only value that does not satisfy.

Given quadratic equation is
K+ B -Nx+2 =A
¥+ @-MNx+@-\) =0 ... ()
Let Eq. (1) has roots a and B, then a +3 =\ -3 and
o =2-A

| o

[ For ax® + bx + ¢ =0, sum of roots = -

o Q

and product of roots = —]
a

Now, a2 +p% =@ +p)? -20B
=\ -3)2-2@2 -\)
=A2-6A +9 -4 +2\
=N - +5=(\2 -4\ +4) H
=\ -27 +1
Clearly, a? + % will be least when A = 2.
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For the roots of quadratic equation ax® + bx + ¢ =0 to be

rational D = (b% - 4ac) should be perfect square.

In the equation 6x% — 11x + a =0
a=6,b=-1landc=qa

OFor roots to be rational

D = (-11)% -4(6) (@) should be a perfect square.

0 D(@) =121 —24a should be a perfect square

Now,

D(1) =121 —24 =97 is not a perfect square.

D@2) =121 —24 x2 =73 1s not a perfect square.

D@B) =121 —24 x3 =49 s a perfect square.

D4) =121 —24 x4 =251s a perfect square.

D(GB) =121 —24 x5 =11is a perfect square.

and for a = 6, D() <0, hence imaginary roots.

OFor 3 values of a (o = 3, 4, 5), the roots are rational.

We have, x* + 2x + 2 =0

-2+ ,/4-8
ad x:f [~ roots of ax? + bx + ¢ =0 are
: -b+,b?-4
glvenbyx=—ac]
2a
ad x=-1=%i

Leta=-1+iandpB=-1-1.

Then, a’® + B = (-1 +i)"® +(-1 —i)'°
=-[@ =) +@ +)"]

1 i o-o1 im’o

- + V2 + 0

@75 ﬁQE E@E V2t

U g

ﬂ%gﬁ

—lSIII n@ gcs—+zs' 15,-@']
4 Of

[using De’ Moivre’s theorem
(cos0 + i sinB)" =cosnB®+ isinnb n 0Z]

- _(\/5)15 %C 15nD (\/7)15

=-(/2)"% = -2° = -256.
Alternate Method
0(15 +B15 :(_1 +i)15 +(_1 _i)15
—[@ =9+ +)°]

B E(l—l)IG 1+l)16|:|
Dl—l 1+ H
_ga-y7® L1+ )0
H1-i 1+i ¢

13.

14.

15.

16.
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__E[1+i2—2i]8+ [1+i2+2i]8g

o 1-: 1+ 0
__H=2i)® | @i®d
Hi-i 1+:if
01 10

in=1,n02]

_98
2B[7—i+]_+iH [.l

956 2 = 956200 _956
A-@’ T BE
We have, 2 |vx =3+ Jx(/x =6) +6 =0

Let /x —

ad Je=y+3

O 2lyl+(y+3)(y-3)+6=0

O 21yl+y*-3=0

O lyP+2]yl-3=0

0 (lyl+3)(1yl-1)=0

O lyl#-3 0 |yl=1

0 y=+1 0 Jx-3=+#1
O Jx=4,2 O x=16,4

We have, a,f are the roots of Z-x+1=0
Roots of 22 — x + 1 =0 are —w,~ 0%

O Leta =-wandp=-w?

|:|(X 101 B 107 ((ﬂ )101 + ((ﬂ 2)107 —

- + W

-(-D

_(wlol + 0)214)
[’ =1]
[+1+w+ o =0]

Given quadratic equation is
x(x+ 1)+ x+1D(x+2) +... +(x +n -1)(x+n)=10n

O@+a%+...+2) +[1 +3 +5 +... +@n -D]x
; [A2+23B +... +(n -1)n] =10n
a nx2+n2x+w—10n =0
2_
0 x2+nx+n 1—1020
O 3x% + 3nx + n® -31 =0
Let o and 3 be the roots.
Since, o and B are consecutive.
O la-pl=1 O (@-p)?=1
Again, @ -B)* =@ +B)* —4aB
2 _310
O 1:@'3’@2—4%” 315
3 o 3 0O
O 1:n2—§(n2—31) 0O 3=3n%-4n?+124
O n?=121 O =+11
ad n=11 [-n>0]

Given, (x> -5x + 5)ch TAx =60 -9
Clearly, this is possible when

I x* +4x -60 =0 and x> -5x+5 %0
or
I. x®>-5x+5=1
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18.
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or
II. x*>-5x+5=-1 and 2% + 4x - 60 = Even integer.

Case 1 When %+ 4x-60 =0
O x* + 10x —6x =60 =0
a x(x + 10) —=6(x +10) =0
ad (x+10) (x —6) =0
g x=-100or x=6

Note that, for these two values of x,x%-5x+5 20

Case ITI When a2 -bx+5=1

O x® —bx+4=0

O X —4x-x+4 =0

a x(x—-4)-1(x-4) =0

g (x-4)(x-1)=00 x=4or x=1

¥ -bBx+5=-1
x* =5x+6 =0
x* = 2x-3x+6 =0
x(x—2) —-3(x —-2) =0
(x-2)(x-3)=0
x=20rx=3
Now, when x =2, 2% + 4x -60=4 +8 —60= —48, which is
an even integer.
When x =3, % + 4x —60 =9 +12 -60= -39, which is not
an even integer.

Case III When

OoOooag

Thus, in this case, we get x = 2.
Hence, the sum of all real values of
x=-10+6 +4 +1 +2 =3

Here, x> —2xsecB +1 =0 has roots a; and f,.

0 o b _2secei1/4se029—4
1> P1 =

2x1
_2secB+2|tanB]|
e B
Since, GD% E7 n
6 12

2secBF 2tan6

2
O o ,=s8 -taf andP, =secO +tanb [asa; >[B]
and x”*+2xtan® —1 =0 has roots a, and B, .

-2tanB+ V4 tan?0+4

ie. 601V quadrant =

ie. Oy, By =

2
O o ,=-taf+ sed
and By =-tanB —secO [asa, >B,)

Thus, 0, +By = 2tan6
Given, o and [ are the roots of the equation
%% —6x -2 =0.
o a,=a" —=p" forn =21
— 10 _nl0

10 =07 B

ag =a8 —[38

(07 :Gg _Bg

19.

20.

Now, consider

ay -2a5 _ a0 —B° —2@® -B%)
20 2@’ -a?)
_a®@*-2)-B°@*-2)
S 2@ -BY)
_a°Ba -p*6p _ 6a° -6p° _6 _3
2@°-p%)  2@”-6p") 2
[ a and 3 are the roots of 0
ad ¥ -6x-2=00rx®=6x+2 [
M a2 6a 20 &’>=2 6aU
FBnd p?=6p+2 O p* 2= 6BH
Alternate Solution
Since, a and B are the roots of the equation
x* —6x -2 =0.
or 22 =6x+2
0 a =@ +2
O a =6 "+a °® ..()
Similarly, plo=6p® +28° ...(i1)
On subtracting Eq. (ii) from Eq. (i), we get
a'®-p¥ =60’ -p°) +2@® B°) (- a,=a"-p"
d a9 =6ag +2ag
a0 —2ag _

O ayp —2ag =6ay O 3

Qg
If quadratic equation has purely imaginary roots, then
coefficient of x must be equal to zero.
Let p(x) = ax® + b with a, b of same sign and @, b OR.
Then, plp@)] =a@x® + b)*> +b
p(x) has imaginary roots say ix.
Then, also ax? + b OR and (ax? + b)? >0
O a(ax?+b)?+b#20,0x
Thus, plp]#0,0x

If ax?+ bx + ¢ = 0has roots a and B, thena + B = —b/a
andaf = C. Find the values of a + B and af and then put
a

PLAN

in(@ -B)? = (@ +B)? -4 to get required value.
Given, o and B are roots of px® + gx + r =0, p 0.

0 a+p=—2 op=" @)
p p
Since, p, g and r are in AP.
O 2q=p+r ...(11)
Also, Lt+l=g g 9*B_,
a B ap
-q _4r .
d o f =dp 0O —=— [from Eq. ()]
p p
a q=-4r

On putting the value of ¢ in Eq. (ii), we get
ad 2(-4ry=p+r O p=-9r
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22.

23.

24.

—q _4r_4r _ 4

Now, a+B=— ===
p p  -9r 9
_r_r _1
and GB—p “or -9
P 9 =L6 é:16+36
O @-B)" =@ +B)” —4aP a1t 51
_pg2=22
U @-B) 8l
0 |a—B|:§Jﬁ
al() _2a8 _ (010 _BIO) -9 (GS _BS)
2a, 2@”-p?)
_a’@?-2)-B°@*-2)
2@’ -p?)

aisrootof * -6x-2=0 Oa 2-2=6
[andBisrootof x* -6 x-2=0 OP 2-2=@ ]
_a’6a)-B°6B)_6 @' -B°) _,

2@ - 2@’ -p°)
G2+B2
Sum of roots = T and product =1
Given,a +B = -panda® +B* =¢
0 @+B)@*-ap +B% =¢
O aZ+pZ-ap =—4 @)
p
and @ +p)? = p?
O a g 2+ =p? ..(id)

From Egs. (1) and (ii), we get

3 3
- +
a2+p2=? 2 4 ap=2 "4
3 3p
3 _
0 Required equation is, «2 —M +1=0
»" +q

O @+ - —29)x+(* +q) =0

The equation x®-px+r =0 has roots o, B and the
equation x2 — qx + r =0 has roots%, 2B.

ad r=ap and o+ = p,

and %+2B:q O B:2QT_p and a:w

0 aBzrz%(zq—m@p—q)

Since, roots are real, therefore D >0

O 4(a+b+0%-12\ (ab +be +ca) =0

ad (@+b+0)2?=23\ (ab + be +ca)
O a?+ b? + ¢ > (ab + be +ca) BN -2)
2, 12, 2
0 gr-gg @ FOFC ()
ab + be+ ca
2, 2_ 2
Also, cosA:u<1

2bc

25.

26.

27.

28.
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a b2+ & —a’<2be
Similarly, &+ a? - b% <2ca
and a?+ b2 - <2ab
a a?+ b2+ P <2 (ab +be +ca)
2, p24 2
O arbire ...(ii)

ab + bc+ ca
From Egs. (1) and (ii), we get
3A-2<2 0O A <§

Let the roots of x* + px + ¢ =0 bea and a2

O o+a 2- p and o’ =g

ad aal +1)=-p

Oo & 2+1+Ba( +1)} =-p° [cubing both sides]
O q(q+1-3p)=-p’

0 P’ =@p-1g+q* =0

Given, 2 —|x+2 +x>0 .. ()
Case I When x+220

0 F-x-2+x>0 0 x*-2>0

g x<=+/2 or x>+2

0 xOF 25 V20 (W& ) .. (i)
Case II When x + 2 <0

O Hx+2+x>0

0 X+ 2x +2 >0

O (x+1)2%+1>0

which is true for all x.

a x<—-2orx Ot ~ 2) ...(111)

From Egs. (i1) and (ii1), we get
x Ot + V20 (2 )
Given, log,(x — 1) =log,(x —3) =10g41,2 (x =3)

log,(x - 1) =2log,(x —3)
log,(x - 1) =log, (x -3)?
(x-3)2%=x-1
¥ +9-6x=x-1
x% = Tx+10 =0
(x-2)(x—-5) =0
x=2,
x=5
Hence, one solution exists.

or x=5

Ooooooooo

[- x =2 makes log (x — 3) undefined].

Let a,a 2 be the roots of 3x% + px +3 =0

Now, S=a+a%=-pf3,
P=a®=1

0 a =W’

Now, a+a?=-pl3

O w+w =- pi3
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29.

30.

31.

32.

33.

Theory of Equations

a - - pi3

a p=3

c<0<b

Since, a+B=-b ...()
and aB=c ...(11)
From Eq. (1), c<0 0 af 0

O Eithera is —ve,Bis —-ve ora is + ve, B1s — ve.

From Eq. (1), 6>03 & O +a B [0
negative.

0 Modulus of negative quantity is > modulus of positive
quantity buta <8 is given.

Therefore, it is clear that a is negative and 3 is positive
and modulus of a is greater than modulus of

O a <0B <« |

NOTE This question is not on the theory of interval in which root
lie, which appears looking at first sight. It is new type and first
time asked in the paper. It is important for future. The actual
type is interval in which parameter lie.

Jr+l-yJx-1=/4x -1
0 @+1)+ (@ -1) -2/x* -1 =4x -1
0 1-2x=2
0 4x=5 0 ng

Given,

the sum 1is

Since,
W2 =1 0 1+4x% —4x =42 -4

But it does not satisfy the given equation.
Hence, no solution exists.

. §(10g2 x)2 + logg x — §
Given, x* 4

ad % (log,, %)%+ logyx —

ad % (log,, %)%+ logyx —

O

3(log, x)° + 4(log, %)% - 5(logyx) -2 =0

ut logyx =y
3y> +4y® =5y -2 =0
-1 (@+2)By+1) =0
y=1,-2,-1/3
logyx=1,-2,-1/3
g 1 1
- U3 74

O oootdw

Since, a, are the roots of 2+ px+q=0 ando?,p?* are
the roots of ¥ — rx + s =0.
O B =-pB =q a*+pi=randa®B?=s
Let roots of x* —4gx + 2g® -r) =0be o’ and B
a'B' = @2¢°-r)=2@p)* - @* +B*)
=-@" +p* —2aBH)=-@* -p»* <0
O Roots are real and of opposite sign.

2 _,_. 2

Now,

Given, x — 0 x=1

x-1 x-1
But at x =1, the given equation is not defined.

Hence, no solution exist.

34.

35.

36.

37.

:xz—(a+b)x+ab

Let y
x—c
O yx—cy=x>—(a +b)x +ab
O 2®—(a+b+yx+(ab +cy) =0
For real roots, D =20
O (@+b+y)?-4(ab +cy) =0
O (a+b)*+y*+2(a +b)y —4ab —4cy =0
ad Y2+ 2(a + b -2¢)y +(a -b)% 20
which is true for all real values of y.
a D<0
4(a+b-2¢)* -4(a -b)* <0
O 4(a@+b-2c+a -b)(a +b —2c —a +b) <0
a 2a-20)@2b-2¢) <0
ad (a=-c)(b-c¢) <0
ad (c—a)(c-b) <0
0 cmust lie between a and b
ie.a<c<borb<c<a
Since, |xI>-3|x|+2=0
U (lxl=1) (1x[-2) =0
g x| =1,2
a x=1,-1,2,-2
Hence, four real solutions exist.
x-—a)(x-b)+(x-b)(x —¢) +(x —0) (x —a) =0
a 3x2-2(@@+b+cd)x+ (ab +be +ca) =0
Now, discriminant =4 (a + b + ¢)%> =12 (ab + be +ca)
=4{a®?+b>+c% -ab -bc —ca}
=2{(a = b)* + (b —0” +(c ~a)*}
which is always positive.
Hence, both roots are real.
Since, a, b, ¢>0 and ax?+ bx + ¢ =0

2 _
0 . _—bi A b —4ac
2a 2a
Casel When b% -4ac>0
0 x_;b_\/b2—4ac
2a 2a
2 _
d_—b . A b —4ac
2a 2a
Case II When b - 4ac=0

an both roots, are negative.

-b . .
0 x= 2 i.e. both roots are equal and negative
a

Case III When b% - 4ac <0
(i 22
ad x= - + i74ac b
2a 2a
have negative real part.

O From above discussion, both roots have negative real
parts.
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39.

Given, 2+2px+q =0
O a+B=-2p . ()
aB =¢q ... (1)
And ax®+2bx+¢ =0
ad a +l = 2b ... (111)
B a
a _c¢ .
and — == L@
B a @iv)

Now, (p*-q) (b* —ac)

all 10
d b=—-—[m +—
an 5 %}( BB
Since, pazb O a+%¢a +B
O B 2¢1L3 #{-1, 0,1}, which is correct.
Similarly, if ¢ # qa
a agia(xB a a@—y]iO
B Bt

O a# 0 and [3—%730
O Bz 4 1,0, 1}

Statement II is true.

Both Statement I and Statement II are true. But
Statement II does not explain Statement I.

Given, |x - 2> +|x -2 -2 =0
Casel When x=>2

O (x-2)%+ (x-2) -2 =0

0 A +4—dx+x-2 -2 =0

0 2 -3x=0

ad x(x—-3)=0

ad x=0,3 [0 is rejected]
O x=3 ()
Case II When x <2

O (~@x-2¥¢-(x-2) -2 =0

O (x-2%-x+2-2=0

0 ¥ +4-4x-x =0

a x% —4x —(x —4) =0

ad x(x—-4)-1(x—-4) =0

ad (x-1)(x—-4) =0

40.

41.

42,

43.

44,

45.

39

Theory of Equations

a x=1,4
O x=1

Hence, the sum of the roots is 3 + 1 =4.

[4 is rejected]
...(11)

Alternate Solution
Given, |[x-2> +|x-2| -2 =0
O (lx-21+2)(lx-21-1)=0

O [x=-2=-2,1 [neglecting —2]
O lx-2]=1 0O x=3,1
O Sum of the roots =4

Since, x> — 3kx + 2¢7 108k

0 2k —1=7

-1 =0 has product of roots 7.

0O e2 log, kB — 4
0 k=4
a k=2 [neglecting —2]

If 2 + i+/3 is one of the root of x> + px + ¢ =0. Then,
other root is 2 — i/3.

O -p=2+iyJ3 +2 —i/3 =4
and g=Q+i/3) @ -i3) =7
o @, =(-4,7)

The coefficient of % in (x—1)(x -2)... (x —100)
=—-1+2+3 +... +100)
=100

2

P Q) = (ax® + bx + ¢) (—ax® +bx +0)

Now, D, =b* -4ac and D, = b* + 4ac

Clearly, D, + D,=2b*20

O Atleast one of D; and D, is (+ ve). Hence, atleast two
real roots.

(1 +100) = 50(101) = -5050

Hence, statement is true.
Given, 2x% + 3x +1 =0
Here, D = (3)2 -4 21 =1 which is a perfect square.

0 Roots are rational.
Hence, statement is false.

Here, a+b=10c andc+ d =10a
O (@-o+(®B-d) =10(c-a)

ad b-d)y=11(c-a) )
Since, ‘¢ is the root of x> = 10ax —11b =0
O & -10ac-11b =0 ...(ii)

Similarly, ‘@’ is the root of
x* =10cx -11d =0
0 a®-10ca -11d =0
On subtracting Eq. (iv) from Eq. (ii), we get
(-a? =11 -d)

...(iii)

..(iv)

O (c+ta)(c—-a)=11 x11(c —a) [from Eq. ()]
0 c+a =121
ad a+b+c+d=10c +10a

=10(c+a)=1210
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46. Since,a +f = —Q,GB =
a

47,

48.

49.

C
a

B C
d a+0+B+d=—-—"—",(a +d +0) =—
an B A( ) (B +9) 1

Now, a-B=@ +d) —-@ +9d)
O @-B)*=[@ +3) -@ +3))*
O  @+B)*-4aB =@ +5 +B +3)* ~4(a +3) (B +J)

bg 4c Bg 4C
O -0 -==p=g--—=2
Q_a a E‘A A
b2 4c _B®* 4C
o ST T a T,
a a A A
0 b%2-4ac _B?-4AC

a’ A?
Suppose f (x) = Ax> + Bx + C is an integer, whenever x
is an integer.
O ), f @), f (-1) are integers.
O C,A+B+C(C,A-B +( are integers.
0 C,A+ B, A-Bare integers.
0 C,A+B,(A+ B)-(A-B) =2A are integers.
Conversely, suppose 24, A + B and C are integers.
Let n be any integer. We have,
n(n-1)0
B 2 B
Since, n is an integer, n (n —1)/2 is an integer. Also,
2A, A + Band C are integers.
We get f (n)is an integer for all integer n.
Given, 27 - [2071 —1] =27 "1 +1
Case I When y [{eo ,0]

f(n)=An?+Bn +C=2A +(A+B)yn+C

O 27+ @ t-1) =271 +1
ad 27 =2
g y=-1 Ot ,0] ...(0)
Case II When yJ(0,1]
O 2+ @ -1 =221 +1
ad 2 =2
ad y=100,1] ...(11)
Case III When yO(1g )
O 20 —27 741 =271 41
O 20 -2 =0
ad 27 =27 =0 true for all y>1 ...(111)
From Egs. (i), (i1) and (ii1), we get

yOr 10 [& ).
Given, 5 2x > 1

2" +bx+2 x+1

2x 1

@x+ 1)(x+2)_(x+ 1)>0
2x(x+1)—(2x+1)(x+2)>0
Qx+1)(x+2)(x+1)

- Bx+2) >0 ; using number line rule
@x+1) (x+1) (x +2)
_ + - + B
| } f I
T T ; :
-2 -1 - % - ;_

2 1
0 x 2- 1 ‘Q -5z
0¢ D 3 2

50. Given, |x?+4x +3|+2x +5 =0

51.

52.

Casel Z+4x+3>0 0 (x<-3orx>-1)

0 x®+4x+3+2x +5 =0

0 2 +6x+8=00 (x+4) (x+2) =0

ad x=-4,-2 [but x <=3 or x > —1]
O x = —41s the only solution. ...Q0)
Case 11 PZ+4x+3<0 O (-3<x<-1)

0 - 2% 4 3 20 50

O ¥+26-2=0 0 (x+1)2=3

O lx+1]=+3

0 x=-1-+3,-1+3 [butx[¥ 3+ 1)]
O x=—1 —+/3 is the only solution. ...(ii)

From Egs. (1) and (i1), we get
x=-4and (-1 - \/37) are the only solutions.

Here, a<0

Given, ¥ -2alx-al-3a%=0
Casel Whenx >a

a x%-2a (x-a) -3a? =0

a x®-2ax-a®=0

g x=a++2a

[asa (1++2)<aand a(1-+2)>q]
0 Neglecting x=a (1 ++/2)asx2a
0 x=a (1 -2) ..0)
CaseIl Whenx<aO x*>+2a (x—a)-3a? =0
d ¥ +2ax-5a%>=0 0 x=-a +/6a
[asa (V6 1) <a and a (-1 -/6) >q]

0 Neglecting x=a (-1 -+/6) O x=a (V6 -1) (i)
From Egs. (1) and (i1), we get

x={a(1-+2), a W6 -1)}
Given, (5 + 2v6)""? + (5 -246)" % =10 ..G)

Put y=(+246)" % 0 (-246)" 3 =1
y

From Eq. 1), y+ 1 =10
y

O »-10y+1=0 O y=5+2J6

0 G +26)" 3 =5 +26

or G +246)" "3 =5 -246

0 ¥-3=1 or x*-3=-1

0 x=120rx=i«/§

O x=+£2,£42
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54.

55.

56.

Let a,B are roots of ax® + bx + ¢ =0
Given, a =p"

0 ap=C0ptt=C
a

a
O B= %g
It must satisfy ax® + bx + ¢ =0

. %g«m 1)
ie. a

(n+1)

gD
+b%@1 +c¢=0

.2+ D An 1)

0 PELCERY + PRUCESY +c=0
- c]](n+ 1) Da-c]/('” 1) b c-aU(””)D_
a]](n+1)galj(n+l) to+ PRy B‘O
0O QDI |y y D 1)
0 (anc)l/(n+ 1) + (Cna)l/(n+1) +b=0

Since, a,B are the roots of x* + px + g =0

and vy, dare the roots of xZ + rx + s =0

0 a+B=- p af=q

and y +0 =-r,y0 =s

Now, @ -y)@ =3B -y)(B-9d
=fa®-(y+&a+yI[F -(y+d B+ vd
=@*+ra +9)B% +1B +9)
= OB)* +r@ +B)B +s0* +B%) +aBr? + rs@ +p) +s*
=q* —rgp +s(p” -2q) +qr® -rsp +s’
=(q-9)*-rgp ~rsp +sp” +qr*

The given equation can be rewritten as

2 1 .
+ + 3 5 =0[-b= a’x, given]
log, x log,ax log,a’x
0 2 + 1 + 3 -0
log,x 1+log,x 2+log,x
ad g+ 1 + 3 =0, where ¢t =log, x

t 1+t 2+t
O20Q+t)@+t)+3t @ +t)+t @ +t) =0

O 6t%+11¢+4=0
a @Qt+1)@Bt+4) =0
O t:—1 or —é

2 3

1 4
O logax:—§ or logax:—g
0 x=a V?
or x =a ¥

Since,a +B=-p,af=1 and y +d0 =—q,yd =1
Now, @ -y)B-y)(a+ (B +9
={aB -y(@ +P) +yH{aB +&(a +P) +&}
={1-y(-p) + V}{1 + & -p) + &}

Theory of Equations 41

=1+Y )1 - + &)= (~gy + W)(~® - &)
[-y2+qy+1=0 and & +¢d+1 =0]

=(q* - p)H(Yd) =¢* -p° [+ yd=1]
a?=a +1
B*=p+1

a,=pa” +gp"
=p(an—1 +an—2) +q¢3n—l +Bn—2)
=a,-1 +an—2

U ap=a; *+agp

1+ _1-+5
a= ’B_
2
ay=ag +ay
=2a5 + q
=3a, +2a,

28=p@a +2) +q@p +2)
0
28=(p+q)% +2§+ (p-q)ngﬁE
a p—-qg=0
and (p+q) X% =28

0 ptq=8
O p=q=4
a pt2q=12

Topic2 Common Roots

1 Given a,B and y are three consecutive terms of a

non-constant GP.

Let a=a,p=ar,y=or? {r#0,1}
and given quadratic equation is
ax? + 2Bx +y =0 ...Q0)

On putting the values of 0,3, yin Eq. (1), we get
ax® + 20rx +ar? =0

O O+ 2rx+ 12 =0
O (x+r)?=0
a x=-r

The quadratic equations ox®+2Bx+y =0 and
x2 + x =1 =0 have a common root, so x = — r must be root
of equation 22+ x-1 =0, so

r2-r-1=0 ...(11)
Now, a@+y) =a@r+ar?
=a? (@ +rd)

From the options,
By =arbri=a%? =a? (r +r?)
[ori-r-1=00r% » r}

0 oa B v )By
. Given equations are x* + 2x + 3 =0 ...(1)
and ax® + bx + ¢ =0 ...(>11)

Since, Eq. (i) has imaginary roots, so Eq. (i1) will also
have both roots same as Eq. (1).
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Thus, a -
1

Hence,a:b:cis1:2:3.

Do | o~
wla

3. Ifax®+bx+q =0

and ax® + byx + ¢, =0
have a common real root, then

O (ay¢y — agqy)” = (bycy — boty) (ayby — ashy)
0

0 x * bx 1= ODhave a common root.
Zrx+b=

O (1+b) =2 +1)(1 -b)

O b2+2b+1=0b% -0 +1 -b

0 b> +3b=0

O b (B%+3)=0

O b=0,++/3 i

2+ ax+b=0and

4. Given equations are x
%% + bx + a =0 have common root
On subtracting above equations, we get

(@a-b)x+ (b -a)=0

g x=1
0 x=11s the common root.

O 1+a+b=0
ad a+b=-1

5. Since, (x — r)is a factor of the polynomial

n-1

f@=ax" +a,_ &" " +...+q

Then, x = r is root of f' (x) = 0 repeated (m — 1) times.

Hence, statement is false.

Topic3 Transformation of Roots
1. Given,a,Bare the roots of (x — a)(x —b) —c =0
ad x-a)x-b)—c=(x-a) (x P)
o (x-—a)x-b)=(x-a)x -B) +c
O a, b are the roots of equation (x —a)(x —B) + ¢ =0
2. Since, ax® + bx + ¢ =0 has roots a and p.
O a+B=- bla
and 0([3 =cla
Now, a’x®+ abex+ ¢ =0
On dividing the equation by ¢?, we get

a® 5 abex &

e +-— =0
& & &
. o B2 + 5 2+ e =0
c c
ad ax o, are the roots
c
c c
ad x=—0a,— [ are the roots
a a

..(@)

ad x=afa,o P are the roots
ad x=aPB,ap? are the roots
Divide the Eq. (i) by a®, we get

x+f@m+%g

U X =@ +P) @) x + @B)’ =0
ad 2 -aPx-ap?x+ @) =0
ad x(x-a®B) -ap? (x -aP) =0
O (x—aB)(x -ap? =0

0 x=o%,ap? which is the required answer.

Alternate Solution

Since, a®x® + abex + & =0
—abe * +/(abo)? —4.d° @
0 x= 3
2a
e CIE: J®la)*(cla)? - 4(clay?

2
_@+p) @P) £4/@ +B)* @P)* -4ap)’
2

0 ¢ @+POB) taBy@ +B)* ~40p
2
o +B) @ -B)°

O x=ap
E 2 B
O x:aBE(G+B);(G _B)E
O x:aﬁéu+l3;a _B,G +B2_a +BE
gy

O x=0a?B,a B? which is the required answer.

Topic4 Graph of Quadratic Expression
1. Given parabola is y? =4x,

Since, X lies on the parabola, so let the coordinates of X
be (¢2,2¢). Thus, the coordinates of the vertices of the
triangle PXQ are P(4,—4), X (¢t*2¢) and Q 9, 6).

1
Q.6
X (t%21) ( )y2=4x
X5 X
P(4,-4)
y
4 -4 1

DAI'eaofAPXQZ1 2 2t 1
9 6 1
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:l‘ [4Q2t —6) +4(% -9) +1(6t> -18¢] ‘ 3. According to given information, we have the following
2 graph

=%| [8t —24 +4¢> -36 +6¢> -18¢] | n /

\\ /
=|5¢t% -5t -30| =|5(t +2) (¢ -3)| /
Now, as X is any point on the arc POQ of the parabola, \‘\ /
therefore ordinate of point X, 2¢ Ot 4,6) 0 ¢ Ot 2, 3). 1\ 7 /é X

\\ #

O Area of APXQ =-5(t +2) (t —3)= -5t +5¢ +30
[“lx—al==-(x—-a),ifx<d]

The maximum area (in square units)

Now, the following conditions should satisfy
() D>00 b* - 4ac>0

_ @5-4(-5)(30)0_125 O m?—4x1x4>0
T H s H 4 0 m?-16>0
[- Maximum value of quadratic expression O (m=4) (m+4)>0
ax2+bx+c,whena<Ois—2] . o mOte = 40 (& ) )
4a (i1) The vertex of the parabola should lie

. Let f(x)=(c-5)x% -2 cx + (c —4) =0.

Then, according to problem, the graph of y = f(x) will be

either of the two ways, shown below.

In both cases f(0). f2) <O and f@2)f3) <0

Now, consider f0)f@2)<0
O (c—4)[4(c—5) —4c +(c —4)] <0
O (c—4) (c—24) <0
O cd@,24)

+, - o+
4 24
Similarly, f(2) f@3) <0
O [4(c=5)—4c+(c—-4)]
[9(c =5) =6¢ + (c —4)] <0
0 (c - 24) (4c -49) <0
t, - L+
49/4 24

O cDg—g,,‘MQ
4

From Egs. (1) and (i1), we get

CDQ“;Q,ZALQ
4

OIntegral values of care 13, 14, ...... , 23.

Thus, 11 integral values of c are possible.

.. @

between x =land x = 5

0 -boasni<™<s50 moe 10
2a 2

(i) FO>00 1-m+4>0
0 m<50 mOfo | 5)

(v) f6)>00 25 -5m +4 >0 5m <29 Om ng %Q

From the values of m obtained in (i), (ii), (iii) and (iv), we
getm 0@4,5).

I \

-0 ‘ —t

4 2 5 29/5
|

0

4

4, Put t=x- [x] ={X}, which is a fractional part function
and lie between 0 < {X} <1 and then solve it.
Given, a OR and equation is
-3{x - [x]}* +2{x - [x]} +a?® =0

Let t=x - [x], then equation is
-3t*+2t +a® =0
. _1%41+3a”
3
t=x—[x] ={X} [fractional part]
a 0<st<1
[ 2
< 1+.1+3a <
3
i Taking positive sign, we get
...
[ 2
05%<1 [+ fx} > 0]
O V1+3a?<2 0O 1+3a’<4
O a?-1<0 0 (@+1)(@-1)<0

O a Of 1,1), for no integer solution of a, we consider
(-1,000 ©,1)
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5. As we know, ax® + bx + ¢ >0 for all x OR, iff

a>0and D <0.

Given equation is &% + 2ax + (10 =3a) >0,0x OR
Now, D<0

O 4a* -4(10 -3a) <0

O 4(a? + 3a -10) <0

ad (@ +5)a-2)<00 a f 5,2)

From graph, it is clear that one of the roots of
(x=—a)(x-=b) -1 =0lies in (-»,a) and other lies in

(b, o).
7. Let f(x)=x*>-2ax +a® +a -3

Since, both root are less than 3.

ad a <B <3
O Sum,S=a +p <6
0 a+B g

2
0 2a g

2
0 a<3 ..
Again, product, P =af
ad P<9 OoB< 9
0 a’+a-3<9
a a’+a-12<0
a (a-3)(a +4) <0
0 - £ « 3 ..»)
Again, D = B —4AC 20 G
O (-20)’-40(®+a -3) 20
0 4a® - 4a® -4a +12 20
0 - 4¢ 12 0 O a<3 ...(iii)
Again, af@®@>0
O 1[@)*-2a @) +a”+a -3] >0
O 9-6a+a’+a -3>0
0 a’-5a +6 >0
O (@-2)(a-3)>0
0 a Ofw 200 (& ) ...(iv)
From Eqgs. (i), (11), (ii1) and (iv), we get

a Of 4,2).

NOTE There is correction in answer a < 2 should be -4 < a <2.
8. Let f(x)=ax®+ bx +c¢ >0, DxOR
0 a>0

and b2 -4ac<0

...

10.

O g =f@)+ [ ()+[f" ()
a g(x)=ax2+bx+c+2ax +b +2a
a g =ax®+x (b +2a) +(c +b +2a)

whose discriminant
= (b +2a)® —4a (c +b +2a)
=b% +4a? +4ab —4ac —4ab -8a’
=b% -4a® -4ac= (b - 4ac) —4a® <0 [from Eq. ()]
0 g(x)>00x,as a >0and discriminant <0.
Thus, g(x) >0, Dx OR.
Given,
22+ (@ -b) x + (1 —a —-b) =0hasreal and unequal roots.
g D>0
O (@-b)2-41) 1 -a -b) >0
O a’+b?-2ab -4 +4a +4b >0
Now, to find the values of ‘@’ for which equation has
unequal real roots for all values of b.
i.e. Above equation is true for all b.
or b2 + b@d —2a) + (a? +4a —-4) >0, is true for all b.
O Discriminant, D <0

O @-2a)% -4 (a® +4a -4) <0
O 16 - 16a +4a? -4a® —16a +16 <0
O - 32¢ 32 0 O a>1
Y
a<o
y=ax2+bx +c
L
\ } 1‘ X
a 0 B Y

a>0

y=ax+bx+c
} } X
7—1 01 Y

From figure, it is clear that, if @ >0, then f (-1) <0 and
f(1)<0 and if a<0,f(-1)>0 and f (1)>0. In both
cases, af (-1) <0 and af (1) <0.

ad a(a-b+c <0

On dividing by a2, we get
1—£+£<0 and 1+é+£<0
a a a a

and a(a+b+c¢)<0

On combining both, we get

1:24 €0
a a

o 1+8%0, ¢
Oal a



11. Since, x> -3x+2 >0and x> -2x -4 <0
O x-1)x-2)>0 and «>-2x+1<5
ad (x<1lorx>2) and (1-+5<x<1++5)
0 x0[- 5,10 f +/5,2)
12. () Given, x®-8kx+16 (k%2 -k +1) =0
Now, D =64{k*- (k2 -Fk +1)} =64 (k -1) >0

k>1
(ii)—i>4 O %4 O >k 1
2a 2
(i) f@) =0
0O 16-32k+16((k%2-k +1) 20
O E2-3k+220
O (k-2)(k-1) =0
ad k<1l or k=2
Hence, k=2

Topic5 Some Special Forms
1. Given equation 5 +|2* -1 =2*@2* -2)
Case 1
If2*-1=00 x=0,
then 5 + 2% -1 =22~ -2)
Put 2¥ =¢, then
5+t-1=¢*-2t O t*-3t-4=0
O ¢2-4t+¢-4=0 0O t@E-4)+1@¢-4) =0
0 t=4or-1 0O t=4 (ot =2%>0)
a 2 =40 x=2>0
0 x =21is the solution.
Case 11
If2*-1<00 x<0,
then 5 + 1 2% =22~ -2)
Put 2 = y, then 6 — y = y% -2y
O y2—-y-6=0 0O 32-3y+2y-6=0
O (y+2)(y-3)=00 y=3or-2
O y=3(as y=2*>0 0 2"=3
0 x=logy,3>0
So, x =log, 3 is not a solution.
Therefore, number of real roots is one.

2. Given, inequality is

21s1n x—2sinx +5 0 <1

4s1n y

o 2 (sin x —1)2 +4 DZ—Zsm y <1
o o (sin x —1)2 +4 < 225in2y
O y(sinx-1)>+4 <2sin?y

[ifa>1landa™ <a” 0 m<n]

-+ Range of y/(sin x - 1)% + 4 is [2, 24/2]

and range of 2sin? yis [0, 2].
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OThe above inequality holds, iff

J@sinxk-1)2+4 =2 =25in2y

Osinx=1andsin?y=1

O sinx =|sin y| [from the options]

. | Key Idea Reduce the given equation into quadratic equation. |

Given equation is
[Wx =2]+Vx(/x —4) +2 =0
O |Vx—2]+x-4J/x +4 =2
0 [Wx -2]+ (x -2)* =2
0 (IWx =201 +]Jx -2| -2 =0
Let|x -2| = y, then above equation reduced to
Y2+ y-2=0 03)*+2y-y-2=0

O yy+2)-1(y+2)=0 O (y+2)(y-1) =0

O y=1,-2

0 y=1 [y =Vx -2 20]
O IWx-21=1

0 Jx-2==1

O Jx=3or1

O x=9or1

0 Sum of roots =9 +1 =10

. Let f(x) =22 +3x+k

On differentiating w.r.t. x, we get
f(x)=6x>+3>0,040 R
O f(x)1is strictly increasing function.

O f(x) =0 has only one real root, so two roots are not
possible.

. Since, o is a root of a®? + bx + ¢ =0

a a®0?+ba +c¢=0 .. ()
andBisarootof a*%®-bx—-c=0
O a?B2 -bB-c=0 ... (iD)
Let f (@) = a®? +2bx + 2
O f@)=a?+2b0 +2¢

=d%?-2¢0? =-at?
[from Eq. (1)]

and f @) =aP?+2bB +2¢
=aP? +2ap? =3aP? [from Eq. (ii)]

O f@)f@®<0
f (x) must have a root lying in the open interval (@, ).
O a g $

. Let f)=ad® +bx® +ex +d ...Q0)
O fO)=d and f(1)=a+b+c+d =d

[-a+b+c=0]

O fO)=1@)

f is continuous in the closed interval [0,1] and f is
derivable in the open interval (0, 1).

Also, fO)=fQ.
O By Rolle’s theorem, f' (@)=0for0<a <1
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Now, F' (%)= 3ax® + 2bx + ¢

O f@)=3aa’+2ba +c=0

O Eq. (1) has exist atleast one root in the interval (0, 1).

Thus, f' (x) must have root in the interval (0, 1) or

3ax? + 2bx + ¢ =0 has root 00, 1).
7. Given, x? -2 +x* —x +1 >0

Here, three cases arises:

Casel Whenx<0 O x2>0,-x >0,x*>0,-x>0

0 w22+t —x+1 >0,0x<0
CaseIl WhenO<x<1

W <xt and x<1 O- 2%+ x5 0
0O «2-2"+xt-x+1>0,00<x<1
Case III Whenx>1 0 «2>x%and x* >«
a 2= +at —x+1>0,0x>1

and

From Egs. (i), (i1) and (iii), the above equation holds for

all x OR.
8. Consider,

f(x) :J’; (1 + cos® x)(ax® + bx +¢) dx

Obviously, f(x) is continuous and differentiable in the

interval [1, 2].

Also, fA)=1@

O By Rolle’s theorem, there exist atleast one point

k 0(@1,2), such that f* (k) =0.

Now, [ (x)=

[ (’R)=0
O (1+cos®k)(ak®+bk+c) =0
0 ak®+ bk +c=0
0 x=Fkis root of ax?+ bx + ¢ =0,
where £k0(,2)

9. Given, v, and x, are roots of ax®—x+a =0.

(@)

1-x>0
...(>11)

...(1i1)

[given]

(1 + cos® x)(ax? + bx +¢)

[as (1 + cos® k) 20]

O X+ :land 2% =1
a
Also, e, — x| <1
O I —x°<1 O (g —x)*<1
or (% + x,)% — 4wy, <1
1 1
O ?—4<1 or a—2<5
O 50°~1>0 or 5a-1)(5a+1) >0
+ - +
FTTrrrrrrr TTTTTTTTT
-15 15
1 1
O GD%DO,— —Qﬂgfqog ..
N = @
Also, D>0
0 1-40”>0 or al]%% = ..(iD)

10.

11.

From Egs. (i) and (ii), we get

PLAN
(i)
(i)

a0s %,%@m QJ%%Q

Concepts of curve tracing are used in this question.
Number of roots are taken out from the curve traced.

Let y =« —5x

@
(i)

(iii)

(iv)

Asx > o,y o and asx - —, y » —
Also, at x =0, y =0, thus the curve passes through
the origin.

DYyt -5 =5 @t ~1) =5 (2 -1) (2 +1)
dx
=5 -1) (x+1) (x* +1)

+ - +

Now, %>0 in (—o,—-1) 00 ), thus f(x) is
x

increasing in these intervals.

Also, % <0in (-1, 1), thus decreasing in (-1, 1).
x

Also, at x = -1, dy/dx changes its sign from + ve to
—ve.

0 x = —11s point of local maxima.

Similarly, x =1 is point of local minima.

Local maximum value, y = (-1)° =5 (-1) =4

Local minimum value, y = (1)° -=5(1) = -4

Now, let y=-a

As evident from the graph, if —a O 4,4)
ie. a O¢ 45+ 4)

Then, f(x) has three real roots and if —a >4
or —a < —4, then f(x) has one real root.

i.e. for a < =4 or a >4, f(x) has one real root.

Given, f(x) = 45 +3x% +2x +1

d

F1(x) =2 6> +3x+1)
D=9-24 <0

Hence, f (x) =0 has only one real root.

f®

Hence, f (x) =0 has a root in % 1@

@-@ >0
FE=t

30_, 6 27 108
4 4 16 64
64-96+108 -108
= <0
64

changes its sign in %g, —ig

2



12

13.

14.

15.

12 t 3/4
. J’O f(x)dx<J'0f(x)dx<IO [ () dx

Now,If(x)dx :I (1 +2x +32% +42°) dx

=x+x2 4+ +at

113
2 1
3 34 530
O I f()dx——6 " Io f()dx—%<3
As, " (x)=2 (12x+ 3)
[ (x)>0, Whenx>—i and
1
[ (x) <0, whenx<—1

0 It could be shown as

1

n S n n n
8/ \ 103
41 2 > 4

Let y = xintersect the curve y = ke* at exactly one point
when £ <0.

Y
X' X
v
Let f(x)=ke" —x
[ (x)=ke*-1=0
a x=-Ink
()= ke
O [f”(x)]x:—lnk:]‘>0
Hence, f(-Ink)=1+Ink
For one root of given equation
1+Ink =0
O p=t

e

16.

17.

18.

Download Chapter Test
http://tinyurl.com/y67a3jgc
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For two distinct roots, 1+ In & <0 (k >0)

k<l
e

Ink<-10

Hence, £k D@),lg
e

Let f(x) =(x—a) (x —¢) +2 (x =b) (x —d)
fla)=+ve
f(b)=-ve
flo)=—-ve
fld)=+ve

O There exists two real and distinct roots one in the
interval (a, b) and other in (c, d).
Hence, statement is true.

Here,

Let f (x) =4 -3x—p ()
S R
=-1+p)

f@)=40)° -3 -p=1-p
0 FREf®=-0+pa-p)

=(p+1)(p-1) =p° -1

Whichis<0, O gi-[ 1,1].
.. .0
O f(x) has atleast one root in = ,1
f(x) 5°''g

Now, /' (x)=122*>-3=3 2x -1) Qx +1)
3 1 1 . ad .0
‘1@" 5@@”5@”’“@’1@

O f (x)is an increasing function in [1/2,1]

Therefore, f (x) has exactly one root in [1/2,1] for any
p Ot 1,1].
Now, let x =cos 6

a .0 nQo
O xO0=,15 O GDE),—
B’ H 3H
From Eq. (1),
d4cos®B-38cosO=p O cos30=p
ad 30 =cos™! p
1 _
a B ==cos!
3 p

ad cos B =cos %cos_1 p@
a X = cos %cos_1 p@

=
2
=

or



Sequences and Series

Topic1 Arithmetic Progression (AP)

Objective Questions I (Only one correct option)

1. Ifay,ay,a4,...,a,arein AP and a; + a4 + a; +... +aq

=114, then a; + a5 + a;; + a4 1s equal to
(2019 Main, 10 April I)

(a) 64 (b) 76
(c) 98 (d) 38

2. If 19th term of a non-zero AP is zero, then its (49th
term) : (29th term) is (2019 Main, 11 Jan II)
(@) 1:3 () 4:1
() 2:1 (d 3:1

3. For any three positive real numbers a,b and c if
9 25a%+ b%) +25 (¢? —3ac) =15b (3a + c), then (2017 Main)
(a) b, cand a are in GP
(b) b, cand a are in AP
(¢) a, band care in AP
(d) a, band care in GP

4. If T, is the rth term of an AP, for r =1,2,3, .... . If for

.. . 1
some positive integers m and n, we have 7,, = — and
n

1
T =-— thenT  equals
" m mn €4 (1998, 2M)

Topic2 Sum of n Terms of an AP

Objective Questions I (Only one correct option)

1. If ay,ay,as,... are in AP such that a; + a; + a;4 =40,
then the sum of the first 15 terms of this AP is
(2019 Main, 12 April 11)
(a) 200 (b) 280 (© 120 (d) 150
2. Let S, denote the sum of the first n terms of an AP. If
S, =16 and S; = —48, then S;, is equal to
(2019 Main, 12 April I)
(a) - 260 (b) —410 (c) — 320 (d) - 380
3. For x OR, let [x] denote the greatest integer < x, then the
sum of the series
olo0, 01 10, 01 2 0 o1 990
-t - —— 0t = ——— ...+ = ———is
H3H H3 1008 H3 1008 " H3 1008
(2019 Main, 12 April I)

(@) L
mn

mi+l 1 0
m n

Analytical and Descriptive Question

5. If a;,a,..... ,a, are in arithmetic progression, where
a; >0, O, then show that

1 1
+ + ...
A a1 +1/a2 A/ Q2 +1/a3
1 n-1
+ =
\/an—1+\)an Va1+\/an

(1982, 2M)

True/False

6. ny,n,,... ,n, are p positive integers, whose sum is an
even number, then the number of odd integers among
them is odd. (1985, 1M)

Integer Answer Type Question

7. The sides of a right angled triangle are in arithmetic
progression. If the triangle has area 24, then what is the
length of its smallest side? (2017 Adv.)

(a) -153 (b) -133
(c) —131 (d) -135

4. If the sum and product of the first three terms in an AP
are 33 and 1155, respectively, then a value of its 11th

term is (2019 Main, 9 April 1I)
(a) 25 (b) —36
(c) —25 (d) -35

5. Let the sum of the first n terms of a non-constant AP
a, g, As....be 50n + w A, where A is a constant.

If d is the common difference of this AP, then the
ordered pair (d, as,) is equal to (2019 Main, 9 April 1)
(a) (A, 50 + 46A) (b) (50, 50 + 45A)
© (50, 50 + 464) (d) (A, 50 + 454)

Download More Books: www.crackjee.xyz



10.

The sum of all two digit positive numbers which when
divided by 7 yield 2 or 5 as remainder is

(2019 Main, 10 Jan I)
(a) 1256 (d) 1365

(b) 1465 (©) 1356

30
Let a;, aq,..... asy be an AP, S = z a; and

1=1
15

T= z ag;-1y. fas =27and S - 2T =175,
i=1

then a, is equal to

(a) 42 (b) 57

(c) 52 (d) 47

Let b;>1 for 1 =1,2,...,101. Suppose log, b;, log, b,

...,1og, by, are in AP with the common difference log, 2

. Suppose a;, @y, ..., a1o; arein AP, such that a; = b; and

as, = bs. If t=by +by+...+by and

s=a, tay *... +as, then (2016 Adv.)

(a) s>tand a5, > by (b) s>tand a;p; < by

() s<tand a; > b, (d) s<tand gy < by

If the sum of first n terms of an AP is cn?, then the sum
of squares of these n terms is (2009)

(2019 Main, 9 Jan I)

(@) n(4n?-1)c ®) n(4n?+1)c
6 3

n(4n?-1c d n(4n?+1)c

(© e (d e

If the sum of the first 2n terms of the AP series 2,5,8,...,
is equal to the sum of the first n terms of the AP series

57, 59, 61,..., then n equals (2001, 1M)
(a) 10 (b) 12
© 11 @ 13
Objective Question II
(One or more than one correct option)
4n k(k+1)
1. IS, = Z (1) 2 k% Then, S, can take value(s)
3 (2013 Adv.)
(a) 1056 (b) 1088
(c) 1120 (d) 1332

Passage Based Problems

12

13.

Read the following passage and answer the questions.

Passage

Let V, denotes the sum of the first r terms of an
arithmetic progression (AP) whose first term is r and
the common differenceis @r - 1).LetT, =V,,; —V,and
Q,=T,,, -T forr=1,2,... (2007, 8M)

The sum V; +Vy+...+V, is

@) nmr D@ -+ B)n(r+ )@’ a2

(c)%n(an—n+l) ((1)%(2”3 —-2n +3)

T, is always
(b) an even number
(d) a composite number

(a) an odd number
(c) a prime number

14.

Sequences and Series 49

Which one of the following is a correct statement ?

(@) @, Qy, @ ,... are in an AP with common difference 5
() @, Qy, @ ,... are in an AP with common difference 6
(©) @, Qy, Q... are in an AP with common difference 11

DR, =@, =65 =...

Fill in the Blanks

15.

16.

17.

Let p and ¢ be the roots of the equation x? —2x + A =0

and let r and s be the roots of the equation
x2-18x+B=0. If p<q<r<s are in arithmetic
progression, then A=...and B=.... (1997, 2M)

The of the

2
17+22% +3%+2@° +5% +2 6" +... isw

sum of the first n terms series

, when
nis even. When n is odd, the sum is .... . (1988, 2M)

The sum of integers from 1 to 100 that are divisible by 2
or5is...... (1984, 2M)

Analytical & Descriptive Questions

18.

19.

20.

The fourth power of the common difference of an
arithmetic progression with integer entries is added to
the product of any four consecutive terms of it. Prove
that resulting sum is the square of an integer(2000, 4M)

The real numbers x,x,,%; satisfying the equation

2 —x®+Bx+y=0 are in AP. Find the intervals in
which B and y lie. (1996, 3M)

The interior angles of a polygon are in arithmetic

progression. The smallest angle is 120° and the common

difference is 5°. Find the number of sides of the polygon.
(1980, 3M)

Integer Answer Type Questions

21.

22.

23.

24,

Suppose that all the terms of an arithmetic progression
are natural numbers. If the ratio of the sum of the first
seven terms to the sum of the first eleven termsis 6: 11
and the seventh term lies in between 130 and 140, then
the common difference of this AP is (2015 Adv.)

A pack contains n cards numbered from 1 to n. Two
consecutive numbered cards are removed from the pack
and the sum of the numbers on the remaining cards is
1224. If the smaller of the numbers on the removed
cards is &, then k£ — 20 1is equal to (2013 Adv.)

Let a;, ay, as, ..., @199 be an arithmetic progression with
P

a; =3and S, = Z a;,1 < p £100. For any integer n with
=1

1<n<20,letm =56n.If % does not depend on n, then a,

is equal to ...... (2011)
Let a,, ay, as, ..., a;; be real numbers satisfying a, =15,

27-2a,>0and a, =2a,_; —a,_ofor k=3,4,...,11

2. 24 442

gl azn'" | =90, then the value of

G ragtoFang (2010)
11
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Topic3 Geometric Progression (GP)

Objective Questions I (Only one correct option)

1.

Let a, b and cbe in GP with common ratio r, where a #0
and0<r< % If3a, 7b and 15care the first three terms of

an AP, then the 4th term of this AP is
(2019 Main, 10 April 11)
@) 5a @ %a

o) %a © a

If three distinct numbers a, b and ¢ are in GP and the

equations ax® + 2bx + ¢ =0 and dx® + 2ex + f =0 have a
common root, then which one of the following
statements is correct? (2019 Main, 8 April I1)
(a) d,eand f are in GP (b) @ € andl f are in AP

a'b c

£ and i are in GP
b c

(©) d,eand farein AP (@) 2,
a
The product of three consecutive terms of a GP is 512. If
4 is added to each of the first and the second of these
terms, the three terms now form an AP. Then, the sum
of the original three terms of the given GP is
(2019 Main, 12 Jan I)

(a) 36 (b) 28 (c) 32 (d) 24

Let a;, aq, ..., a;y be a GP. 1f %8 =25, then

(19 al

. equals (2019 Main, 11 Jan I)
5

(@ 5’ (b) 2(5% © 457 @ 5*

Let a,b and ¢ be the 7th, 11th and 13th
respectively of a non-constant AP. If these are also the

terms

. a.
three consecutive terms of a GP, then — is equal to
c

(2019 Main, 9 Jan II)

7 1
(a2 (b) 3 () 4 (d) 5

If a, b and c be three distinct real numbers in GP and
a + b + ¢ =xb, then x cannot be (2019 Main, 9 Jan I)
(@) 4 () 2 (© -2 (d) -3

If the 2nd, 5th and 9th terms of a non-constant AP are
in GP, then the common ratio of this GP is (2016 Main)

8 4 7
(a) s (b) 3 ©1 (d) 1

8.

10.

1.

12

13.

Let f(x)=ax’+bx+c, a 20 and A=b%—4ac. If a+p,
a?+p%anda® +p° are in GP, then (2005, 1M)
@ Az0 (b) bA =0 (c)cA=0 (d) bec# 0

Let a,b,cbein an AP and a?,b%,¢? bein GP. Ifa < b <c¢

and a + b+c=§, then the value of a is (2002, 1M)
1 1 1 1

a) —— (b) — [0 P — —

()2\/2 )2«/3 ()2 V3 ()2 N

Let a,B be the roots of x2 — x + p =0 and v, d be the roots

of x> —4x + ¢ =0. If ,B,Y, 0 are in GP, then the integer
values of p and ¢ respectively are (2001, 1M)

(a)-2,-32 (b)-2,3 ) -6,3 (d) -6,-32
If a,b,c,d and p are distinct real numbers such that
@+ b*+c* p® -2 (ab +be +cd) p

+ (b + ¢® + d?) <0,then a,b,c,d
(a) are in AP (b) are in GP (1987, 2M)
(c) are in HP (d) satisfy ab = cd

If a,b,c are in GP, then the equations ax® +2bx + ¢ =0

and dx? + 2ex + f =0 have a common root, ifg , i , 1 are
a c

in (1985, 2M)

(a) AP ®) GP

(c) HP (d) None of these

The third term of a geometric progression is 4. The

product of the first five terms is (1982, 2m)

(a) 4 (b) 4

(c) 4* (d) None of these

Analytical & Descriptive Questions

14.

15.

16.

Find three numbers a, b, c between 2 and 18 such that
(1) their sum 1is 25. (i) the numbers 2,a,b are
consecutive terms of an AP. (iii) the numbers b, ¢, 18 are
consecutive terms of a GP. (1983, 2M)

Does there exist a geometric progression containing
27,8 and 12 as three of its term? If it exists, then how
many such progressions are possible? (1982, 2M)

If the mth, nth and pth terms of an AP and GP are equal

and are x, y, z, then prove that ' 2 [)* ™ 2" =1.
(1979, 3M)

Topic4 Sum of n Terms & Infinite Terms of a GP

Objective Questions I (Only one correct option)

1.

20
1.
The sum kzlk;k is equal to (2019 Main, 8 April Il
@ 2- 1L ) 1- 2L
219
© 2- z—i @ 2- 22—1

2,

Let S, =1+qg+¢>+... +¢"and
10, g,
—1+E—E B—B BTB , where ¢ is a

real number and ¢ # 1. If
Lo, + 1010, 18, + ... +197Cy, 8,00 =Ty, then o is

equal to (2019 Main, 11 Jan II)
(a) 200 () 202
(¢) 200 (d) 2%



The sum of an infinite geometric series with positive

terms is 3 and the sum of the cubes of its terms is 1o

Then, the common ratio of this series is
(2019 Main, 11 Jan I)

4 2 2 1
a) — = c) = d) =
(a) 5 () 5 (© 5 (d) 5
Three positive numbers form an increasing GP. If the
middle term in this GP is doubled, then new numbers

are in AP. Then, the common ratio of the GP is

(a)~2 + /3 (b) 3+ /2 (2014 Main)
©2-+3 (d)2++/3
If 10)°+ 211)' 10)% + 3(11)%(10)" +... +10(11)° =£(10)°,
then k is equal to (2014 Main)
121 441
a) —— - c) 100 d) 110
(a) 0 (b) 100 (0) (d)
The sum of first 20 terms of the sequence
0.7,0.77,0.7717,... ,1is (2013 Main)
7 ~ 90 7 - 20
a) — (179-10 b) —(99-10
(@ 81( ) (b) 5 ( )
7 - 20 7 - 20
c) — 179+ 10 d) - (99+ 10
(©) 81( ) (d) 5 ( )
An infinite GP has first term x and sum 5, then x
belongs to (2004, 1M)
(a)x<-10 (b)-10<x<0(c)0<x<10 (d) x>10

Consider an infinite geometric series with first term a
and common ratio r. If its sum is 4 and the second term

is 3/4, then (2000, 2M)
(@)a=4/7 r =37 b)a=2,r=3/8
©a=3/2 r=12 da=3, r=14
. .1 3 7 15
Sum of the first n terms of the series = + — + — + — + ...
2 4 8 16
is equal to (1988, 2M)

@2"-n-1®Mm1-2" e@n+2"-1(W2"+1

Topic5 Harmonic Progression (HP)
Objective Questions I (Only one correct option)

1.

Ifa;, ay, ag,... are in a harmonic progression with a; =5

and ay, =25. Then, the least positive integer n for which
a, <0, is (2012)

(a) 22 () 23 d) 25

If the positive numbers a,b,c,d are in AP. Then,

(c) 24

abce,abd, acd, bed are (2001, 1M)
(a) not in AP/GP/HP (b) in AP
(¢)in GP (d) in HP

Leta,,ay, ..., a;p bein AP and h,, h,, equalto....., hyybe
in HP. If a; =h;, =2 and a,y = hyy =3, then a,h; is
(1999, 2M)

(a)2 () 3 (©) 5 )6

Ifx>1,y>1,z>1are in GP, then

1+lnx’1+Iny’

are in (1998, 2M)

1+Inz

(a) AP (b) HP (¢c) GP (d) None of these
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Objective Question II
(One or more than one correct option)

10.

Let S;,S,, ... be squares such that for each n=1 the
length of a side of S, equals the length of a diagonal of
S, 1. Ifthe length of a side of S; is 10 cm, then for which
of the following values of n is the area of S, less than
1 sqem? (1999, 3M)
(a) 7 (d) 10

(b) 8 ©9

Analytical & Descriptive Questions

11.

12.

13.

Let A, = %@— %@2 + %g DR G ) %g
B, =1- A,.Find a least odd natural number n, so that
B,>A,,0n2 n,. (2006, 6M)

If s,,8,,8S;, ..
series, whose first terms are 1, 2, 3,..., n and whose

.,S, are the sums of infinite geometric

. 11 .
common ratios are —, — ., respectively, then

2737477 n+1
find the values ofSl2 + S% +832 +... +S§n—1'

The sum of the squares of three distinct real numbers,
which are in GP, is S% If their sum is a S, then show that

(1991, 4M)

a® D%’@D @3 (1986, 5M)

Integer Answer Type Questions

14.

Let S;,, where £ =1,2,,...,100, denotes the sum of the

and

infinite geometric series whose first term is

. . 1
the common ratio 1s 7 Then, the value of
2 100
1OO‘+ S 102 =3k +1) S, lis .....
1001 k=1 (2010)
Assertion and Reason
For the following question, choose the correct

answer from the codes (a), (b), (c) and (d) defined as

follows:

(a) Statement I is true, Statement II is also true;
Statement II is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true;
Statement II is not the correct explanation of
Statement I

(c) Statement I is true; Statement II is false

(d) Statement I is false; Statement II is true

Suppose four distinct positive numbers a,, aq, a5, ay
are in GP. Let b, =ay, by=b, + ay, b3 =b, +a; and
b, =b; +ay.

Statement I The numbers b,, by, by, b, are neither in
AP nor in GP.

Statement II The numbers b,, by, by, b, are in HP.
(2008, 3M)
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Fill in the Blank
6. If cos(x—y), cosx and cos(x+ y) are in HP. Then

cos x[sec %@2 A (1997C, 2M)

Analytical & Descriptive Questions

7. If a,b,care in AP, a?,b%, ¢ are in HP, then prove that

eithera =b=cora,b,— £ form a GP.
2 (2003, 4M)

Let a and b be positive real numbers. If a, A,, A,, b are
in arithmetic progression, a,G;, Gy, b are in geometric
progression and a,H;,H,,B are in harmonic
progression, then show that

GG, _ A +A, @a+b)(a+2b)

H\H, H,+H, 9ab (2002, 5M)

(1) The valueof x + y + z 1s 15. If a, x, v, z, b are in AP

while the value ofl + L + 1 is é Ifa, x, y,z, barein
x y z 3
HP, then find a and b.
(i) If x, y, z are in HP, then show that
log (x+2z) + log (x +z —2y) =2 log (x —z). (1978, 3M)

Topic6 Relation between AM, GM, HM and Some Special Series

Objective Questions I (Only one correct option)
r+2d 1P+2°+3
1+2 1+2+3

1. The sum of series 1+

342543+, +15°
L2438+ 415 _l(1+2+3+...+15)iS
1+2+3+...+15 2

equal to (2019 Main, 10 April 11)
(a) 620 (b) 660 (© 1240 (d) 1860
3 3,03
2. The sum of series 3 ><21 + DX (21 +22 )
1 1+ 2
3,03 4 o3
+ W +o + upto 10th term, is
17+27+3 (2019 Main, 10 April 1)
(a) 680 (b) 600
(c) 660 (d) 620
3. The sum of the series 1 +2 x3 +3 x5 +4 x7 +.. upto
11th term is (2019 Main, 9 April 11)
(a) 915 (b) 946 © 916 (d) 945

4. If the sum of the first 15 terms of the series

B . o1d . o1d | s, 00
=l =5 = b
is equal to 225 k, then kis equal to
(2019 Main, 12 Jan 1)

(a) 108 ®) 27 (c) 54 @ 9
5. Let S, =i 2t3* etk g gr, L2 2By
k 12
then A is equal to (2019 Main, 12 Jan 1)
(a) 156 (b) 301
(c) 283 (d) 303

6. Let x, y be positive real numbers and m, n positive
integers. The maximum value of the expression

A

@+ 2™ 1+ y™) (2019 Main, 11 Jan I1)
1

(a) 5 (b 1
1 m+n

Cc) — d ="

(¢ A (d) -

7.

10.

1.

12.

13.

The sum of the following series
9(%+2°+3%) 1207 +2%+3% +4%

1+6+ 5
2 2 2
+15(1 +211+'”+5)+...upt0 15 terms is
(2019 Main, 9 Jan 1)
(a) 7510 (b) 7820
(c) 7830 (d) 7520

12
Let ay, ay, as, ..., a4 be in AP such that Z Qup 41 =416
k=0

and ag + a,y =66. If a2 + a2 + ... + aZ;, =140 m, then m
is equal to (2018 Main)
(a) 66 (b) 68 (c) 34 (d) 33
Let A be the sum of the first 20 terms and B be the sum
of the first 40 terms of the series

12+2m@2%2+3%2+2@% +5% +2 8% +...
If B-2A =100A, then A is equal to (2018 Main)
(a) 232 (b) 248 (c) 464 (d) 496

If the sum of the first ten terms of the series

i i 7, e i .
@gg + @%H + %ég +4% + %1%5 +...,1s %m then

mis equal to (2016 Main)
(a) 102 (b) 101 () 100 (d) 99

If m is the AM of two distinct real numbers [ and
n(l,n >1) and G;,G, and G, are three geometric means
between [ and n, then G} + 2G5 + G equals (2015)
(@) 4’mn  (b) 4lm®n (c) Imn? (d) *m®n?

The sum of first 9 terms of the series
ﬁ+ﬁ+?+ﬁ+?+§

.1s

1 1+3 1+3+5 (2015)
(a) 71 (b) 96 (c) 142 (d) 192
2
If a E@), g@, then a2 + x + ta? a is always greater
x°+ x
than or equal to (2003, 2M)

(@) 2tana (b) 1 () 2 (d) sec®a



14. Ifa,,a,,..., a, are positive real numbers whose product
is a fixed number ¢, then the minimum value of

a,tast...ta, ; +2a,is (2002, 1M)
(@) n (20)"" ) (n + "
(©) 2nc’" @) (n + 1) @)™

15. If a,b,c are positive real numbers such that
a+b+c+d=2,then M= (a+b)(c+d)satisfies the

relation (2000, 2M)
(a) 0<M<1 (b) 1sM<2
(c) 2sM<3 (d) 3sM<4

16. The harmonic mean of the roots of the equation
G+2)x* - @ +5)x +8 +2/5 =01is (1999, 2M)
(a) 2 (b) 4 (©) 6 (d) 8

17. The product of n positive numbers is unity, then their
sum 1s (1991, 2Mm)
(a) a positive integer (b) divisible by n
(c) equal ton + - (d) never less than n

18. If a,b and c are distinct positive numbers, then the
expression (b+c—a)(c+a —-b)(a+b-c)—abcis
(a) positive (b) negative (1991, 2m)
(c) non-positive (d) non-negative

19. Ifx,x,,...,x, are any real numbers and n is any positive
integer, then (1982, 1M)

@n P d ) 1S 25 e af

n : - n 2> .

25 R PAROR
2

(© ”Z K2 nD S agD (d) None of these
PARNOR

Passage Based Problems

Passage
Let A,,Gy,H; denote the arithmetic, geometric and
harmonic means, respectively, of two distinct positive
numbers. For n>2,let A, _; and H, _; has arithmetic,
geometric and harmonic means as A,,G,,H,,
respectively. (2007, 8M)

20. Which one of the following statements is correct?
@G, >Gy>Gy > ...
(b) G, <Gy<Gy <.
©G, =G, =G, =..
DG, <Gy <G; <...and Gy,> G, >Gg >...
21. Which of the following statements is correct?
(@) A, > A, >A; >
(b) A, <A, <A, <.
©A >A, >A. >.and Ay < A, < A <.
(A <A, <Ay <..andA,> A, >A;>...
22. Which of the following statements is correct ?
(2) H, > H,> H, >...
(b) H, <H,<Hy <.
© H,>H, >H, >..and Hy< H, < H, <...
() H, < H, <H, <..and Hy> H, > H, >...
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Objective Question II
(One or more than one correct option)

23. For a positive integer n let

a(n)=1 +%+é+l +... +#, then

4 @m-1 (1999, 3M)
(a) a (100) <100 (b) a (100) > 100
(¢) a (200)< 100 () a (200)> 100

24. Ifthe first and the (2n - 1)th term of an AP, GP and HP

are equal and their nth terms are a,b and c
respectively, then (1988, 2M)
(@a=b=c

b)az=bzc

(c)a+c=b

(A ac-b*=0

Fill in the Blanks

25. If x be is the arithmetic mean and Yy, z be two geometric

means between any two positive numbers, then
Y+

xyz ' (1997¢C, 2M)
26. If the harmonic mean and geometric mean of two
positive numbers are in the ratio 4 : 5. Then, the two
numbers are in the ratio... . (1992, 2M)
True/False
27. If x and y are positive real numbers and m, n are any
n
Ce . 1
positive integers, then % >
A +2")A+y™) 4 (1989, 1M)
28. For 0<a<x, the minimum value of function

log, x + log, ais 2.

Analytical & Descriptive Questions

29.

30.

31.

32.

If a, b, c are positive real numbers, then prove that
{A+a)@+b) A+ >T"a'blc (2004, 4M)

Let a,, a,,.. be positive real numbers in geometric

progression. For each n, if A,,G,, H, are respectively,
the arithmetic mean, geometric mean and harmonic

mean of a;,a,, ...., a,. Then, find an expression for the
geometric mean of G;,G,, ...,G, in terms of
AL Ay ...,A H, H,y, ....H,. (2001, 5M)

If pis the first of the n arithmetic means between two

numbers and g be the first on n harmonic means
between the same numbers. Then, show that ¢ does not

+10
lie between p and MD p- (1991, 4M)
On —-10
If @ >0, 5 >0 and ¢ >0, then prove that
1 1 1
(a+b+c)—+=+=29 (1984, 2m)
a b ¢
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Integer Answer Type Question

33. Let a,b,c be positive integers such that b/a is an integer. If a,b,c are in geometric progression and the arithmetic mean of

2
+ p—
a,b,cis b + 2, then the value ofa%.tlz1 is

a+1 (2014 Adv.)
34. The minimum value of the sum of real numbers a®,a™*,3a 7,1, a® and a'® with a >0is ...... (2011)
Answers
Topic 1 Topic 4
1. (b) 2. (d) 3. (b) 4. (c) 1. (a) . () 3. (b)
6. False 7. (6) 4. (d) 5. () 6. (c) 7. (c)
Topic 2 8. (d) 9. (o) 10. (b, c, d)
1. (a) 2. () 3. (b) 4. (c) 11. (7) 12. Lemen+yn+-1 14 @)
5. (a) 6. (o) 7. () 8. (b) 6
9. (0) 10. (0) 11. (a, d) 12. (b) Topic 5
13. (d) 14. (b) 15. (A=-3,B=77) 1. (d) 2. (d) 3. (d) 4. (b)
Th?(n + 1)0 5. () 6. £2 9.()a=1,b=9
16. 1 17. (3050) 19 20
0 10 o1 0O Topic 6
19. B0 —and y O —o 5 20. (9) 21. (9)
B 3™ Y H" B 1 () 2. (0) 3. (b) 4. (b)
22. (5) 23. (9) 24. (0) 5. (d) 6. (c) 7. (b) 8. (c)
. 9. (b) 10. (b) 11. (b) 12. (b)
Topic 3 13. (a) 14. (a) 15. () 16. (b)
L. (0) 2. (b) 3. (b) 4. (d) 17. (d) 18. (b) 19. (b) 20. (c)
5. (c) 6. (b) 7. (b) 8. (c) 21. (a) 22. (b) 23. (a, d) 24. (a, b, d)
9. (d) 10. (a) 11. (b) 12. (a) 25. 2 26. 4:1 27. False 28. False
13. (b) 14. (@ =5) (b =8) (c =12) 15. Yes, infinite

1.

34.

®)

Hints & Solutions

Topic1 Arithmetic Progression (AP)

Key Idea Use nth term of an AP i.e. a, = a + (n —1)d, simplify the
given equation and use result.

Given AP is a;, ay, a3,... ,Q,
Let the above AP has common difference ‘d’, then

aptay ta; t.tag
=a; +(a; +3d) +(a; +6d) +... +(a; +15d)
=6a; +(3+6 +9 +12 +15)d
O6ai+ 45 114 (given)
O 2a, + 15d =38 ...
Now, a; + ag + a;; +ag
=a; +(a; +5d) +(a; +10d) +(a; +15d)
=4a, +30d =2@2a, + 15d)

=92 x38 =76 [from Eq. (1)]

2. Lett,be the nth term of given AP. Then, we have t,4 =0

O a+(@19-1)d =0 [-t,=a+ (n-1)d]

a a+18d =0 ...Q0)
Now, lyg _at 48d
toyg a+28d
—-18d +48d . .
= — Eq.
~1sd + 284 [using Eq. ()]
:@ =3:1
10d
We have,

225a% + 9b? + 25¢* - T5ac —45ab —15bc =0
0 15a)% + (8b)% + (50)% - (156a)(B¢) — (15a)(3b)
- (3b)(Bc) =0
0 é[(15a —3b)% + Bb ~50)° + (e ~15a)%] =0

Download More Books: www.crackjee.xyz



O 15a =3b,3b =5¢ and 5c=15a
0 15a =3b =5¢

—=_=Z=)\ (say)

O a=A,b=5\,c=3\
0b,c,a are in AP.

. Let T,=a+(@m-1)d = ..(@)

1

n

1 ..

and T,=a+(n-1)d =— ...(11)
m

On subtracting Eq. (ii) from Eq. (i), we get

(m_n)d:l_l:m_"
n m

mn
O d:i
mn

Again, T, =a+(mn -1)d =a +(mn -n +n -1)d
=a+(n-1)d +@mn —-n)d

:Tn+n(m—]_)i :i+ (m_l):]_
mn m m
. Since, a;, @y, ..., a, are in an AP.
O (ag—a;)=(a3 —ay) =... =(a, —a,_;) =d

Thus,

1 1 1
Jay +ay  Jag+ay T Ja, +a,
_Has-Ja B, Blas —JasH, | HV@ -1}
H 4 HH 4 H ™ H H

d

1 1 (a,-ay) (n-1)
_7( la _ la - n 1 =
d " 2 d.Ja,+a La,+ta
. Since, ny,ny,...,n, are p positive integers, whose sum is

even and we know that, sum of any two odd integers is
even.

O Number of odd integers must be even.

Hence, it is a false statement.

. Let the sides are a —d, a and a + d. Then,

a(a—d) =48
and a? -2ad + d? + a? =a? +2ad +d?
a a?=4ad
d a=4d
Thus, a=8d=2
Hence, a-d=6

Topic2 Sum ofnTerms of an AP

1. Let the common difference of given AP is ‘d’.

Since, a; ta; + a5 =40
O a +ay +6d +a; +156d =40 [ra,=a, + (n -1)d]
0 3a, +21d =40 ...0)
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Now, sum of first 15 terms is given by
S5 212—5 [2a, + 15 -1) d]

:12—5 [2a, +14d] =15 [a, + 7d]

From Egq. (1), we have

+7d-@
3

So, Sis —15x@
3

=5 x40 =200

2. Given S, denote the sum of the first n terms of an AP.

Let first term and common difference of the AP be ‘@’
and ‘d, respectively.

O S, =2[2a +3d] =16 (given)
% ™ Ra + (n -1)d] q

ad 2a +3d =8 .. (@)
and S =3[2a +5d] = -48 [given]
O 2a +5d =-16 ... (i)
On subtracting Eq. (1) from Eq. (i1), we get

2d =-24
a d=-12
So, 2a =44 [put d = -12 in Eq. ()]

Now, S, =5[2a +9d]
=54 +9(-12)] =5[44 -108]
=5 x (-64) = -320

. Given series is

DlDDl 1DI:I1 2[I Dl 99 O

H38 3 1008 H3 1008 " "85 1008

[where, [x] denotes the greatest integer < «]

01001 _ 1D ogl1_20 +D_l_ﬁD
HsHBH3 1008H3 10087 H3s 100H
all the term have value -1

gl_e67001_ 680 O1_ 99

d== 1lthet
CH3 100BH 3 1008 H 3 100%a erem
have value - 2.
66 O

,010,01_ 10,01 20, 0166
H3HH3 1008 B3 1008 " H3 100H
=-1-1-1-1...67 times.
=(-1) x67 = -67
gLl 670,01 680, 01 990
H3 1008 H3 1008 " T H 3 " 100H
=-2-2-2-2...33 times
= (-2) x33 = -66
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Dlo,0l_ 10,01 20 2,01 99
535 H3 1008 E3 1008 " "H3 1008
=(-67) + (-66) =-133.
Alternate Solution
<[ x] = = [x] =1, if x Olnteger,
o. 10, 0 .20 O n-10

and + = +—gt...+ + = [nx],

R == AN = gt g
n ON.
So given series

99 O
1
H_% 1008 B
=(-1) x100 —% XlOOEZ -100 -33 =-133.
. Let first three terms of an AP asa -d, a, a + d.
So, 3¢=33 Oa=11

[given sum of three terms =33
and product of terms =1155]

O (11-d)11(11+d)=1155 [given]
O 112-d%=105

O d?=121-105=16

O d==+4

So the first three terms of the AP are either 7, 11, 15 or
15, 11, 7.

So, the 11th term is either 7 + (10 x4) =47

or 15+ (10 x (—4)) =25

Key Idea Use the formula of sum of first nterms of AP, i.e
S, = g[Za +(n-1d]

Given AP, is
a;, Gy, Ag,... having sum of first n-terms

=7 Bay+(-1)d)

[where, d is the common difference of AP]

=50n + w A (given)

O % Ra, + (n -1)d] =50 +"

On comparing corresponding term, we get

d=Aanda, -2 =50-" A
2 2

0 a1—§:50—%A [+d = A]

O a, =50-3A4

So as) =a; +49d
=(B0-34)+49A [-d=A4]
=50+46A

Therefore, (d, as,) = (4,50 +46 A)

. Clearly, the two digit number which leaves remainder 2

when divided by 7 is of the form N = 7k + 2 [by Division
Algorithm]

For, k=2 N =16
k 3

k=13, N =93
O 12 such numbers are possible and these numbers

forms an AP.

Now, S = 122 [16 + 93] = 654

| n 0
S, =—(a+1
B 5 =5 (a+0O
Similarly, the two digit number which leaves remainder
5 when divided by 7 is of the form N =7k +5
For k=1, N =12
k=2, N =19

k=13,N =96
(013 such numbers are possible and these numbers also

forms an AP.

Now, S = L;’ [12 + 96] = 702

0 n 0
S =—(a+1
B 5 =5 (a )5
Total sum =S + S’ =654 + 702 =1356

. Wehave,S=a; +ay+... tag,

=15[2a, +29d] ..
(where d is the common difference)
g n g
1S, == [2a + (n —1)d]
H™ 2 H
and T=a,+ag +...+tay
_15

+ 24y + 14 x2d)]

(.- common difference is 2d)
d 2T =15[2a, +28d] ...(11)
From Egs. (1) and (ii), we get

S-2T =15d =175 [ S -2T =75]



g d=5
Now, Qo =as +5d

=27 +25 =52
. If logb,,logb,,...,log by, are in AP, with common

difference log,2, then b, by,..., by, are in GP, with
common ratio 2.

0b, =2b,, by =2'b,, by =2%by,..., by, =2, ...(0)
Also, a4, ag, ..., a;9; arein AP.
Given, a, = b, and ay, = b;,
O a, +50D =2 b,
O a, +50D =2 q, [ a, =b,]...(Gi)
Now, t=0b +by+...+by
@' -1)
d t=b ——= ...(11
e (i)
and s=ay tagt... tas
:% ©a, +50D) .(iv)
0 t=a, @ -1) [+ a, =b]
or t=2""a, —a, <2”q, (V)
and s =52—1[a1 +(a, +50D)]  [from Eq. (ii)]

51 5
=—Ja; +2" a
5 o 1
= g a, + E 250 a;
2 2
O s>2°1 a; ...(v1)
From Egs. (v) and (vi), we get s > ¢
Also, @10, =@, +100 D and by, =2'%p,
50 _ O
O a101 =, +100 Mﬂand b0y =2 @,
o 50 O
g Qo =0 +2°1 a; —2a, :251a1 -
O a0, <21 a; and by, >2°! a
O bio1 > i
. LetS, =cn®

S, =c(m-1)?=cn®+c-2cn
O T,=2cn-c [ T,=S,-S,_4]
Tn2 =Qcn-co)? =4c*n? +& -4c'n

4c2Ezh(n+1)(2n+1)+

O Sum=2 Tn2 = 5 ne? =2¢n (n +1)
_2 An(n+1)@n +1) +3nc® —-6¢%n (n +1)
- 3
_ nc?@n?+6n +2 +3 -6n —6) _ nct(@n®-1)
- 3 - 3

10. According to given condition,
Son =S,
0 2% @x2+@n-1) x3] =g [2 x57 +(n -1) x2]

a 4 +6n-3) =%(114 +2n -2)

11.

12.

13.

14.

15.

Sequences and Series 57

g 6n+1=57+n-1
u n=11

U 5n=55

PLAN Convert itinto differences and use sum ofnterms of an AP,
ie. S, =g[2a +(n -1)]

k(k+1)

S =%y > o

Now,

=—(1)2-2% +32 +42 -5 6% +7% +87 +..
=32-1%) + @? -2%) + (7% -5%) +(8% 62 +...
=2{@4+6+12 +...) +(6 +14 +22 +...)}

n terms

n terms

=9 %{2 x4 +(n -1)8} +g{2 X6 +(n —1)8}5

=2 [n4 +4n —-4) +n®6 +4n —-4)]

=2 [(4n?+4n® +2n]=4n@n +1)
Here, 1056 =32 x 33,1088 =32 x34,
1120 =32 x 35,1332 =36 %37
1056 and 1332 are possible answers.

r

Here, V. :% [2r+(r-1)(2r -1)] :%(27“3 -r2+7)

O zv,:%[zn3 -5r% + 5r]
_10 En(n+1)E?_n(n+1)(2n+1)+n(n+1)g
2ED 2 0 6 2 B
0 =2CFD e 1) —(2n +1) +3]

12

1 2
=—nmn+1)(3n“+n +2
T (n+1)( )

Vi =V, 20417 =7 = [0 +D? %] +)

DO | =

=3r*+2r -1
O T, =3r2+2r -1 =(r +1)(3r -1)
which is a composite number.
Since, T, =3r% +2r -1
and T,,, =3 (r+1)*+2(r +1) -1
O Q, =T..,-T.=3[2r +1] +2[1]
O Q,=6r+5
0 @y =60 +1)+5
Common difference = Q,,; —Q, =6
Given, p+q=2,pg=A
r+s=18,rs=B

and it is given that p, ¢, r, sare in an AP.

and

Therefore, let p=a -3d,q =a —-d,r =a +d
s=a+3d

p<q<r<s

and

Since,
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16.

17.

18.

We have, d>0
Now, 2=p+q=a-3d +a -d =2a —4d
O a-2d=1 ..
Again, 18=r+s=a +d +a +3d
18 =2a +4d
O 9=a +2d ...(11)
On subtracting Eq. (i) from Eq. (ii), we get
8=4d 0 d =2
On putting in Eq. (i1), we get a =5
a p=a-3d=5-6=-1
g=a-d=5-2=3
r=a+d=5+2=7
and s=a+3d=5+6 =11

Therefore, A=pqg=-3and B=rs=177
Here, 17 + 2122 + 3% +2@% +5” +
:n(n+1)2
2
When nisodd, 12+ 222 +3%2+2@% +52... +n?
={12+22% +3% +2[@° +... +2 (n -1)% +n?
_Hn-1 @m0

=go——"+n
o 2 0

:n2§%_1+1§:n2(n+1)
2 2

0 17+2@2%+3% +2@° +

.. upto n terms

[when n is even] ... (1)

[from Eq. ()]

.. upto n terms, when n is odd

_n*(n+1)
2
Integers divisible by 2 are {2,4,6,8,10, ...,100}.
Integers divisible by 5 are {5,10,15, ...,100}.

Thus, sum of integers divisible by 2
:52—0 @2 +100)=50 x51 =2550

Sum of integers divisible by 5
= % (b +100)=10 x105 =1050

Sum of integers divisible by 10
:% (10 +100)=5 x110 =550

0 Sum of integers from 1 to 100 divisible by 2 or 5
=2550 + 1050 —550
=2550 + 500 =3050
Let four consecutive terms of the AP are a —3d,a - d,
a + d,a + 3d, which are integers.
Again, required product
P =(a -3d)(a -d)(a +d)(a +3d) +@2d)*
[by given condition]
= (% -9d?(a? - d% +16d*
=a’ -10a%d® +9d" +16d"= (a® -5d%*

19.

20.

Now, a?-5d?=a?-9d% +4d?
=(a -3d)(a +3d) +2d)?

=J0 + I* [given]
“2+2=]2
=1 [where, I is any integer]

Therefore, P = (I)? = Integer
Since, x;, %, %3 are in an AP. Let x; =a - d, x, =a and
%, = a + dandx,, Xy, x; be the roots of 2° — 2% + Bx +y =0
O 0= & & ar at d= 1
O a=1/3 ...(1)

JaB=(a-d)a+ala +d) +(a -d) (@ +d) =B ...(11)
and oBy=(a -d)ala +d) =- ...(i11)
From Eq. (1),

3a=1 0O

From Eq. (ii), 3a% - d? =B
O 3@1/3)%-d%*=p
0 1/3-B=d?
NOTE In this equation, we have two variables 3 and y but we have

only one equation. So, at first sight it looks that this equation
cannot solve but we know thatd? = 0, Od OR, then B can

be solved. This trick is frequently asked in lIT examples.

a=1/3

[from Eq. ()]

O %—Bzo [+ d?=0]
O Bs% OB0O-¢ ,1/3]
From Eq. (i), a (@*-d*)=-y
0 % dZQ i ldzz—y
3 2 3
1 ) 1
] +—:fd Oy+— =0
' T3 LY
ad y=z- 1/27
o1 @
O i
Yo7 ”

Hence, B Ot ,1/3]andy OF 1/2700)
Since, angles of polygon are in an AP.
O Sum of all angles
= (n -2) x180° :g{z (120°) +(n -1)5

5n® —125n + 720 =0

n?-25n + 144 =0

n-9)(n-16) =0

n=9,16
If n =9, then largest angle =a + 8d =160°
Again, if n =16, the n largest angle
=a +15d =120°+ 75 =195°

which is not possible.
[since, any angle of polygon cannot be >1807

a
d
g
a

Hence,n =9 [neglecting n =16]



21.

22.

23.

24.

Given, Sq_6 and 130 < ¢; <140
S, 11

— [2a + 6d]

DO | 3

6 7Qa +6d) _
11 T ©a + 10d) =6

", [2a +10d]

O a=9d ...0)
Also, 130 <t; <140

ad 130 <a +6d <140

0 130<9d+6d <140 [from Eq. ()]
g 130 <15d <140

ad % <d< % [since, d is a natural number]
g d=9

Let number of removed cards be k and (k& + 1).
nn +1)

0 —k—(k+1) =1224
O n®+n -4k =2450 0 n®+ n —2450 =4k
0 (n +50) (n —49) =4k
a n >49
Let n =50
a 100 =4k
O k=25
Now k-20=5
Given, a; =3,m =bn and a,, a, ..., is an AP.
O S = Ssn is independent of n.
Sn n

M o x3+ Gn -1)d
oy b 6n-Dd]l 546-d)+5n

2Ex3+(-1)d) 6-d)+n

independent of n

If 6-d=0 O d=6
O as=a; +d=3+6 =9

or If d =0, then % is independent of n.

n

O ay=9

A =20, ~Qp -y

O a;,ay,...,a;; arein an AP.

q al+ai+...+al _11a2+35><11d2+10ad_90

11 11
0 225+35d?+150d =90

0 35d%2+150d +135=00 d=-3, -

IS N

Given, ay<—
2

O d=-3andd # -

9| ©

a, +ay+...+ag,
11

0 :12—1[30—10x3] =0
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Topic3 Geometric Progression (GP)

1.

Key Idea Use n'™ term of AP ie., a,=a+((n-"0dlfa A barein

AP, then2A = g + band n'® term of G.P.i.e, a, = ar"".

It is given that, the terms a, b, care in GP with common

ratio r, where ¢ #0and 0 <r < %
So, let, b= ar and ¢ = ar?

Now, the terms 3a, 7b and 15c are the first three terms
of an AP, then
2(7b)=3a +15¢
14ar =3a + 15ar>
14r =3 + 1577
15r% =147 +3 =0

ad [as b =ar, c=ar?
O

O

O 15r2-5r-9r +3 =0

O

O

O

[as a #0]

5r@r-1)-3@r —-1) =0
@Br-1)(Gr-3)=0

r=—or—
3 5

@)llj 1
as, r U0, —gsor=—
28 3

Now, the common difference of AP = 7b - 3a

=Tar — 3a :a% —3@2—2?(1

So, 4™ term of AP = 3a + 3%@2 a

. (b) Given, three distinct numbers a, b and care in GP.

0 b* =ac .. ()
and the given quadratic equations
ax® + 2bx + ¢ =0
dx? + 2ex + f =0
For quadratic Eq. (i1),
the discriminant D = (2b)* - 4ac
=4(b% - ac) =0 [from Eq. ()]
0 Quadratic Eq. (ii) have equal roots, and it is equal to

.G

...(ii1)

x = ——, and it is given that quadratic Egs. (ii) and (iii)
a
have a common root, so

d%—gg + 2e§—§|§+ f=0

0 db® - 2eba + a’f =0
0 d(ac) —2eab + a*f =0 [+ b%=ad
ad dec—2eb + af =0 [ a#0]
ad 2eb =dc+ af
e dc  af
O — =4+
b b b®
[dividing each term by b7
O 2D6§:§+£ [...b2:ac]
a C
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,—are in AP.
c

Alternate Solution

So,g,f f
a

Given, three distinct numbers a, b and ¢ are in GP. Let
a=a,b=ar, c=ar?are in GP, which satisfies
ax® + 2bx + ¢ =0

ad ax® + 2(ar)x + ar? =0
ad 2+ 2rx+ 12 =0 [ a#0]
ad (x+r?=00 x=-r

According to the question, ax? + 2bx + ¢ =0 and
dx? + 2ex + f =0 have a common root.

So, x = —r satisfies dx? + 2ex + f =0

O d(-r)% + 2e(-1) + f =0
O dr® =2er + f =0
0 diH -2+ £ =0
|:| i_%q.i_o
a b ¢
O d, L 2 [ c#0]
a ¢ b

. a
Let the three consecutive terms of a GP are —, @ and ar.
r

Now, according to the question, we have

@ ot =512
.
0 a® =512
0 a=8 .4

Also, after adding 4 to first two terms, we get

§+4,8+4,8rareinAP
r

0 2(12):§+4+8r
g 2 0
O 24=2+8r+4 O 20=4[F +2r
; 5 T *'H
] =29 O 2r2-5r+2=0
r
O 2r2-4r-r+2=0
d 2r(r-2)-1(r -2) =0
ad r-2)@r-1)=0
0 r=2,l
2

Thus, the terms are either 16, 8, 4 or 4, 8, 16. Hence,
required sum =28,

. Let rbe the common ratio of given GP, then we have the
following sequence a,, ay = a;7, az =a,r>,...,a; = a;r’

Now, as =25 a4
0 ar’=25a,
O r?=25
8
Consider, o = a17r4 =rt =(@25)? =54
as  ayr

5. Let A be the Ist term of AP and d be the common

difference.
ad Tthterm =a = A +6d

[ nthterm = A + (n —1)d]

1lthterm=b=A +10d
13thterm =c=A +12d

- a, b, care also in GP

0 b’ =ac

O (A+10d)% =(A +6d) (A +12d)

O A%+20Ad +100d* = A® +18Ad +72d”

O 2Ad +28d%=0

O 2d(A+14d) =0

O d=0or A+14d =0

But d#0
0 A=-14d
0 a=A+6d =-14d +6d =-8d

[ the series is non constant AP]

and c=A+12d =-14d +12d =-2d
O g:—8d=4
¢ —-2d

. Let b =arand ¢ = ar?, where r is the common ratio.

Then, a+b+c=xb
O a+ar+ar? =xar
O 1+r +r% =xr ve Q) [raz0]
2
O x:71+r+r :1+r+l
r r
We know that, r+122(forr>0)
r
and r+1S—2(forr<O)[usingAM2 GM]
r
1
a 1+r+=-23
r
or 1+r+ls—1
r
O x=23orx< -1
0 xUt o5 10 [8 )

Hence, x cannot be 2.
Alternate Method

From Eq. (1), we have
1+r+ri=ar

O r2+(1-xyr+1=0
For real solution of r, D = 0.
O 1-x?2-420
O x%=2x-320
O (x=-3)(x+1)=20
+ o - L 4+
-1 3

O x0O€o - 10 [& )
0 xcannot be 2.

. Let a be the first term and d be the common difference.

Then, we have a + d, a +4d, a + 8d in GP,

ie. (@ +4d)?=(a +d) (@ +8d)

O a?+16d?+8ad =a® +8ad +ad +8d?>

O 8d%=ad

O 8d=a [ d#0]



8.

10.

Now, common ratio,
r_a+4d_8d+4d_12d_4

a+d 8d+d 9d 3

Since, @ +pB), @2 +p?), @3 +p*)are in GP.
O @*+B*)*=@ +p) @® +B?)

0 0(4ﬂ3 4+(2[3229F 43‘4(*3 3[30(3
0 oBa(* *-dB )=0
O aB a( B )*=0
ad af =0 ora B
O £20 or A=0
a
0 cA=0

Since, a, b and ¢ are in an AP.

Let a=A-D,b=A,c=A+D
Given, a+b+c=§
2
d (A—D)+A+(A+D)=g
0 3A=§|:I A=l
2 2
0 The number are1 —D,l,1 + D.
2 2 2
Also, % - Dg, i, % ¥ Dg are in GP.
T g R 1 o
O =0 -D +D o —=g--D
HH Tk TCHER T PH 16 o 0
o lopr=:l gp2=l g op=sl
4 4 2 V2
1 1
0 a=—*—
2" 2
. 1 1 . .
So, out of the given values, a=§——2 is the right
choice.
a+B =10 A +0 =40
0 an 0
a = pQ Ad =¢q[
Let r be the common ratio.
Since, a,B, y and 0 are in GP.
Therefore, B=ar,y=ar?
and d=ar’
Then, a+ar=1 Oa (1+r)=1 ...Q0)
and ar+or’ =4 Oa r’Q+r)=4 ...(1)

From Eqgs. () and (i), r?=40 r=+2
Now, alor= p andorlor’ =q
On putting r=-2,we get

a=-1,p=-2and ¢g=-32

© | b

Again putting r =2, we geta =1/3and p = -

Since, ¢ and p are integers.
Therefore, we take p = -2 and g = —-32.

11.

12.

13.

14.
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Here, (a?+ 0%+ ¢?) p? -2 (ab + be +cd)p
+ B2+ +d> <0
O (a®p? -2abp + b%) + (b%p* —2bcp +?)
+ (p% = 2cdp +d?) <0
O (ap-b)2+ (bp —0)% +(cp -d)? <0
[since, sum of squares is never less than zero]

Since, each of the squares is zero.

0 (a@p = b)* = (bp = ¢)* =(cp —d)* =0
b ¢ d
0O =2 ===
p a b ¢

0 a,b,cd arein GP.

Since, a, b, care in GP.

ad b%=ac

Given, ax® + 2bx + ¢ =0

a ax? + 2Jac x + ¢ =0

0 Wa x++e)?=00 xz—\ﬁ
a

Since, ax?+2bx+c¢=0 and dx®>+2ex+f =0 have
common root.

0 x=-.cla must satisfy.
dx® + 2ex + f =0

0 dEﬁ—2e\E+f:0D§——2e +1 =g
a a a Jac ¢
O 2e_d + ! [ b%=ad
b a c
Hence, E,E,iare in an AP.
a b ¢
Here, t, =4 0 ar’=4
O Product of first five terms = a [ o [ar® [ar?
- a5r10 - (Cl r2)5 =45
If a, b, c0@2,18), then
a+b+c=25 (1)
Since, 2, a, b are in AP.
ad 2a=b+2 ... (1)
and b, c,18 are in GP.
O Z=18b .. (iii)

From Egs. (i), (i1) and (iii),
b;'z +b+/18b =25

3b+2+6+24b =50
3b+6+2b -48 =0
b+2+2/b -16 =0

b+ 42b 2426 16 =0

Vb (Vb +442) -242 (Vb +442) =0
/b -2v2) (/b +442) =0

b=8,a=5

c=12

O 0Oooooao

and
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15.

16.
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Let 27,8, 12 be three terms of a GP.

0 t,=27,t,=8 and t,=12
AR™™' =27, AR""! =8
and ARP ! =12
7 s e
0 R= d R=
Hsd 2% Hiod
I _p P
. HsH  ~HH
O 33/(m -n) EBIJ(n -p) - 2]/(n -p) mS/(m -n)
3 1
+
3m—n n-p
0 1 3 =1
+
2n—p m-n
ad 3+1=Oand1+3=0

m-n n-p n-p m-n

0 3(m-p)=n-m and 2n=3p—-m

Hence, there exists infinite GP for which 27, 8 and 12 as
three of its terms.

Let a, d be the first term and common difference of an

AP and b, r be the first term and common ratio of a GP.

Then, x=a+ (@m-1)d and x = br™?"
y=a+(n-1)d and y=br"!
z=a+(p-1)d andz=brP?

Now, x—y=(m-n)d, y—z=(n —p)d

and z-x=(p-m)d

Again now, x' 77 )7 27

- [brm—l](n—p)d Eﬂbl"n_l](p -m)d qbrp -1 ](m -n)d

— b[n-p+p—m+m—n]d ﬁ[(m -1)(n —p) +(n A)(p m) «p A)(m »n)ld

=230 =1

Topic4 Sum of n Terms and Infinite

1.

Terms of a GP
20 Dl |:|

Let S = Z kEZ—kE

_1,2 .3 .4 20 .
= 5 ? 27 27 2% ...(l)
L n .
On multiplying by %Eboth sides, we get
S_1 2 3 19 20 ..
E—?+2—3+2—4+...+2TO +2T ...(11)
On subtracting Eq. (i1) from Eq. (i), we get
S 1.1 1 1 20
L+ -

2Tty Tt
lﬁ_iﬂ
0 S_2 2205_ 20
- 521
2 1_1 2
2 0 a-r" a
m'sumofGP:u,r<1D

0 L-r O

S_,_ 1 _2_ 1 10 _ 11
9~ 920 921 T 920 920 T 920
11

I:l S 2_2T9

2. (a) Wehave,S,=1+q +¢*+... +q" and

g +10, g+ 107 g+ 10"

L=l+B5B*Bs H**Ea 8

Also, we have
Y10 +191C,8, +1°1C8, +... +191C 48,49 = o}
D 10101 + 10102(1+q) +101c3(1 +q +q2)

+ .. +1010101(1 +q +q2 +“.+q100)

= o g ) .
O 01, + 1010, (1-¢q )+101C3 iy
1-gq 0l-¢g0O
—_ .40 _ o1
_'_10104 q D+"'+IOICIOI@ q 0
0l-q0 Ol-q O
_ [
=a Ty, [-for a GP, S, = aB""H 21
Ol-rQg
0 : 1 [{10101 + 10102 +“.+1010101}
-q
_{10101(1 + 10102(12 + 401 0101‘1101} = (T},
1

(2" -1) - (1 + )" -] =aTyy,

1-9q)

[-"Cy+ "Cy +...+7C, =2"]
2101 _ (q + 1)101 _

t a
1-¢q
0 000
g+1 [g+1ff g+ 10
o+ + +.+ 0
B 2 EZ H EZ H B
O 017
g + 1
O 1- O
. 9101 _ (g +1)101 . ETE g
= 5
1-¢q a g+1 O
o 11—~ O
8 8
[-q#10 q+1¢2[|%1¢1]
101 _ 101
20[2 (q+1010) ] (o = 9100
Q-9
. Let the GP be a,ar,ar?, ar’,....; where a >0 and
O<r <L
Then, according the problem, we have
g @
1-r
27 _ 3 3 23 343
and E:a + (ar)’ + (ar®)’ +(ar’)’ +...
3 0 O
19 1-r 0 1-rg



3
- O
0 _68a-nyh G3=-2"0a& 3¢ rg
19 1-7 g 1-r 0
q 27 _27QA-r) @ +r*-2r)

19 A-raA+r+rd)
[Ca-r)=0-ra-r7
ad r2+r+1=190% -2r +1)
O 1872-39r +18 =0
O 6r2-13r+6=0
O @Br-2)@r-3)=0

g r=§orr:§(reject) [-0<r<1]

2

4, Let a,ar,ar” are in GP, where (r > 1).

On multiplying middle term by 2, we have
2

a,2ar,ar” are in an AP.
a dar=a + ar?
O r?—4r +1 =0
4+ ./16 -4
a r= B e— =2+ 3
ad r=2++/3 [since, AP is increasing]
5. Given,

E£010° =10° +2(11)'10)® + 311)2(10)" +... +10(11)°

O k=1+2%@+3%§+...+10%g )
i =1 B2 g%g+...+g%g+log%g°m(ﬁ)

On subtracting Eq. (ii) from Eq. (i), we get

k@ g, 51152 S I [
100 Hrod Hiod
0
%@ 8
Mo - 11 E[ll
a k 10
10 H Fiot]
n_ a
1 In GP,sum of n terms = M, whenr >1[
0 r-1 O
i’ m1g°0
a - k=1000 -10-10
D Hrod] Frod &
a k—lOO
6. LetS=0.7+0.77+0.777 +...
=— 7 772 + 7737 +...upto 20 terms
10 10 10
O 11 111 a
=7 —— +—— +...upto 20 terms
Ef 102 10° P H

999
100 1000

1
O+
o,
IR N Y

...+upto 20 terms]

_ 70 a
— +...upto 20 terms
"9 P H
_7

9
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— [(L+ 1+...+upto terms
= K 20 terms)
% + 12 — . +upto 20 termsEID
0 10° 10 EH
O
o LR- Dl
_70, 10 a 0" a
=5 — 0
O -— O
O 10 O
O O

O 20 a
NS =20 and sum of n terms of ]
0= a
O - a
@P,Snzwwhen(r<1) 0
0 L-r 0
0 0
1T
9 H 9@ 0 %
7879 11°8 7 ~20
=g+ 0= — [179 + (10
9859 9 OH § 81[ 101
7. We know that, the sum of infinite terms of GP is
a
B—, ri<1
S.=H -, (7]
H o ,lrlz1
0 S,=—% =5 [Irl<1]
1-r
or 1—;":f
5
5-x .
ad r= 5 exists only when | r| < 1.
ie. 1<%
or -10<-x <0
a 0<x<10

8. Since, sum =4 and second term = % .

It is given first term a and common ratio r.
a 3

g =4, ar=—
1-r 4
O r:i
4a
O a3 =4
1—7
4a
0 4a? -
4a -3
ad (@ -1)(a -3) =0
O a=1 or 3

Whena =1,r=3/4
and whena =3,r=1/4
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9.

10.

11.
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15
+

Sum of the n terms of the series 1 + -+ 7 +—
2 4 8 16

upto n terms can be written as
10 @l 10 @ 10 10
O+ o+d -0+ O -—0+ ..
@l PYa M==AY M= T

1 1
=n- +Z+7+...+nterms§

=n+27" -1

upto n terms

DO |
— | O]

|

:"_‘

I Y

Let a, denotes the length of side of the square S,,.

We are given, a, = length of diagonal of S, , ;.

U a, = \/5 Ap+1
a
O a =-_n
n+1 \/5
This shows that a;, ay, a5, ... form a GP with common
ratio 1 /2. )
Therefore, a, =q, gL e E
2
o1t .
0 =10 = ay =10,
25 [+ a given]
: 10y ALE
a, 25
100 .
ad g1 <1 [ a; <1, given]
O 100<2" 7!

This is possible for n = 8.

Hence, (b), (c), (d) are the correct answers.

B,=1-A4,>A,

Obviously, it is true for all even values of n.
But for

n=1, —§<—l
4 6
030 _ 27
"EREGH T e T
pos 30 243 1
'Had T 1022 "6
and for n =7,
nsg __2187 1

4H 12288 6

Hence, minimum odd natural number n, = 7.

12.

13.

14.

Consider an infinite GP with first term 1, 2, 3, ..., n and
. 111 1
common ratios —,—,— s .
2'374° n+l
o §=—1"
1-1/2
-2 _
>T1-1/3
_2n-1 _
=l 1-1/2n
O  SE+S2+87+...+S%,1
=22 +3% +4% + ... +@2n)*
=%(2n)(2n+1)(4n+1)—1
Let three numbers in GP be a,ar, ar?
a a?+a¥?+a¥t =82 ...(0)
and a+tar+ar’=a8 ...(11)
On dividing Eq. (1) by Eq. (i1) after squaring it, we get
a2(1+r2+r4)_ S?
a?@+r+r?)? a%?
A+r32-r2_1
o 22 T 2
A+r+r9)° a
@+r2-r 1
O TaZia 3
@+r+r) a
r+—+1
O a’=—1T
r+-—-1
r
Put r+l—y
r
0 y+1:a2
y-1
0 y+1:(12y—oz2
2
a“+1 a 1 a
u = : =lr+—>2
e B [¥] ;1728
2
0 @ *1ls9  [where,(@®-1)#0]
a“ -1
O la®+1]>2]a” -1]
0O @+1)*-{2@?-1}%*>0
O {@®+1)-2(a®-1}{@*+1) +2 (a® -1)} >0
0 (-a®+3)@Ba®-1)>0
O %<a2<3
O am%,@m 1,3) [ a?#1]
k-1
! 1
We have, S, =
RNV
k



Now, (k*-3k+1)S, ={(k -2) (k -1) -1} x !
(k-1)!
11
(k-3)! (k-1)!
100
2 _ —
0 ZI(k 3k+1)S,/=1+1+2 - % i
1002 100 s
+ k“-3k+1)S,| =4
Ty k;u )}

Topic5 HarmonicProgression (HP)

1. PN nthtermof HP,t, = —
a+(n-"Nn
Here, a, =5, ayy =25 for HP
a l:5 and 1 =25
a a +19d
g 1+19d:i 0 19d:i_1:_i
5 25 25 5 25
0 = -4
19 x 25
Since, a,<0
0 %+(n—1)d<0
1 4 95
- - -1)<0 O -1)>—
5 Toxas " Y (n-1)>7

0 n>1+% or n>24.75

O Least positive value of n =25
2. Since, a, b, ¢, d are in AP.

o — b o d are in AP.
abed  abed  abed  abed
o L L 1 1 einAP.

bed’ cda’ abd’ abe
O bcd, cda, abd, abe are in HP.
O abc,abd, cda, bed are in HP.

3. Since, a4, ay, ag, ...,a;, are in AP.

Now, ap=a +9d
| 3=2+9d
O d=1/9 and a, =a; +3d
O a, =2+3(1/9)=2+1/3=T7/3
Also, hy, hq, hg, ..., hyy are in HP.
a i 1 i,...,iareinAP.
hy " hy hy hyo
Given, hy=2,h;, =3
1 1
O ———+9d1IZI— —+9d,
ho My 3 2
0 ~Logq,
6
O d=-2and L=116q
54 h; My

100”

100!
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1 1 6x1
a — ==+
h, 2 -54
- 111, 8
h; 2 9 7
7 18
0 ah-=— x— =6
47 3 7

4, Let the common ratio of the GP be r. Then,
y=xrand z = xr?

Oln y=lInx+Inr andlnz=Ilnx+2Inr

Let A=1+lnx,D=Inr
Then, ! :l, L = 1 = !
l1+lnx A 1+lny 1+lnx+lnr A+D
1 1 1
and = =
l+lnz 1+lnx+2lnr A+2D
Therefore, , 1 , are in HP.
+lnx 1+lny 1+Inz
5. Let a; =1, a,=2, 0 a3=4,a,=8
O b, =1,b,=3,b; =7,b, =15

Clearly, b,, by, bs, b, are not in HP.
Hence, Statement II is false.
Statement I is already true.
6. Since, cos (x — y), cos x and cos (x + y) are in HP.

2 cos (x— y) cos (x + y)

g cos x =
cos (x = y) + cos (x + y)

O cosx (2 cosxleos y)=2{cos®x —sin? y}

a cos?x[os y = cos®x —sin? y
ad cosZx (1 - cos y) =sin? y
ad cos?x@sin?? =4sin? Y (kos??
2 2 2
g cosZxBec? < =2
2
u cosxl];ec% =442
7. Since, a,b,care in an AP.
O2b=a+c
and a2, b2, ¢? are in HP.
0O b2 = 2a%? 1 (o + cI]2 _ 2a%?
a’+c? 2 a’+c?
g (@®+ A (@?+ & +2ac) =8a%?
a (@®+ A +2ac(@® + P =8a’?
O (a@®+ ¢ +2ac(@® +A) +a’? =9a%?
a (@®+ 2 +ad)? =923
a a’+ ¢+ ac =3ac
d a’+b?>—2ac=0
a (a—c)ZZO O a=c

2+ 2 +ac=—3ac

andifa=c0O & cora
0 a®+ 2 +2ac =—2ac

g (a+ 0% =—2ac
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0 4b% = —2ac 0 b2 —%

Hence, a,b,— ; are in GP.
0 Eithera=b=cora,b, - Qare in GP.

Since, a, 4, Ay, b are in AP.

0 A +A,=a+d
a,G;,Gy,barein GP O G,Gy=ab

and a,H,,H,y, barein HP.

0 _ 3ab _ 3ab

= JH, =
2b+ a b+ 2a

0 -
H, H, a b
e HeHy hthy 1,1
H\H, GG, a b
Now. Iil(l? e ;bm 0
119 3ab H 3ab H
b+ a0 +2a0
_Qa+b)(a+2b) (i)

9ab
From Egs. (1) and (i1), we get
GGy, _ A +Ay _ (2a+0D)(a+2b)

HH, H, +H, 9ab
9. ) Now, a+b=(@+x+y+z+b) —(x +y +2)
5
:§(a+b)—15
[since, a, x, y, zare in AP]
0 sum=§(a+b) Oa+b=10 ()
11111

Since, a, x, y, z, b are in HP, then —, -, ~,~, —

arelnAP a’'x’y'2’b
11 _[M@m. 1. 1 1 10 00 1, 10
Now, —+-—-= +7+7+7+7H_B;+7+7
a b x y z b y 2
50 10 5
=— +7H_,
2 b 3
a+b 10 9x%x10 .
ad =— [0 ab= from Eq. (1
b 9 10 [ q. 0]
ad ab=9 ...(>1)
On solving Egs. (i) and (ii), we get
a=1,b=9

(i1) LHS =log(x+ z) + log(x +z-2y)
2xz[d [ 2xz 0
=1 +2) +1 + 2%7 —_—
og(x+2) ogac z +ZB H x+zE
(x=-2)°
(x+2)

=2log(x—-z) =RHS

=log(x+z) +log——

Topic6 Relation between AM, GM, HM

and Some Special Series

1. Given series,

P+2 1P+ +3
+ +

1+2 1+2+3

3 493 4 93 ?

1°+2°+3 +... +15 _1(1+2+3+,..+15)

1+2+3+...+15 2

:Sl_SZ (let)
where,

S =1+

S=1+

?+28 1P+2%+3
+ +
1+2 1+2+3
P+ +3 +.. +15
1+2+3+...+15

B PaPewnd_ B H

n=1 1
2

O » 2 n O
o rngn(n+1)D and r:n(n+1)
H rZI 2 E rZI 2 E

15 15

_ Z n(n2+ 1)_1 z(nZ +n)
n=1 n=1

_10d5x%x16x31  15x160

28 6 2 H

n(n +1)@n + 1)%

En
HZ 6 B

(B x8 x31) + (15 x8)]

_2[
= (B x4 x31) + (15 x4)
=620+60 =680

and82=§(1+2 +3 +... +15)

1 _15x16
=— X
2 2
Therefore, S =S; =S, =680 —60 =620.

=60

. Given series is

3x1° 5x(1’ +2%)  7x(@® +2° +3)
1? 17 + 27 17 +2% + 3°

So, nth term
_B+ (- 1D2)@® +2% +3% ... +n?)
12+2243%2+ . +n?

(@ +1)D2
_ene e
T n(n+1)@n+1)

6

s el G4 o nei+DEn+ DO

n
1 _E 2 H drzlr_ 6

O
EL-
=

r



7311(,;-'- 1) :§ (n2 + n)

Now, sum of the given series upto n terms

S,=2T, ZS[an +3n]

SO, Tn =

n

h(n+1)2n +1) . nn+1)0
5 6 2
a
H

0x11x21 +10><11|]

6 2 H

x55(7 +1)—f><55 x8 =3 x55 x4

=12 x55 =660

3. (b) Given series is
1+@x3)+@ x5) +@ x7) +...upto

11 terms.
Now, the rth term of the seriesis a, =r@r -1)
OSum of first 11-terms is

11 11
=S r@r-1)=5 @’ -n=25r-Sr
" rzl rZI rZI rzl

11x 11+ 1)@ x11 +1) _ 11x(11+1)

=2
6 2
El i n(n+1)(2n+1) ir:n(n+1)g
E r=1 r=1 2 E
_ 1 x12 %230 1 x12[]
~H 3 H H 2

=(11 x4 x23) —(11 x6)=11(92 -6) =11 x86 =946

4. Given series is

B 10 nid . .. 080
SR B R TR
_mf . g .m0 oed
LetS_EiB +5¢IB + E +EZB
+ [[145D3 + ... + upto 15 terms
:D3D3[13 +22 43 +45 +5 +. +15°]
_ B0 5 x 1601
“HHH 2 d
EL'13+23+33+...+n3:D1E7(n ,nOND
B 2 O H
27 225 x 256
64 4
=27 x 225
0 S=27x225=225% [given]

O k=27
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1+2+3+...+k

5. Since, S, = 5
:k(k+1):k+1
2k
1 1
So, S%=§k;g=fk+12
0 P B 4( )
5 10
Now, EA:S%+S§+S§ +...S?O:ZS%

K=l

12 2_1 o a2 2 2
0—A== R+1)"==[2°+3"+4" +...11
1 E( ) 4[ ]

1 u1x(11+1)(2 X11+1) _ 0]
"1 H 6
5 o _n(n+1)(2n +1)
[ Zn 6 ]
01 x12 x23

1 1821 199 x93 -
ZW IEU[(Zz 23) -1]
_1

, 1606 -1] = [505]

0 —A—@ 0 4 303
12 4
n
. Consider,%
@+ 2™+ y™)
1

(™ +x™M)" +y™")
By using AM > GM (because x, y DR"), we get
(" +x"™)z2and (Y" +y ")=2
[+Tfx> 0, then x + 1> 2]
x
O @™+ ™))" +y")z4
1 < l

@™ +xTM(" FyTh) 4

0 Maximum value = i

. General term of the given series is

I o= 3r12+ 2%+ . +rd) _3r[r(r+1)@r+1)]
’ 2r+1 6@Qr+1)

1 3 2
== +r
2( )
15

: 12 5
Now, required sum = § 7, =— > +r
rZI 2 rZ

_1En@+1d, ne+ 1) @n +DH
2¢gf 2 B 6 Bi-1s

1hm+1) h2+n 2n+10

Ty Byt

U U =15
™
E
0

(n+1) @Bn®+17n +2)g

2 6 Oy=1
>(15><16 (3><225+105+2)
2 6

=17820

1
2
1
2

.. (@)
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8. We have, a;, ay, as, ...
12
Za4k +1 =4l6and ag + a,; =66
k=0

a,q are in AP.

Let a; = aand d = common difference

. a; +ast+agt-- tay =416
g +(a+4d) +(a +8d +...(a+ 48d) =416
O 123(2a+48d) 416
O a+24d=32 (i)
Also , a9+ a4 = 66
g a+8d+a+42d =66
g 2a + 50d = 66
O a+25d=33 ... (i)
Solving Eqs. (i) and (ii), we get
a=8andd=1

Now, aj + aﬁ + a% +oee t alz7 =140m

8%+ 92 +10% + ... +24% =140m
O (P+22+3+...+24%) (12 +22 +3% + ... +7%) =140m
0 24x25%x49 _7x8x15_ 0
6 6
O w(7x5—1) =140m
6
O 7 X 4 x5 %34 =140m
O 140 x 34 =140m 0 m=34
9. We have,

1?+227 +3 +2@° +5 +206° +
A =sum of first 20 terms
B =sum of first 40 terms
OA=12+202*+3 +2@% +5%+ 206> + ... +2120°

A=@2+22+3% + .. 4200 +(22 +4% + 62 + ... + 207
A= +22+3 + .. +20%) + 4017+ 22 +3 + ... 410)

A= 20x21 x4l 4x10x11 x21
6 6
A:20><21(41+22):20><41><63
6
Similarly
B=(%+2"+3 + ...+40) +40% + 22 +...+ 209
g = 40x41x81  4x20x21x41
6 6
B:4OX41(81+42>:4OX461)<123
Now, B = 2A =100\
q 40x41x123 2% 20 %21 X63 _
6 6
| 460(5043 1323 =100A O iéox3720—100)\
0 40 x 620 =100\ Oa= 202620 548
100

10

Let S, be the sum of first ten terms of the series. Then,

BB e H

we have

Sw:@

..t010 terms

B 20 . 60T . o, (24T
= 4 ..tol

%E+ 5H+B?H+ +B?E+ to 10 terms
:% 82 +122 +16% +20% +242 +... t0 10 terms)

4

2
:? @22 +3%+42% +5% +... t0 10 terms)

2
:% @2 +3%+4% +5% +... +119)

—E((12+22+ . +11%) 13
16 1011+1) @01 +1
éﬂ 0 ) ( ) 1@
T 25 6
:E(506—1):E x505 0 8, =16 1505 =101
25 25 5 25

11. Given, m is the AM of [ and n.
O [+n=2m . ()
and G, ,G,, Gy are geometric means between [ and n.
1,G,,G4,Gs, n are in GP.
Let r be the common ratio of this GP.

=~

a Glzlr,G2:lr2,G3 =1, n-0r* O rZ%a

Now, G +2G; +Gy =(Ir)* +2(Ir®)* +(r*)*
=t xrt@+2rt +7%) =1 )it +1)2

X% %@2 =Inx4m? =4lm®n

Write the nth term of the given series and simplify it to get its
lowest form. Then, apply, S, = ZT”

12. PLAN

. 1 1P+t 12428+

Given series is — + + +
1 1+3 1+3+5

Let T, be the nth term of the given series.
17 +2° +3% +. +n?

O T,=
1+3+5 +... +upto n terms
e+ D
_0 2 O_@m+1?
n? 4
2
Sg-z(’”l) (22+32 L +10%) +12-17

n=1 4

_100@10+1)@0+1) [_384

1= =96
T4 e H 4
13. Here, a D(O,g) 0 tana >0

5 tanZa
x"+x+

0 \/x +x tan a
,/x +x

[using AM = GM]

|
K
o
+
+



14. Given, a, aya; ...
O aayas...(a,.1)Qa,) =2c ...(®)

a, tay,tag +...+2a
122705 > (@ Ly Ll ... 2a,)""

a,=c

O
n

[using AM = GM]

O a +ay+ay +...+2a, 2n@20"" [from Eq. ()]
0 Minimum value of
a, +ay+ag +... +2a, =n@c""

15. Since, AM = GM, then

Wa/(mb)(ﬁd) 0 M<1

Also, (a+b)+(c+d)>0 [-a,b,c,d>0]
u 0<M<1
16. Leta,pB be the roots of given quadratic equation. Then,
qepott LRGN ap=tt 25
2t 5+42

Let H be the harmonic mean between a and 3, then
_20B _16+4y5 _

a+p  4++5
17. Since, product of n positive numbers is unity.
O a O g ... x, =1 e (@)
Using AM 2 GM, w > (@ Ogy... 2 V"
O X+ xyt .. tx, 2n (DY [from Eq. (1)]

Hence, sum of n positive numbers is never less than n.

18. Since, AM >GM
(b+c—-a)+(c+a —-b)

0 5 >((b+c-a)c+a -b)"?

O ¢>[(b+c-a)(c+a -b)]'? )
Similarly b>[a+b-0)b +c-a)]'? ...(>11)
and a>[(a+b-c(c+a —b)]l/2 ...(111)

On multiplying Egs. (1), (i1) and (ii1), we get
abc>(@+b-c)b+c-a)c+a -b)
Hence, (a+b-c¢)(b+c—a)(c +a —b) —abc <0
19. Since, x;, %, ,..., X, are positive real numbers.
0 Using nth power mean inequality
Ebcl + x5+
n n

2 2
XA+ D

ot [T
H

2|:|n On 2[| Dz
2 SRS
H B&'H
20. Let a and b are two numbers. Then,

Al_a;rb = Jab: H, 2ibb

3

A, -
An: n-1 nl,
2
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Gn = 4/ An—lHn— ’

_ 2An—1Hn—1
" An—1+Hn—1
Clearly, G, =Gy, =Gy =... =-Jab.
21. A,is AM of A, and H, and A, > H;
O A >A,>H,
A; is AM of Ay and Hyand A, > H,
u Ay> A3 >H,

O A >Ay> A5 >
22. Asabove, A, >H,>H,, A, >H; >H,

O H, <H,<H; <...

23. Given, a (n)=1 +%+1+

=1+%+%§+[ﬂ+

01 1
+ + p +.. +2n_1
2 4 8 gt
Sl4+—+=+= 4.+
8 2n—1
=1+1+1+1+...+1 =n
(n) times

Thus, a(100) <100

Therefore, (a) is the answer.

O 1 10 1

+ ...+ + +—[——

n—1+1 ZnB on
Mm  1g, . 1 10
>]_+7+ +7 + + — + +—
aH7 B 8

1.2 4 DA |
=1+ +2+ 2+ + _=
2 4 8 2" 2"
:]_+l+l+l+ +l i:@—i§+ﬁ
2 2 2 2 2" 2" 2
n times
1 O, 200

Therefore, a (200) > @ 200E+ ~—>100

Therefore, (d) is also the answer.
24, Since, first and @n —1)th terms are equal.
Let first term be x and @n — 1) th term be y,

whose middle term is ¢,,.
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25.

26.

27.
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. . . . +
Thus, in arithmetic progression, ¢, = YTV og
In geometric progression, ¢, = \/xi‘y =b
. . 2
In harmonic progression, ¢, = YWo—
x+y
O b =acanda>b>c [using AM > GM > HM]

Here, equality holds (i.e. @ =b =c¢) only if all terms are
same. Hence, options (a), (b) and (d) are correct.

Let the two positive numbers be a and b.

+
ad x=2 b [since, xis AM between a and b] ... (1)
a z . ,
and — === b [since, y,z are GM’s between a and b]
y z
2 2
0 a=2 and b==
< y
On substituting the values of a and b in Eq. (i), we get
2 2
2x = Y2
< y
34 3
O Y TR o9y
yz
3.3
0 yrz
xXyz

Let the two positive numbers be ka and a, a >0.

Then, G=+Vkala =k @
and H:2(ka)a:2ka
ka+a k+1
H 4
Again, — == iven
g G 5 [given]
2ka
- B+l 4 o 2Vk 4
Jka 5 E+1 5
O 5k =2k +2
O 2k-5Jk+2=0
+ —_
0 \/E=5_ 25 16:513:2,1
4 4 2
O k=4,1/4.
Hence, the required ratiois 4 : 1.
Using AM = GM,
1+x2n 3
>,/1 k"
2
2n
0 1+x S
2
n
O r <2
1+x2n 2
X"y 1
A+ @ +y") 4

Hence, it is false statement.

log, x+ ——

28.

Since,

# >1,using AM > GM

Here, equality holds only when x=a which is not
possible. So, log, x + log, a is greater than 2.

Hence, it is a false statement.

29. Here, 1 + a)(

+b)1 +c¢)

=1l+a+b+c+ab +bc +ca +abc

a+b+

Since,

a a+b+c+ab+be+ca +abe 27(a*btch)

c+ab +bc +ca +abc>
- >

...

(a4b4c4)]f7

[using AM = GM]

17

O l+a+b+c+ca +abe >7(a*d'c")” (i)
From Egs. (1) and (ii), we get
A+ a)1+b)A +0) >T(@"b*c")”
or {1+a)1+bd+0) >7 (a'dlch)
30. Let G, be the geometric mean of G, G, ..., G,,.
0 G, =G, G,...G )"
= [(ay) oy ml")m Hay Layr |-_’]117"2)]/3
o (ay oy r Gy r? L agrt~HYmn
where, r is the common ratio of GP a,, ay, ..., a,.
(n=-1)n
= [(a, [&,. ... n times) (W2G%3 @9 . p 20 HUn
1 3 n-1
" e A S Un
= [ay 2 2 2]
[l}[(n—l)nDd/n Or-10
=q,32F 2 B0 =g 3 4O ()
U a H H
U g
Now, An_a1+a2+ ta, ol ory
n nl-r)
and H,= n
01 1 g
+—+ ... +—0
1 Q@ nU
_ n
I 1_@
a, r r
_anl-r) rl
1-r"
O 4,0, =00 an A= e
n(l-r) a-r"
n n
O AH, =[] @™ ™h
=l

= (@P @l 2. n times) xr0 @' 2. 777!

:a12n|],1+2+.4.+(n—1)
n(n-1) n-1

— 2n — 2n

=a;"r 2 =l * ]



=[G, ]*" [from Eq. ()]
On d/Zn

L) A

O G, =(AA,...AHH,. H)""

31. Let two numbers be a and b and A, A,,..., A, be n
arithmetic means between @ and b. Then,
a, A, A,y,..., A,, bare in AP with common difference

d:b—a
n+1
b —
O p=A =a+d=a+
n+1l
O _nat+b @)
n+1l
Let H,, H,,...,H, be n harmonic means between a and
b.
1 1 1 11

— e, ,— 1s an AP with common
a H, H, H, b

difference, D = L_b).
(n+1)ab
0 1:1+D 0 l:l-{.M
q a g a ((n+1l)ab
0 l: nb+a
g (n+1)ab
O :M . (ii)
nb+a
From Eq. (1),

b=(n+1)p-na.
Putting it in Eq. (i), we get

gin(n+1) p-n®a+a}=(n +1)a{(n+1)p-na}
O n@m+1)a®={n+1)2p+®%-1ga

+n(n+1)pqg=0
O na?-{n+1)p+@m -1)qta+ npg =0
Since, a is real, therefore
{(n+1) p+ (n ~1)g}* ~4n’pg >0

0 (n+1)°p” + (n =1)*¢” +2 (n* ~1) pg - 4n’pq >0
0 (n+1°p* + (n -1)’¢* -2 (n° +1) pg >0

0 7 - 2(n +1) Mﬂp>0
(n-1)°
g qz—%+mg§pq+ Mgp2>0
g Dn—ll]a On-10

O (qp)m%D%
DE

32.

33.

34.

Download Chapter Test
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g
0 q<p0rq>MDp
On -10

+107 _ H
U p>pQ
n—-10 E
. +10
Hence, g cannot lie between p and §L1E p.
n —

Since a, b,c>0

O @*rb%9  (4pos ...
[using AM > GM]
1 1 1
—+ —+— 1 3
Also, a b c, % 3 dg (i)
3 b c
[using AM = GM]
On multiplying Egs. (1) and (i1), we get
(oL+b+c)%+7+1D
w1
= (abo)
9 (abo)”
a (a+b+c)%+l+—§29
b ¢

Plan
(i) If a, b,c are in GP, then they can be taken as a, ar, ar?
wherer, (r # 0) is the common ratio.
Xt a, Lt
- n

(i) Arithmetic mean of x;, x,, ..., x,

Let a, b, cbe a, ar, ar?, where r ON

Also, Lb-*—c:b+2
3
ad a+ar+ar?=3(@r) +6
ad ar? -2ar +a =6
O (r—1)2=9
a

Since, 6/a must be perfect square and ¢ ON.
So, a can be 6 only.
O r-1=%21 0 r=2

a’+a-14 _36+6-14

and = =4
a+1l 7

Using AM =GM,

el rat+ad +ad +a? +1 +a® +a°

8
1

>@ PRl m R 0miw®)s
Oa’+a4+3a2 +1+a® +a'° 2810

Hence, minimum value is 8.

10|
ﬁ

=]

or



Permutations
and Combinations

Topic1 General Arrangement

Objective Questions I (Only one correct option)

1.

The number of four-digit numbers strictly greater than
4321 that can be formed using the digits 0, 1, 2, 3, 4, 5
(repetition of digits is allowed) is (2019 Main, 8 April 11)
(a) 306 (b) 310

(© 360 (d) 288

How many 3 x 3 matrices M with entries from {0, 1, 2}
are there, for which the sum of the diagonal entries of
M"Mis5? (2017 Adv.)
(a) 198 (b) 162 () 126 () 135

The number of integers greater than 6000 that can be
formed using the digits 3, 5, 6, 7 and 8 without

repetition is (2015 Main)
(a) 216 (b) 192
(©) 120 ) 72

The number of seven-digit integers, with sum of the
digits equal to 10 and formed by using the digits 1, 2 and
3 only, is (2009)
(a) 55 (b) 66 (c) 77 (d) 88

How many different nine-digit numbers can be formed
from the number 22 33 55 888 by rearranging its digits
so that the odd digits occupy even positions? (2000, 2M)
(a) 16 (b) 36

(c) 60 (d) 180

An n-digit number is a positive number with exactly n
digits. Nine hundred distinct n-digit numbers are to be
formed using only the three digits 2,5 and 7. The smallest
value of n for which this is possible, is (1998, 2M)

(@6 (b) 7 (c) 8 9

10.

In a collage of 300 students, every student reads
5 newspapers and every newspaper is read by 60
students. The number of newspapers is (1998, 2M)
(a) atleast 30

(b) atmost 20

(c) exactly 25

(d) None of the above

A five digits number divisible by 3 is to be formed using
the numbers 0, 1, 2, 3, 4 and 5, without repetition. The

total number of ways this can be done, is (1989, 2M)
(a) 216 (b) 240
(c) 600 (d) 3125

Eight chairs are numbered 1 to 8. Two women and
three men wish to occupy one chair each.

First the women choose the chairs from amongst the
chairs marked 1 to 4 and then the men select the chairs
from amongst the remaining. The number of possible
arrangements is

(a) °C, x*C, (b) ‘P, x"P,

() *C,+ P, (d) None of these

The different letters of an alphabet are given. Words
with five letters are formed from these given letters.
Then, the number of words which have at least one

(1982, 2M)

letter repeated, is (1980, 2M)
(a) 69760 (b) 30240
(c) 99748 (d) None

Analytical & Descriptive Question
1.

Eighteen guests have to be seated half on each side of a
long table. Four particular guests desire to sit on one
particular side and three other on the other side.
Determine the number of ways in which the sitting
arrangements can be made. (1991, 4Mm)

Download More Books: www.crackjee.xyz



Match the Column

Match the conditions/expressions in Column I with statement in Column II.
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12. Consider all possible permutations of the letters of the word ENDEANOEL. (2008, 6M)

Column I Column II

A.  The number of permutations containing the word p. 5!
ENDEA, is

B. The number of permutations in which the letter E q. 2x35!
occurs in the first and the last positions, is

C. The number of permutations in which none of the r. 7% 5!
letters D, L, N occurs in the last five positions, is

D. The number of permutations in which the letters A, E, s. 21x 5!

O occur only in odd positions, is

Topic2 Properties of Combinational and General Selections

Objective Questions I (Only one correct option)

1.

The number of ways of choosing 10 objects out of 31
objects of which 10 are identical and the remaining 21
are distinct, is (2019 Main, 12 April 1)
(@ 2*° -1 (b 2¥ (c) 2*° (d 2*°+1

Suppose that 20 pillars of the same height have been
erected along the boundary of a circular stadium. If the
top of each pillar has been connected by beams with the
top of all its non-adjacent pillars, then the total number
of beams is (2019 Main, 10 April I1)

(a) 180 (b) 210 (©) 170 (d) 190

Some identical balls are arranged in rows to form an
equilateral triangle. The first row consists of one ball,
the second row consists of two balls and so on. If 99 more
identical balls are added to the total number of balls
used in forming the equilateral triangle, then all these
balls can be arranged in a square whose each side
contains exactly 2 balls less than the number of balls
each side of the triangle contains. Then, the number of
balls used to form the equilateral triangle is

(2019 Main, 9 April 11)
(a) 262 (b) 190 ©) 225 @ 157

There are m men and two women participating in a
chess tournament. Each participant plays two games
with every other participant. If the number of games
played by the men between themselves exceeds the
number of games played between the men and the
women by 84, then the value of m is (2019 Main, 12 Jan II)
(a) 12 (b) 11 (© 9 @ 7
If"C,, "C, and "C, are in AP, then n can be

(2019 Main, 12 Jan Il)

(@ 9 (b) 11 (c) 14 @ 12
25
If Z {°C. 0°"C,,_ .} = K(°Cy),
r=0
then, K is equal to (2019 Main, 10 Jan II)
(a) 2% (b) 2 -1 (c) 2% (d) (25)°

7.

10.

1.

12

13.

20 c.., O &
If Z o — 0 =—, then k equals
S0C6+7C.0 2 (2019 Main, 10 Jan I)
(a) 100 (b) 400 © 200 @ 50

A man X has 7 friends, 4 of them are ladies and 3 are
men. His wife Y also has 7 friends, 3 of them are ladies
and 4 are men. Assume X and Y have no common
friends. Then, the total number of ways in which X and
Y together can throw a party inviting

3 ladies and 3 men, so that 3 friends of each of X andY

are in this party, is (2017 Main)
(a) 485 (b) 468 (c) 469 (d) 484
Let S ={1,2,3,...... 9L For k=1,2,...... 5,let N, be the

number of subsets of S, each containing five elements

out of which exactly %k are odd. Then
N, +N,+N,+N, +N = (2017 Adv.)
(a) 210 (b) 252 () 126 @ 125

A debate club consists of 6 girls and 4 boys. A team of

4 members is to be selected from this club including the
selection of a captain (from among these 4 members) for
the team. If the team has to include atmost one boy, the
number of ways of selecting the team is (2016 Adv.)

(a) 380 (b) 320 () 260 (d) 95
Let T, be the number of all possible triangles formed by

joining vertices of an n-sided regular polygon. If
T,,., - T, =10, then the value of n is (2013 Main)
(a) 7 (b) 5 (c) 10 (d) 8

If r,s,t are prime numbers and p, g are the positive

integers such that LCM of p, ¢is r’s*t?,then the number

of ordered pairs (p, q) is (2006, 3M)
(a) 252 (b) 254 (©) 225 (d) 224
5
The value of the expression *'C, + § *7C, is
=t (1980, 2M)

(a) 47 05
(C) 52Cv4

(b) 5205
(d) None of these
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Match Type Question

14. In a high school, a committee has to be formed from a
group of 6 boys M,, M,, M,, M,, M,, M; and 5 girls G|,
G, G, G, G,

(1) Let a, be the total number of ways in which the
committee can be formed such that the committee
has 5 members, having exactly 3 boys and 2 girls.

(i1) Leta, be the total number of ways in which the
committee can be formed such that the committee
has at least 2 members, and having an equal
number of boys and girls.

(iii) Let a, be the total number of ways in which the
committee can be formed such that the committee
has 5 members, at least 2 of them being girls.

(iv) Let a, be the total number of ways in which the
committee can be formed such that the committee
has 4 members, having at least 2 girls such that both
M, and G, are NOT in the committee together.

(2018 Adv.)
List-I List-II
P. Thevalueofa, is 1. 136
Q. The valueofa,is 2. 189
R. Thevalueofa,is 3. 192
S. Thevalueofa,is 4. 200
5. 381
6. 461

The correct option is

(@P-40Q-6R-2;S- 1
bP-1;,Q-4R-2;S-3
©P-4Q-6,R-5S-2
(dP-4Q-2;R-3S-1

Integer Answer Type Question

15. Let n =2be an integer. Take n distinct points on a circle
and join each pair of points by a line segment. Colour the
line segment joining every pair of adjacent points by blue
and the rest by red. If the number of red and blue line
segments are equal, then the value of n is (2014 Adv)

Fill in the Blanks

16. Let A be a set of n distinct elements. Then, the total
number of distinct functions from A to A is...and out of
these... are onto functions. (1985, 2M)

17. In a certain test, a; students gave wrong answers to at
least i questions, where i =1,2, ..., k. No student gave
more that £ wrong answers. The total number of wrong
answers givenis... . (1982, 2M)

True/False

18. The product of any r consecutive natural numbers is
always divisible by r !. (1985, 1M)

Analytical & Descriptive Questions

19. A committee of 12 is to be formed from 9 women and 8
men. In how many ways this can be done if at least five
women have to be included in a committee ? In how
many of these committees
(1) the women are in majority?

(i1) the men are in majority? (1994, 4M)

20. A student is allowed to select atmost n books from n
collection of 2n + 1) books. If the total number of ways
in which he can select at least one books is 63, find the
value of n. (1987, 3M)

21. A box contains two white balls, three black balls and
four red balls. In how many ways can three balls be
drawn from the box, if at least one black ball is to be
included in the draw ? (1986, 21, M)

22. 7 relatives of a man comprises 4 ladies and 3
gentlemen, his wife has also 7 relatives ; 3 of them are
ladies and 4 gentlemen. In how many ways can they
invite a dinner party of 3 ladies and 3 gentlemen so
that there are 3 of man’s relative and 3 of the wife's
relatives? (1985, 5M)

23. m men and n women are to be seated in a row so that no
two women sit together. If m > n, then show that the
number of ways in which they can be seated, is

m!@m+1)!
m-n+1! (1983, 2M)

24. mn squares of equal size are arranged to form a
rectangle of dimension m by n where m and n are
natural numbers. Two squares will be called
‘neighbours’ if they have exactly one common side. A
natural number is written in each square such that the
number in written any square is the arithmetic mean of
the numbers written in its neighbouring squares. Show
that this is possible only if all the numbers used are

equal. (1982, 5M)
25. If "C,_, =36, "C, =84 and "C,,, =126, then find the
values of n and r. (1979, 3M)

Topic 3 Multinomial, Repeated Arrangement and Selection

Objective Question I (Only one correct option)

1. The number of 6 digits numbers that can be formed
using the digits 0, 1, 2,5, 7 and 9 which are divisible by
11 and no digit is repeated, is (2019 Main, 10 April I)
(a) 60 () 72
(c) 48 @) 36

2. Acommittee of 11 members is to be formed from 8 males
and 5 females. If m is the number of ways the committee
is formed with at least 6 males and n is the number of
ways the committee is formed with atleast 3 females,

then (2019 Main, 9 April 1)
(a) m=n =68 (b) m+ n =68
(¢ m=n="178 d n=m-8



Consider three boxes, each containing 10 balls labelled
1, 2, ..., 10. Suppose one ball is randomly drawn from
each of the boxes. Denote by n,, the label of the ball
drawn from the ith box, (i =1, 2, 3). Then, the number of
ways 1n which the balls can be chosen such that
n, <n, <nyis (2019 Main, 12 Jan )

(a) 82 (b) 120 (c) 240 (d) 164

. The number of natural numbers less than 7,000 which

can be formed by using the digits 0, 1, 3, 7, 9 (repitition
of digits allowed) is equal to (2019 Main, 9 Jan II)
(a) 374 (b) 375 () 372 (d) 250

Consider a class of 5 girls and 7 boys. The number of
different teams consisting of 2 girls and 3 boys that can
be formed from this class, if there are two specific boys
A and B, who refuse to be the members of the same
team, is (2019 Main, 9 Jan I)

() 350 (b) 500 (©) 200 (d) 300
If all the words (with or without meaning) having five

letters, formed using the letters of the word SMALL and
arranged as in a dictionary, then the position of the

word SMALL is (2016 Main)
(a) 46th (b) 59th
() 52nd () 58th

. The letters of the word COCHIN are permuted and all

the permutations are arranged in an alphabetical order
as in an English dictionary. The number of words that

appear before the word COCHIN, is (2007, 3M)
(a) 360 (b) 192 (©) 96 () 48
Numerical Value

8. The number of 5 digit numbers which are divisible by 4,

with digits from the set{1,2, 3,4 5} and the repetition of
digits is allowed, 1S ....ccvveeeeennnnns (2018 Adv.)

Objective Questions I (Only one correct option)
1. A group of students comprises of 5 boys and n girls. If

the number of ways, in which a team of 3 students can
randomly be selected from this group such that there is
at least one boy and at least one girl in each team, is
1750, then n is equal to (2019 Main, 12 April II)
(a) 28
(c) 25

o) 27
() 24

. Let S be the set of all triangles in the xy-plane, each

having one vertex at the origin and the other two
vertices lie on coordinate axes with integral
coordinates. If each triangle in S has area 50 sq. units,
then the number of elements in the set S is

(2019 Main, 9 Jan 1)
(a) 36
(c) 18

(b) 32
@9
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Integer Answer Type Questions

9.

10.

1.

Words of length 10 are formed using the letters A, B, C,
D, E, F, G, H, I, J. Let x be the number of such words
where no letter is repeated; and let y be the number of
such words where exactly one letter is repeated twice
and no other letter is repeated. Then, A

9x (2017 Adv.)
Let n be the number of ways in which 5 boys and 5 girls
can stand in a queue in such a way that all the girls
stand consecutively in the queue. Let m be the number
of ways in which 5 boys and 5 girls can stand in a queue
in such a way that exactly four girls stand consecutively

in the queue. Then, the value of ™ is
n (2015 Adv.)

Let n, <n, <n, <n, <njbe positive integers such that

n, + n, +n, +n, +n; =20. The number of such distinct
arrangements (n,,n,,n,, N, ,n;)is (2014 Adv.)

Fill in the Blanks

12

13.

Let n and % be positive integers such that n k(k; )

The number of solutions (x, , x,,...,x,),
521, x,22,...,x 2k for all integers
X tx,t...tx, =nis...

satisfying
(1996, 2M)
Total number of ways in which six ‘“+" and four -~ signs

can be arranged in a line such that no two ‘~’signs occur
togetheris... . (1988, 2M)

Analytical & Descriptive Question

14.

Five balls of different colours are to be placed in three
boxes of different sizes. Each box can hold all five. In
how many different ways can we place the balls so that
no box remains empty? (1981, 4Mm)

Topic4 Distribution of Object into Group

3..

From 6 different novels and 3 different dictionaries, 4
novels and 1 dictionary are to be selected and arranged
in a row on a shelf, so that the dictionary is always in
the middle. The number of such arrangements is

(2018 Main)
(a) atleast 1000
(b) less than 500
(c) atleast 500 but less than 750
(d) atleast 750 but less than 1000

The total number of ways in which 5 balls of different
colours can be distributed among 3 persons so that each
person gets at least one ball, is (2012)
(@) 75 (b) 150 (c) 210 (d) 243

The number of arrangements of the letters of the word
BANANA in which the two N’s do not appear
adjacently, is (2002, 1M)

(a) 40 (b) 60 (c) 80 (d) 100
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Ana]ytica] & Descriptive Questions 7. In how many ways can a pack of 52 cards be
29 (i) divided equally among four players in order
6. Using permutation or otherwise, prove that ' —is an (i) divided into four groups of 13 cards each
. . . ) (i11) divided in 4 sets, three of them having 17 cards each
integer, where n is a positive integer. (2004, 2M) and the fourth just one card? (1979, 3M)

Topic5 Dearrangement and Number of Divisors

Objective Question I (Only one correct option) Fill in the Blank
1. Number of divisors of the form (4n +2),n =0 of the 2. There are four balls of different colours and four boxes of
integer 240 is (1998, 2M) colours, same as those of the balls. The number of ways
(a) 4 (b) 8 in which the balls, one each in a box, could be placed such
© 10 @3 that a ball does not go to a box of its own colour is.... .
(1992, 2M)
Answers
Topic 1 22. (485) 25. (n=9 and r =3)
1. (b) 2. (a) 3. (b) 4. (c) .
5. (c) 6. (b) 7. (© 8. (a) Topic 3
9. (d) 10. () 11. °P, x °P, (11)! 1. () 2. () 3. () 4. (@)
19 (A B C b 5. (d) 6. (d) 7. () 8. (625)
(A= piB-sC-qiD - q) 9. (5) 10. (5) 11. (7)
Topic 2 12. Len-k* +k -2) 13. (35 ways) 14. (300)
L (c) 2. (c) 3. (b) 4. (a) 2
5. (c) 6. (c) 7. (a) 8. (a) Topic 4
9. () 10. (a) 11. (b) 12. (c) 1. (¢ 2. (a) 3. (a) 4. (b)
13. (¢) ) 14. (c) 15. (5) 5. (a) 7. () (52')E1 (i) ’(52)'! i) ‘(52)!3
16,7, 5 (1) "G, ()" 17. 2 -1 18. (True) (131 4113y 31a7)
19. 6062, (i) 2702 (ii) 1008 20. n=3 21. (64) Topic 5
1. (a) 2. (9)
Topic1 General Arrangement
1. Following are the cases in which the 4-digit numbers Case-III
strictly greater than 4321 can be formed using digits 0, 4
1, 2, 3, 4, 5 (repetition of digits is allowed) .nﬂ“
Case-1 4/5 0/1/2/3/4/5  2x6x6=72 numbers
2 ways 6 ways
4183|2
...n Case-1V
2/3/4/5 — 4 ways 4 numbers “nﬂ 63 6x6-216 nuMbers
Case-Il 0/1/2/3/4/5

OEnRn o

So, required total numbers =4 + 18 + 72 +216 =310
3/4/5 0/1/2/3/4/5  3x6=18 numbers

3 ways 6 ways



2.

Sum of diagonal entries of M"M is z al.
9
z al =5
1=1

Possibilities

!
1.2,1,0,0,0,0,0,0, 0, which gives % matrices

1I.1,1,1,1, 1, 0, 0, 0, 0, which gives 1Tx5l matrices

I'X

Total matrices =9 x8 +9 x7 x2=198 10
The integer greater than 6000 may be of 4 digits or )

5 digits. So, here two cases arise.
Case I When number is of 4 digits.
Four-digit number can start from 6, 7 or 8.

Thus, total number of 4-digit numbers, which are
greater than 6000 =3 x4 x3 x2 =72

Case II When number is of 5 digits.

11.

Total number of five-digit numbers which are greater
than 6000 =5!=120

O Total number of integers = 72 + 120 =192

There are two possible cases
Case I Five 1’s, one 2’s, one 3’s

!
Number of numbers = % =42

! 12.
Case Il Four 1’s, three 2’s

!
Number of numbers = T =35
413!

0 Total number of numbers =42 +35 =77
XO0X OXO0O X X. The f0u1'~ digits 3, 3, 5, 5 can be

arranged at () places in % =6 ways.

The f%ve digits 2, 2, 8, 8, 8 can be arranged at (X) places

n BYEN] ways = 10 ways.

Total number of arrangements =6 x 10 =60

[since, events A and B are independent, therefore
An B=AxB]

Distinct n-digit numbers which can be formed using
digits 2,5 and 7 are 3". We have to find n, so that
3" 2900
a 3""2>100
0 n—-225
0 n =7, sotheleast value of nis 7.
Let n be the number of newspapers which are read by 1.
the students.

Then, 60n = (300) x5
0 n =25

Since, a five-digit number is formed using the digits
{0,1,2,3,4 and 5} divisible by 3 i.e. only possible when
sum of the digits is multiple of three.
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Casel Using digits0,1,2,4,5

Number of ways =4 x4 x3 x2 x1 =96

Case II Using digits 1, 2, 3, 4, 5

Number of ways =5 x4 x3 x2 x1 =120

O Total numbers formed =120 + 96 =216

Since, the first 2 women select the chairs amongst 1 to 4

in *P, ways. Now, from the remaining 6 chairs, three
men could be arranged in °P,.

0 Total number of arrangements = *P, x °P,.

Total number of five letters words forme(_i from ten
different letters =10 x 10 x10 x10 x10 =10
Number of five letters words having no repetition

=10 x9 x8 x7 x6 =30240
O Number of words which have at least one letter
repeated = 10° — 30240 =69760

Let the two sides be A and B. Assume that four
particular guests wish to sit on side A. Four guests who
wish to sit on side A can be accommodated on nine
chairs in °P, ways and three guests who wish to sit on
side B can be accommodated in °P, ways. Now, the
remaining guests are left who can sit on 11 chairs on
both the sides of the table in (11!) ways. Hence, the total
number of ways in which 18 persons can be seated
=P, x°P, x (11)..
A. If ENDEA is fixed word, then assume this as a
single letter. Total number of letters = 5
Total number of arrangements =5!.
B. If E is at first and last places, then total number of
permutations = 7!/2! =21 x5!
C. If D, L, N are not in last five positions
~D,L, N, No «EE, E A O0-

1 51
Total number of permutations = % X% =2 x5!

D. Total number of odd positions = 5
!
Permutations of AEEEO are %

Total number of even positions =4

!
0 Number of permutations of N, N, D, L = %

14!
0 Total number of permutations = % X; =2 x5!

Topic2 Properties of Combinational

and General Selections

Given that, out of 31 objects 10 are identical and
remaining 21 are distinct, so in following ways, we can
choose 10 objects.

0 identical + 10 distincts, number of ways =1 x *'C,,
1 identical + 9 distincts, number of ways =1 x *'C,
2 identicals + 8 distincts, number of ways =1 x *'C,
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So, total number of ways in which we can choose 10
objects is
PCy+ MCy+PCy +... +7'C, =x(let) e ()
0*c, +%C,+>C,+...+%C,, =x ... (1)
[ nCr - nCn ) r]
On adding both Egs. (i) and (ii), we get
2x="C, + 'C, +*'C, +... +”'C,,
+ 21Cn + 21Clz toot 21C21

O 2x=2%" 0 x=2%

It is given that, there are 20 pillars of the same height
have been erected along the boundary of a circular
stadium.

Now, the top of each pillar has been connected by beams
with the top of all its non-adjacent pillars, then total
number of beams = number of diagonals of 20-sided
polygon.
-+ *C, is selection of any two vertices of 20-sided polygon
which included the sides as well.
So, required number of total beams = *C, —20
[ the number of diagonals in a n-sided closed
olygon ="C, — n
20x19 polyg »— 1l
2
=190 -20=170

20

Let there are n balls used to form the sides of equilateral
triangle.
According to the question, we have

10 ¥ D) 499 = (n -2y

n*+n+198 =2[n" —4n +4]
n =91 -190=0
n* =197 +10n =190 =0
(n=19)(n +10)=0
n=19,-10

n=19 [.number of balls n> 0]

OO Oooodg

Now, number of balls used to form an equilateral
. . n(n+1)
triangle is

_19x%20

=190.

Since, there are m-men and 2-women and each
participant plays two games with every other
participant.

O Number of games played by the men between
themselves =2 x "C,

and the number of games played between the men and
the women =2 x "C, x*C,
Now, according to the question,
: 2"C,=2"C, ’C, +84

M o x2+42

2!(m - 2)!
ad m(m —1) =4m + 84
a m? —m =4m + 84

0 m?>-5m-84=0

O m®-12m + 7m -84 =0

O mm-12)+ 7 (m —-12) =0

a m=12

If"C,, "C, and "C, are in AP, then
20C, ="C, +"C,

[If a, b, care in AP , then 2b = a + (|
n! n! n!

2 = +
5!(n-5)! 4l(n-4)! 6!(n-6)!

[ m>0]

.~ _ n! 0O
9 § % = a-nid
514!(n-5)(n-6)!
_ 1 + 1
4!(n-4) (n-5) (n-6)! 6HBME!(n-6)!
2 1 !

5(n-5) (n-4)(n-5) 30
2 _30+(n-4)(n-5)
5(n-5) 30 (n-4)(n->5)
12 (n-4) =30 +n”* -9n +20
n?-21n +98 =0
n?-14n-"Tn +98 =0
n(n-14)-7(n -14) =0
(n-T)(n-14) =0
n="T7or 14

g
g
a
d
a
g

e -r 5
Given, EO{Z’OC,."’O C, =K “C,

% 0 50! Go-r)! O 50
> =K °°C
SoErGo-n! @5-r)125! »

25 ! ! i

z @250. . 25! §:K00025

r=0 [(P5125! rl@5-r)!

[on multiplying 25!in
numerator and denominator.]

25 O g
D 50C25 TEO ZSCr =K 50025 D 50, - - 255'025'E
25 i}
0 K= ;0 25Cr =9%
[+ "Co+"C, +"Cy+....+"C, =2"]
0 K =2%
Given,
20 ] zoci_1 3_ k
Z 0°C:+*C,_,0 21
20 Dzoci_l[:f k +1
0 z U0 =— c-"C,+"C,_,=""C))
1=1 a Ci u 21
20 % ZOC g
- k no,-
D lll]:i @‘,ncizinlc_
Zl %1 w0 0O 21 "oor T
O i1
- R
Z1 1 21
20
0 L 5 s
@1)" 4, 21



1 m@+nd  _k

YerB 2z B, oz

O
S_Dwn+nﬁm

O )
1P +2°+.. +n® =
H 2 Hp

g
0 k= 213 gMg =100
21) 2
0 k=100

8. Given, X has 7 friends, 4 of them are ladies and 3 are
men while Yhas 7 friends, 3 of them are ladies and 4 are
men.

O Total number of required ways
=%C, x'C, x'C, x’C, +°C, x'C, x'C, x°C,
+ 70, x'C, x*C, x°C, +°C, *x'C, x*C, x°C,
=1+144 +324 +16=485
9. N.=°C, x'C,_,

N, =5x1
N, =10 x4
N, =10 x6
N, =5x4
N;=1

N, +N,+N,+N, +N, =126
10. We have, 6 girls and 4 boys. To select 4 members
(atmost one boy)
i.e. (1boy and 3 girls) or (4 girls) =° C,(0C, + °C, ...(3)
Now, selection of captain from 4 members="C, ...(i1)
O Number of ways to select 4 members (including the
selection of a captain, from these 4 members)
=("C,0C, +°C))"'C,
= (20 x4 +15) x4=380

11. Given, T, ="C, 0 T,,,=""'C,

.
O T . -T, =""C,-"C,=10 [given]
0 "C,+"C,-"C, =10  [-"C.+"C,., =""'C, ]
O "C,=10
ad n=5

12. Since, r,s, t are prime numbers.
O Selection of p and g are as under

p q Number of ways
r’ r? 1 way

rt r’ 1 way

r? ot r? 3 ways

O Total number of ways to select, r =5
Selection of s as under

=}

s st 1 way
s st 1 way
s st 1 way
s st 1 way
st 5 ways

O Total number of ways to select s =9
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Similarly, the number of ways to select t =5
O Total number of ways =5 x9 x5 =225

13. Here, “'C, + z »C,
Jj=1

- 47C4 + 5103 + 5oC3 + 4903 + 4803 _'_4703
= (0, + 1C,) + *°C, +°C, +7C, +7'C,
[using "C, +"C,_, =""'C|]
= (4804 + 4803) + 49Cf3 + 5003 + 5103
= ( 4904 + 4903) + 5OC3 + 51C13
- ( 5004 + 5003) + 51(/‘!3
= 5104 + 5103 = 5204
14. Given 6 boys M,, M,, M,, M,, M,, M, and
5 girls G, G,,G,,G,, G,
(1) a, — Total number of ways of selecting 3 boys and 2
girls from 6 boys and 5 girls.
i.e, 6C3 X 502 =20 x10 =200
O a , =200
(i) a, » Total number of ways selecting at least 2
member and having equal number of boys and girls
ie, °C,°C, + °’c,’c, +°C,°C, + °C,’C, + °C.’C,
=30 + 150 +200 +75 +6 =461
O a , =461
(iii) a, - Total number of ways of selecting 5 members
in which at least 2 of them girls
ie., °C°c, +°C,’Cc,+°C,°C, +°C.°C,
=200 +150 +30 +1 =381
o, =381
@iv) o, — Total number of ways of selecting 4 members

in which at least two girls such that M, and G, are
not included together.
G, is included - *C, C, + 'C, 0C, + *C,
=40+30+4 =74
M, isincluded » *C,C, +'C, =30 +4 =34
G, and M, both are not included
‘c,+'c, 0c, +‘c, 0,

1+20+60 =81
0 Total number =74 +34 +81 =189
a, =189

Now, P - 4;Q - 6;R - 5;S - 2
Hence, option (c) is correct.

15. PLAN Number of line segment joining pair of adjacent point = n
Number of line segment obtained joining n points
onacircle="C,

Number of red line segments = "C, - n

Number of blue line segments = n

O "C,-n=n

0 n(n—l)_zn
2

ad n=5
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16.

17.

18.

19.

20.

21.
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Let A={x, x,,...,x,}

O Number of functions from A to A is n" and out of these

z (-1)""" "C,(r)" are onto functions.
r=1

The number of students answering exactly
k(1 <k<n-1)questions wronglyis2" * —2" "%~ The
number of students answering all questions wrongly
is 2°.
Thus, total number of wrong answers

=1 @7 -2"H+2@" 2 =2 ) + .

+(n-1)@ -2+2°
=287 42" TP 42" T 42! 420 =27 -

Let r consecutive integers be x + 1, x +2,...,x + 1.
+ +r - + !
O (x+1)(x+2)...(x+r):(x DIC })...(x Dk
x!
+ ! !
SEEDIT v g
! r!

Thus, (x+1)(x+2)...(x+r)=""C [r)! , which is
clearly divisible by (r)!. Hence, it is a true statement.

Given that, there are 9 women and 8 men, a committee
of 12 is to be formed including at least 5 women.

This can be done in
= (5 women and 7 men) + (6 women and 6 men)
+ (7 women and 5 men) + (8 women and 4 men)
+ (9 women and 3 men) ways

Total number of ways of forming committee

= (C,*C)+ (0 C) +(C,°C)

+ (908. 804) + (909. SC3)

=1008 + 2352 +2016 +630 +56 =6062

(1) The women are in majority =2016 + 630 + 56
=2702
(i1) The man are in majority = 1008 ways
Since, student is allowed to select at most n books out of
@n +1) books.
O O 420, + L+ 0, =63 )
We know 2" +1CO+ 2n Jrlc1 L 4 2n ﬂcznn —92n+1
D 2 (2n+1C0 + 2n +IC‘11 + 2n -HCZ + .+ 2n +1Cn) =22n +1
O PG+ IO, L+ TIC, =27 -1 ... (1)
From Egs. (1) and (ii), we get
22" -1 =63

a 22" =64
ad 2n =6
g n=3

Case I When one black and two others balls are
drawn.

=%, AC, =45
CaseIl When two black and one other balls are drawn
O Number of ways = °C, IC, =18

ad Number of ways

22.

23.

24,

Case III When all three black balls are drawn
O Number of ways = °C, =1
O Total number of ways =45 +18 +1 =64

The possible cases are

Case I A man invites 3 ladies and women invites 3
gentlemen.

Number of ways =*C,[1C, =16
Case II A man invites (2 ladies, 1 gentleman) and
women invites (2 gentlemen, 1 lady).
Number of ways = (*C,PIC,) [@*C, 1C,) =324
Case III A man invites (1 lady, 2 gentlemen) and
women invites (2 ladies, 1 gentleman).
Number of ways =(*C, FIC,) [(*C,1C,) =144
Case IV A man invites (3 gentlemen) and women
invites (3 ladies).
Number of ways =*C, IC, =1
O Total number of ways,
=16 +324 +144 +1 =485
Since, m men and n women are to be seated in a row so
that no two women sit together. This could be shown as
XM, xM, xM, x...xM, x
which shows there are (m + 1) places for n women.
O Number of ways in which they can be arranged
=(m)! ""'P,
_(m)!m+1)!
T (m+1-n)!

Let mn squares of equal size are arrange to form a
rectangle of dimension m by n. Shown as, from figure.

N

X5 Xo
Xe[ X1 X5
XX

neighbours of x, are {x,, x,, x,, x;} x5 are {x, x,, %, } and
X are {x;, X, }.

0 jﬁ:xz+x3+x4+x5, x5:x1+x6+x7
4 3
x, +x
and =4 75
N 2
+x, +
0 dx, =x, + x, +x, T B 3;6 i
X, + x,

O 12x =3x, +3x, +3x, +x +x, + 2

O  24x =6x, +6x, +6x, +2x, +2x; +x, +x,
O 22x =6x, +6x, + 7x, +x;, +2x,



25.

where, %, x,, x,, x,, %;, X; are all the natural numbers
and x, is linearly expressed as the sum of ,, x, x, , &5, %
where sum of coefficients are equal only if, all
observations are same.

g Xy =Xy =X, =X5 =X

O All the numbers used are equal.

"C, _n-r+l

We know that, =
r=1 r
84 7 n-r+1 .
O — == e
36 3 r [given]
a 3n—-10r +3 =0 ...Q0)
Also given, C :8—4
"C,., 126
0 r+1 :g
n-r 3
a 2n -5r -3 =0 ...Q11)

On solving Egs. (1) and (i1), we get

r=3 and n=9

Topic3 Multinomial, Repeated

Arrangement and Selection

Key Idea Use divisibility test of 11 and consider different situation
according to given condition.

Since, the sum of given digits
0+1 +2+5+7 +9 =24

Let the six-digit number be abcdef and to be divisible by
11, so the difference of sum of odd placed digits and sum
of even placed digits should be either 0 or a multiple of
11 means|(a + c+e) —(b +d + f)|should be either 0 or
a multiple of 11.

Hence, possible caseisa + c+e =12 =b +d + f (only)
Now, Case 1

set{a,c e ={0,5, 7}and set {b, d, f} ={1,2,9}

So, number of 6-digits numbers = @ x2!) x (3!) =24

[ @ can be selected in ways only either 5 or 7].

Case 11

Set{a, c, e} ={1,2,9} and set{b, d, f} ={0,5, 7}

So, number of 6-digits numbers =3! x3! =36

So, total number of 6-digits numbers =24 + 36 =60

Since there are 8 males and 5 females. Out of these 13
members committee of 11 members is to be formed.

According to the question, m = number of ways when
there is at least 6 males

=(C, x°C,)+(°C, ¥ C,) +(°C, X°C,)
=28 x1)+(@ x5)+ (1 x10)
=28 +40 +10 =78
and n =number of ways when there is at least 3 females
=(°C, x*Cy) +(C, ¥ C,) +(°C, % C,)
=10 x1+5 x8 +1 x28=178
So,m=n="178

3.

Permutations and Combinations 81

Given there are three boxes, each containing 10 balls
labelled 1, 2, 3, ..., 10.

Now, one ball is randomly drawn from each boxes, and
n; denote the label of the ball drawn from the ith box,
@=1,2,3).

Then, the number of ways in which the balls can be
chosen such that n, <n, <n, is same as selection of 3
different numbers from numbers {1, 2, 3, ..., 10} = °C,
=120.

Using the digits 0, 1, 3, 7, 9

number of one digit natural numbers that can be formed
= 4,

number of two digit natural numbers that can be

formed =20,

4 x5

(.- 0 can not come in Ist box)

number of three digit natural numbers that can be
formed =100

4 x5x%5

and number of four digit natural numbers less than
7000, that can be formed =250

2X5x5x5

(. only 1 or 3 can come in Ist box)
O Total number of natural numbers formed
=4 +20 +100 +250 =374
Number of girls in the class =5 and number of boys in
the class =7
Now, total ways of forming a team of 3 boys and 2 girls
="C,0C, =350

But, if two specific boys are in team, then number of
ways = °C, [IC, =50

Required ways, i.e. the ways in which two specific boys
are not in the same team =350 —50 =300.

Alternate Method

Number of ways when A is selected and B is not
=°C,C, =100

Number of ways when Bis selected and A is not
=°C,C, =100

Number of ways when both A and B are not selected
=°C,C, =100

O Required ways =100 + 100 + 100 =300.
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10.

11.
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!
Clearly, number of words start with A = % =12

Number of words start with L=4!=24
!
Number of words start with M :% =12

!
Number of words start with SA = % =3

Number of words start with SL=3!=6

Note that, next word will be “SMALL?”.

Hence, the position of word “SMALL” is 58th.

Arrange the letters of the word COCHIN as in the order
of dictionary CCHINO.

Consider the words starting from C.

There are 5! such words. Number of words with the two
C’s occupying first and second place =4!.

Number of words starting with CH, CI, CN is 4! each.

Similarly, number of words before the first word

starting with CO = 4! + 4! + 4!+ 4! = 96.

The word starting with CO found first in the dictionary

is COCHIN. There are 96 words before COCHIN.

A number is divisible by 4 if last 2 digit number is

divisible by 4.

O Last two digit number divisible by 4 from (1, 2, 3, 4, 5)

are 12, 24, 32, 44, 52

O The number of 5 digit number which are divisible by

4, from the digit (1, 2, 3, 4, 5) and digit is repeated is
5x5 x5 x(5x1) =625

x=10!
! !
y:lOC1 x9C8 XLQzloxngQ 0 l:E=5
2! 2 9x 2

Here, _B,_ B, B, B, B,

Out of 5 girls, 4 girls are together and 1 girl is
separate. Now, to select 2 positions out of 6
positions between boys = °C, ...(Q)

4 girls are to be selected out of 5 = °C, ...(11)

Now, 2 groups of girls can be arranged in 2!ways. ...(iii)

Also, the group of 4 girls and 5 boys is arranged in4! x 5!

ways . ...(iv)

=°C, x°C, x2! x4! x5!
[from Egs. (i), (i1), (iii) and (iv)]

O m="°C, x°C, x2! x4! x5!

n=5!x6!
m _°C, x°C, x2! x4! x5! _15x5 x2 x4! _
n 6!x5! © 6xbx4!l

Now, total number of ways

and

d

PLAN Reducing the equation to a newer equation, where sum of
variables is less. Thus, finding the number of arrangements
becomes easier.

As, n2Ln,22, n,23 n,24n,25
Let n -1=x 20,n,-2=x,20,..,n,-5=x, 20
O New equation will be
x+1l+x, +2+.. +x +5 =20
ad x tx, tx, +x, +x, =20 -15 =5

Now, X Sx, Sx, <X, <Xy
% X5 X3 X, X5
0 0 0 0 5
0 0 0 1 4
0 0 0 2 3
0 0 1 1 3
0 0 1 2 2
0 1 1 1 2
1 1 1 1 1

So, 7 possible cases will be there.
12. The number of solutions of x, +x, +... +x, =n
= Coefficient of t" in (¢ + t* + > +...)(t> +¢* +...)...
@+t +)
= Coefficient of t" in ¢! "2 " "* A+t +¢* +...)*

Now, 1+2+...+k:k(k2+1)

=p [say]

T+t+2 4. =1
1-t
Thus, the number of required solutions
= Coefficient of t"? in (1 —¢)™*
= Coefficient of " in [1 +* C,¢ +**" C,t* +**2 C,t” +...]

= k+n-p-1 Cn_p :rC
where,r=k+n-p-1=k+n-1 —%k(k +1)

and

n-p

=%(2k+2n —2 + 1 —k):%(Zn—kZ +k-2)

13. Since, six 4+’ signs are + ++++ +
0 4 negative sign has seven places to be arranged in
O "C, ways = 35 ways
14. Since, each box can hold five balls.
O Number of ways in which balls could be distributed so
that none is empty, are (2, 2, 1) or (3, 1, 1).
ie. (°c,’c,'c, +°CC, 'C,) x 3!
=30 +20) x6 =300

Topic4 Distribution of Object into Group

1. It is given that a group of students comprises of 5 boys
and n girls. The number of ways, in which a team of 3
students can be selected from this group such that each
team consists of at least one boy and at least one girls, is
= (number of ways selecting one boy and 2 girls) +
(number of ways selecting two boys and 1 girl)

= (5C1 x"C,) (502 x "C|) =1750 [given]
n(n -1) E;S x4 _
0 B . g+ . x nd=1750

O n(-1)+4n :g x1750 0 n® + 3n =2 x350

O n*+3n-700=0 O n®+28n-25n -700 =0
O n(n+28) —25(n +28) =00 (n+28) (n -25) =0
0 n=25 [-nON]



2.

According to given Y

information, we have the ©, b)

following figure. B

(Note that as a and b are

integers so they can be

negative  also). Here X
; 0 Ala O

0(0,0), A(a,0) and B, b)
are the three vertices of
the triangle.

Clearly, OA=|a|and OB=]|b|.
DAreaofAOAB=%IaIIbI.

But area of such triangles is given as 50 sq units.

O Liansi=50
2
g la|lb]=100=2% 5>
Number of ways of distributing two2'sin|a |and| b| =3
lal [ 5]
0 2
1 1
2 0

0 3 ways
Similarly, number of ways of distributing two 5’sin| a |
and | b | =3 ways.
0 Total number of ways of distributing 2’s and 5’s
=3 x3 =9 ways
Note that for one value of |a |, there are 2 possible
values of a and for one value of | b |, there are 2 possible
values of b.

O Number of such triangles possible =2 x2 x9 =36.
So, number of elements in S is 36.

. Given 6 different novels and 3 different dictionaries.

Number of ways of selecting 4 novels from 6 novels is
!
°C, = LI
214!

Number of ways of seylecting 1 dictionary is from 3
3!

2 -3

112!

O Total number of arrangement of 4 novels and 1

dictionary where dictionary is always in the middle, is

15 x 3 x4! =45 x24 =1080

dictionaries is *C, =

Objects Groups Objects Groups
Distinct Distinct Identical Identical
Distinct Identical Identical Distinct

Description of Situation Here, 5 distinct balls are
distributed amongst 3 persons so that each gets at least
one ball. i.e. Distinct — Distinct
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So, we should make cases

ABCQ[Q A B CQ
Case 1 0 Casell 0
120 1 2 2

Number of ways to distribute 5 balls
_ 3! 3!
= Qﬁq e, B, XEQJ“ Qﬁq e, B, XZQ

=60+90=150
5. Total number of arrangements of word BANANA
!
= 67 =60
312!
The number of arrangements of W'OI'dS BANANA in
which two N’s appear adjacently :% =20
Required number of arrangements =60 —20 =40
6. Here, n” objects are distributed in n groups, each group
containing n identical objects.
O Number of arrangements
- nzcn . n%- ncn. n?- ZnCn . n%- 3nCn . nz—ZnCn ncn
(n*)! (n* -n)! n! _ (%!
nl@*-n)! nl®@*-2n)! w0 ()"
0 Integer (as number of arrangements has to be integer).
7. (i) The number of ways in which 52 cards be divided
equally among four players in order
_5 : _ (62)!
- 2013 x 39013 x 26C13 x13C13 - (13!)4

(i1) The number of ways in which a pack of 52 cards
can be divided equally into four groups of 13 cards
52013 X 39C13 X 26013 X 13013 (52)'

each = =
4! 4113nH*

(ii1) The number of ways in which a pack of 52 cards be
divided into 4 sets, three of them having 17 cards
each and the fourth just one card

_ Gy x PC x PCy X'C, . (62)!

3! T 3117)°

Topic5 Dearrangement and Number of

Divisors
1. Since, 240=2'.3.5

0 Total number of divisors = 4 + 1)(2)@2) =20
Out of these 2, 6, 10, and 30 are of the form 4n + 2.

2. The number of ways in which the ball does not go its

owncolourb0x:4!Ql—i+i—l+l
1! 2! 3! 4!
=4 —1+i@:24wgzg
6 24 24
[Ofx,| 0]

or



Binomial Theorem

Topic1 Binomial Expansion and General Term

Objective Questions I (Only one correct option)

1.

The coefficient of x*® in the product
A+200 -0 +x+2%)%is
(a) 84 (b) - 126
(c) —84 (d) 126
If the coefficients of x* and #° are both zero, in the
expansion of the expression (1 + ax + bx?) (1 - 32" in
powers of x, then the ordered pair (a, b) is equal to
(2019 Main, 10 April I)

(a) (28, 315) (b) (-21,714)

(c) (28, 861) (d) (- 54, 315)

The term independent of x in the expansion of
8 6

E)L - ﬁ% @xQ - %Q is equal to

60 810 x (2019 Main, 12 April 1)

(a) - 72 (b) 36 (c) - 36 (d) -108

The smallest natural number n, such that the

(2019 Main, 12 April )

_ . . 107 . .
coefficient of xin the expansion of sz + ?g is "Cyg, 1s

(2019 Main, 10 April 11)
(a) 35 (b) 23 (c) 58 (d) 38

If some three consecutive coefficients in the binomial
expansion of (x+ 1)" in powers of xare in the ratio 2: 15:
70, then the average of these three coefficients is

(2019 Main, 9 April 11)

(a) 964 (b) 227 (© 232 (d) 625

If the fouréch term in the binomial expansion of

% + 88 x@ (x>0)is 20 x 8, then the value of x is
(2019 Main, 9 April I)

(a) 87 b) &

© 8 @ 8

If the fourth terén in the binomial expansion of

O/o 1+ o 0

=0
xlegoxt 4 p129 ig equal to 200, and x > 1, then the
value of xis (2019 Main, 8 April 11)
(a) 100 () 10*
(c) 10 (@ 10

8.

10.

1.

12.

13.

14.

15.

The sum of the coefficients of all even degree terms is x
in the expansion of (2019 Main, 8 April 1)

(x+ 22 =1)8 +(x =/ -1)8, (x>1)is equal to

(a) 29 (b) 32 (c) 26 (d) 24

The total number of irrational terms in the binomial
expansion of (77° - 8V10)%0 ig (2019 Main, 12 Jan 11)
(a) 49 (b) 48 (c) 54 (d) 55

The ratio of the 5th term from the beginning to the 5th
term from the end in the binomial expansion of
s

O 1.0
@ +—=0 s (2019 Main, 12 Jan )
H 2@pH

1 1 1 1
(a)1:2(6)3 (b)1:4(16)3 (c) 4(36)3 :1 (d) 2(36)3 :1

The sum of the real values of x for which the middle

: o : ﬁ cTa
term in the binomial expansion of o3 + -0 equals

x0
5670 is (2019 Main, 11 Jan 1)
(a) 4 () 0 () 6 (d 8

The positive value of A for which the coefficient of 2 in

the expression x? Q‘/E + % is 720, is

X (2019 Main, 10 Jan II)
(2) 3 () V5 () 22 (4
If the third term in the binomial expansion of

(1 + £™°22%Y equals 2560, then a possible value of xis
(2019 Main, 10 Jan I)

@42 o) © 5 @ 242
—50f
The coefficient of ¢* in the expansion of élLttE is
(2019 Main, 9 Jan II)
(a) 12 (b) 10 (c) 15 (d) 14

The sum of the coefficients of all odd degree terms in the
expansion of %c + 406 - 1%) + %x - —1%5, (x>1)is

(2018 Main)
(a) -1 (b) 0 ©1 (d) 2
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16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

The value of (2101 - 1001) + (Zlc _ 10C2)

+ (2103 _ IOCS) + (21c4 _ 1004) +... +(21010 _ 10010) is
(2017 Main)

(a) 221 _ 211 (b) 221 _ 210

(c) 2%° - () 220 - 210

If the number of terms in the expansion of

Q _2 + ig, x#0, 1s 28, then the sum of the
x a?

coefficients of all the terms in this expansion, is

(2016 Main)
(a) 64 (b) 2187
(c) 243 (d) 729
The sum of coefficients of integral powers of x in the
binomial expansion (1 - 2vx)*° is (2015 Main)

®§W+D®;W) @%@“D @gﬁ+b

Coefficient of 2! in the expansion of

A+2)*@+43) @ +xh)2is (2014 Adv.)
(@) 1051  (b) 1106 () 1113 (d 1120
The term independent of x in expansion of
H x+1 xol DI is (2013 Main)
D23 = 213 4 1 x- xl/ZD
(a) 4 (b) 120 © 210 @ 310
Coefficient of t2*in (1 + 22 @ + #12) A +t**) is

(2003, 1M)
(@ 2C;+3 () 2Cy+1  (c) 2C; (d) 2C, + 2

In the binomial expansion of (a — b)", n =5 the sum of

the 5th and 6th terms is zero. Then, a/b equals
(2001, 1M)

n - n-4
(a) DL ©-—> e

If in the expansion of (1 + x)" (1 — x)", the coefficients of
x and x? are 3 and -6 respectively, then m is euqal to

(1999, 2M)
(a) 6 ()9 (c) 12 (d) 24
The expression [x+ (@ -1V +[x - -DV?P is a
polynomial of degree (1992, 2m)
(a) 5 (b) 6 (7 d 8
0
The coefficient of x* in % —%g is (1983, 1M)
405 504
U0 p) 222
® 256 ®) 259
450
- d) N f th
()263 (d) None of these

Given positive integers r > 1, n > 2 and the coefficient of
3r)th and (r + 2)th terms in the binomial expansion of
(1 + x)*" are equal. Then, (1980, 2M)
(@) n =2r
(¢)n=3r

b)yn=2r+1
(d) None of these
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27. If the coefficients of 2 and x* in the expansion of
(1 + ax + bax®)(1 —2x)'® in powers of x are both zero, then
(a, b)1s equal to
251 251
@ 56, =5 & g, =0
272 272
0B 2% @ Fe 72
Fill in the Blanks
28. Let nbe a positive integer. If the coefficients of 2nd, 3rd,
and 4th terms in the expansion of (1 + x)" are in AP,
then the value of n is... . (1994, 2M)
29, If(1+ax)"=1+8x +24x> +...,thena=...and n=....
(1983, 2M)
30. For any odd integer n 21, n° - (n —1)° +
+ (_ l)n—l 13 -
31. The larger of 99°° + 100°° and 101%° is

Analytical & Descriptive Questions

32.

33.

34.

35.

k
Prove that z (-3)"13"C, _, =0,where k = (3n)/2and n

r=1
is an even positive integer. (1993, 5M)
2n 2n
If za (x— 2)"2%} (x-3)" and a, =1 ,0 k=n, then
=0 r=0
show that b, = **'C,,, (1992, 6M)

Find the sum of the series

r r 1 r D
3 7 + 5 .upto m terms(l]

0y
1) "C,.0= + ..
Z ( ) gr 22r 23r 24r

(1985, 5M)

Given, s, =1+q +q* +... +q"

S, =1 ,ar1 +§’ng+...+éq—+lg,q¢l
2 2 2

Prove that "*' C, + ""1 Cy 5, + " Cys,
+..+ "MIC s =278,
(1984, 4M)

Integer Answer Type Question

36.

37.

38.

Let m be the smallest positive integer such that
the coefficient of &> in the expansion of
A+202+A+2° +... +0 +0)* +Q +mx)*%s Gn +1)
5103 for some positive integer n. Then, the value of nis
(2016 Adv.)

The coefficient of x” in the expansion of

Q+00A+x) T +2)... 1 +2is

The coefficients of three consecutive terms of (1 + x)"*5
are in the ratio 5:10:14. Then, n is equal to (2013 Adv.)

(2015 Adv.)
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Topic 2 Properties of Binomial Coefficient

Objective Questions I (Only one correct option)

1.

10.

Let (x+10)% + (x —10Y°° =ay + a;x + ax® +... +azn,

for all x OR; then 22 45 equal to (2019 Main, 11 Jan II)

Qo

(a) 12.25  (b) 12.50 (©) 12.00 @ 12.75
The value of r for which

20
ZOCr ZOCO + 2OCr—1 ZOC1 + 2OCr—2 2002 +....+ZOCO Cr
1S maximum, 1s (2019 Main, 11 Jan 1)
(a) 15 (b) 10 (c) 11 (d) 20

403

If the fractional part of the number

is —, then k1s
5

equal to (2019 Main, 9 Jan I)
(a) 14 () 6 (c) 4 (d) 8
For r=0, 1, ..., 10, if A,, B, and C, denote respectively

the coefficient of ™ in the expansions of (1 + x)'°, (1 + x)%°
10

and (1 + x)*°. Then, z A, (B;yB, —Cjy4,) is equal to

r=1
(@ By, -Ci (b) A, (B -Cpd,,)  (2010)
(© 0 (@ G- By
0FREB0 0FEB0 0FEB0 O0FFEB0H:
o R oE- B HRE-BRERSE -+ BORR0His cqual
(2005, 1M)
(a) 30Cv11 (b) 60010
(0) 30C10 (d) 6 Gss
If "'C, =(k*-3) "C,,,, then k belongs to (2004, 1M)
(a) (-»,-2] () [2,)
(©) [-V3,43] (d) /3,2]
The sum %OE%? % where iﬁ 0if p>q, 1is
maximum when m 1is equal to (2002, 1M)
()5 (b) 10 (c) 15 (d) 20
(ngd _Onrn 0O On 0O
For2 < r < n, +2 + is equal to
BH" B - 10" B -2 (2000, 2M)
n+10 n+1QJ n+20 n+20
2 2 d
®H 4§ ®2H,H ©2f, f @F, H
Ifa, = : L then . I equals
" rZO ncr, YZO ncr
@ (n-1a, o) na, (1998, 2M)
(c) % na, (d) None of these

If C, stands for "C,, then the sum of the series
2 b0 B
n!

where n is an even positive integer, is
@ (-D"*(n+2) b)) D" (n+1)

[C2-2CE+3CE-...+(-1)"(n +1)C?],

(1986, 2M)

© D" (n+1) (d) None of these

Numerical Value
11. Let X=(°C)*+2(°Cy)* +3(°C;)* +...+10(°C,)%
where 1OC,, r0{1,2,...,10} denote binomial
coefficients. Then, the value of Xis ...
430 (2018 Adv.)
Fill in the Blank

12. The sum of the coefficients of the polynomial
(1+x-3xH)28 45 ... . (1982, 2M)

Analytical & Descriptive Questions
13. Prove that

OO 0 m-10 _, .0 0 —-20
ZHHEE? BB BHB-oH
O -k

+ (-1 BHH o E @E(zoos am

14. For any positive integers m, n (with n = m),

If é:ﬁ: "C,,. Prove that
- ID -

il WL s Y e

or
Prove that

Ll ol s onon

Ond_ n+20
BnH: Hn B (IIT JEE 2000, 6M)
+2
”C
15. Prove that Z (-1)" Bg s
O C D (1997¢C, 5M)
16. If nis a positive integer and
A+x+2D)" =a, +ax +... +ay, &
Then, show that, a§ —af +... +a3, =a,. (1994, 5M)
17. Prove that C, -2%[C, +3%[C, —... +(-1)"(n +1) *T@,
=0, n>2,where C, ="C,. (1989, 5M)
18. If (1+x)"=Cy +Cx +Cox® +... +C,x", then show

that the sum of the products of the C;’s taken two at a
time represented by > C,C; is equal to

.. - 2n!)
O<i<jen o2t @n) 1983, 3M
J 2 @) (1983, 3M)
19. Prove that CZ -2[C% +3 [T -...2n @2, =(-1)"n @,
(1979, 4M)
20. Prove that (*"Cy)?-("C))*+("Cy*—...+(*"Cy,)*
=(-1)"BC, (1978, 4M)
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Answers

Topic 1 s Ogm—1 O

1. (a) 2. (a) 3. () 4. (d) 31. (101) 34. "o —1)H

5. (c) 6. (d) 7. © 8. (d) 36. (5) 37. (8) 38. (n=6)

9. (o) 10. (o) 11. (b) 12. (d)

13. (b) 14. (o) 15. (d) 16. (d) Topic 2

17. (d) 18. (a) 19. (C) 20. (C) 1. (a) 2. (d) 3. (d) 4. (d)
21. (d) 22, (b) 23. (C) 24, (C) 5. (C) 6. (d) 7. (C) 8. (d)
25. (a) 26. (a) 27. (d) 28. (n=7) 9. (o) 10. (a) 11. (646) 12. (-1)
20. (a=2,n=4) 30. i(n +1) @2n -1)

Topic 1 Binomial Expansion and General Term
L

Hints & Solutions

Given expression is
1+20-2000 +x +2%)°
=1+ 1 -0 [ -0 +x +2))’
=1 - A -#)
Now, coefficient of x'® in the product
1+200-2000 +x +2%°
= coefficient of x'® in the product (1 — x?) (1 —*)°
= coefficient of x'® in (1 — 4%)°
—coefficient of x™® in (1 — &%)°

Y term in the expansion of

Since, (r +1
A-2)is °C.(-4*) =°C, (-1) %"

Now, for x'8,3r=180 r =6

and for x'®, 3r =16

a r:EDN.
3

9! _9x8x7 _

— 84
6!3! 3%x2

ORequired coefficient is °C;; =

Given expression is (1+ ax+ ba®)(1 —=3x)®. In the
expansion of binomial (1 - 3x)'%* the (r + 1) th term is
Tr+1 - 15Cr (_Bx)r - 15Cr (_3)r X

Now, coefficient of x% in the expansion of
(1 + ax + ba®)(1 -32)" is

15 CQ(_3)2 + a15C1 (_3)1 + b 1500(_3)0 =0 (given)
0 (105x9)-45a +b =0
0 45a - b =945 ...(1)

Similarly, the coefficient of 2%, in the expansion of
1+ ax + bx®)(1 -32)" is

15 C3 (_3)3 +a 1502(_3)2 +b 1501(_3)1 =0
0- 12285 945a 45& O

a 63a —3b =819

(given)

O 21a - b =273 ...(ii)
From Egs. (1) and (ii), we get
240 =672 0 a =28

So, b=315
0 (a, b) = (28,315)

Key Idea Use the general term (or (r + 1)th term) in the
expansion of binomial (@ + b)"

ie. T..,="C,a"""b

6
Let abinomial (2% - S it's (- + 1th term
X

_,0 3
=T, =°C, @2)° @'?g

— Gcr (_ 3)r (2)6—r x12—2r—2r

=6C (-3 @° A2 6
Now, the term independent of x in the expansion of
01 st 2 3 g
O—-—0OR@x" - —ZQ
60 810 x

= the term independent of x in the expansion of

6
1 x? —%Q + the term independent of x in the
60 X
8 6
. X 2 3
expansion of — — @x - —Q
P 81 X2
5C
=3 (-3 @° 7 £ [put r = 3]
60
o @ @008 putr =)
5
=l (_3)3 23 +3 X2(6)
3 81
=36 -72 =-36
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4. Given binomial is @2 + %g, its (r + 1)th term, is

Tr+1 - nCr(xZ)n—r%g — nCern—Zr%

— nCern—Zr—?)r - nCern -5r

For the coefficient of x,
2n-5r=1 0 2n=5r +1 ...(0)
As coefficient of xis given as "Cyg, then either r =23 or
n-r=23.
If r =23, then from Eq. (i), we get
on =5@23) + 1
0 2n=115+102n =116 1 n =58.
If n = r =238, then from Eq. (1) on replacing the value of ¢
r,we get2n =5(n —23) +1

0 2n=56n-1156+1 0O 3rn=1140 n =38
So, the required smallest natural number n = 38.

Key Idea Use general term of Binomial expansion (x + a)" i.e.
— n—-r_r
Tr +1 7 Cr X a

Given binomial is (x+ 1)", whose general term, is
r+1 C x

According to the question, we have

"C,_1:"C,:"C,,1=2:15:70
n
C. _
NOW, #:3
", 15
n!
0 r=-Din-r+n! _ 2
n! 15
rl(n-r)!
0 T -2 0i5r=2n-2r+2
n-r+1 15
O on —17r +2 =0 .G
n!
n W = )
Similarly,— Cr = 15 riin ot 8
"C.., 10 n! 14

r+D!n-r-1)!

0 r*1_3 0 q4r+14=3n -3¢
n-r 14
0 3n—-17r —14 =0 ... (i)

On solving Egs. (i) and (ii), we get

n-16=00 n=16and r =2

160, + 160, +
3

_16+120 +560 _ 696

3 3

16C
Now, the average = 3

=232

6
. . . . log , x
. Given binomial is % +x 88 @

Since, general term in the expansion of (x+a)" is
T nC xn r r

O T,=T,., =°C, %Q (°85%) =20 87 (given)

O 20 %gfhgsx =20 x8’

0 2%y [3Esn 8] 93y xﬁ?lgzx -3 - @

[+ °Cy =20]

. log , (x) :llogaxforx>0;a >0, ¢1D
E @ n E

0 x(log2x—3) :218

On taking log, both sides, we get
(logy x—3) logyx =18

O (logyx)*-3log,x—18 =0

O (logy x)? -6log,x+3logyx—18 =0

O log,x(logyx—6)+3 (logyx —6) =0

O (logyx—6) (logyx+3) =0

0 logyx=-3,6

0O x=272,20 le,s2
8
6
| |
. . L. o 1 0O g
Given binomial is Hi+Togroxd . 150
x w0 | 19

H

Since, the fourth term in the given expansion is 200.

DZD L
0 GC Ecl + logloxE %12@ =200
o 3 L10
0 20xx0s00 12900
3 1
0 x2(1 + logyg x) * 4 =10
O 3 1
+ —Jog;px=1
ﬁ(l +logpx) 4
[applying log;, both sides]
O [6+ (1 +logyox)]log;px =4(1 +logy, x)
O (7 + logyo x) logy x =4 +4log;y x
ad 2+ Tt =4 +4¢ [let log;, x =¢]
0 t*+3t-4=0
O =1, -4=log;yx
O x=10,107"*
Since, x>1 x=10

Key Idea Use formula:

(@a+b0" +(a-b" =
z[nco an + nczan—zbz + nc4an—4b4 +

Given expression is (x + &° —1)% + (x —/2® -1)°
=2[0Cx® + °C* (& ~1)?
+ 50220 - 1)" + 50, (& -1)°]

t @+ )" +(@—b)

:2[nC0an + nc2an—2b2 + nC4an—4b4

+...]}



10.

11.

=2[5Cx5 + SC* (@ —1) + 5C (@ -1)%+ Cy(® - 1))
The sum of the terms with even power of x

=2 [GCOx6 + 6Cz(—x“) + 6C4x8 + 6C4xz+ 6Ce(—l -34%)]
=2 [GCOx6 -%Cut +%Cx° +5C, 2% -1 -345]

Now, the required sum of the coefficients of even powers
of xin

(x+ & =1)% + (x —4/&® -1)°
=2 [5c, -C,+°C, +5C, -1 -3]
=2[1-15+15 +15 -1 -3]=2(15-3) =24
The general term in the binomial expansion of (a + b)"
nCr an - rb?‘.
So, the general term in the binomial expansion of
(775 — 31060 §

Tr+1 6OC (7]J5 )60 r( 31/10)7‘

lsT’r+1 =

;
6007 5 (- 1)’310—( 1y %c,7" 5 S 3i0
The possible non-negative integral values of ‘7 for

which é and 1—’;) are integer, where r <60, are

r=0,10,20, 30, 40, 50, 60.
OThere are 7 rational terms in the binomial expansion
and remaining 61 — 7 =54 terms are irrational terms.

Since, rth term from the end in the expansion of a
binomial (x + a)" is same as the (n — r + 2)th term from
the beginning in the expansion of same binomial.

Iy Iy _ Ty
T, Tess

4O 1
IOCc4 (21/3 )10 4

o 5 . H@”

Tio-5+
10-5 +2 100, (V81076 BD (31)1/3
[T, ,,="Cx" " "a"]
[ 1%C, =1°Cq]

ORequired ratio =
Tio-5+2

Co0, | Co0,

_ 26/3 (2(3)113 )6
24J3 (2(3)1/3 )4
- 26/3 - 4/3 (2(3)1/3 )6 -4
=223 [22 [323 =4(6)23 :4(36)1/3
So, the required ratio is 4(36)1/3 :1.

. O s . :
In the expansion of o3 + 75 , the middle term is 7, . ;.
X

- Here, n =8, which is even, therefore middle term

%%h term]
_ 8B 8

4 4
u
0 s670="%c, .0 PH =
030 12084

! 030

ELT+1 C, %DS %g%

Iy

0O x*=38'0x= i\/g
So, sum of all values of x i.e ++/3 and —+/3 =0

12.

13.

14.

15.
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The general term in the expansion of binomial
expression (a+b)" is T,.,; = "C, a""b", so the general
term 1in the expansion of binomial expression

x2§/§+%go is
éc (f)m r@;@@zmc i Dc >y )\’" =

IOC )\r 2
2 10-r

Now, for the coefficient of x*, put 2+ -2r =2
0 0°r 5 =0
O 10-r=4r 0 2
So, the coefficient of x%is °C, A? = 720 [given]
0 10132790 o 100290

218! B!
O 45 \* =720
O N Zi=16 OA=z% 4
0 A= 4 A > 0]
The (r + 1)th term in the expansion of (a + x)" is given
by T,,, ="C,a" "x"

0 3™ term in the expansion of (1 + x°€2*Y is
5 02(1)5 - 2(x10g2 x)2
0 5C,1)° ~4(x'*¢2%)2 = 2560 (given)

O 10 (x'°%2%)2 = 2560
O K 2log29 =956
O log, x21°%2* = 1og, 256

(taking log, on both sides)

ad 2(log, x)(logyx) =8 (- log,256 =log, 28 =9)

(log, ) =4
O loggx==%2
O logyx=2 or logex=-2
d x=4 or x=272=2

4
4607
Clearly, élhttg =1-¢2 a-973

O Coefficient of ¢ in (1 - ¢ 1 -¢)7
= Coefficient of t* in (1 - t'® -3¢° +3¢%) 1 -¢)™?
= Coefficient of ¢* in 1 —¢)~®
=3+4-1c, =6¢C, =15
(. coefficient of " in (1 —x) " ="*""1C))

Key Idea Use formula :
=(a+b" +(a-b"
=2("Cya" + "C,a"?b? + "C,a" bt +..)

We have, (x+ /2% =1 +(x =/ -1)°,x>1

=20 Cyx° +°C¢ (o —1)% +°Cx(2* —-1)%)

=2 +102° (¥ -1) +5x( -1)%)

=2 +10x° 102 +5x -10x" +5x)

Sum of coefficients of all odd degree terms is
2(1-10+5+5) =2
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16.

17.

18.

(21C1 _ IOCl) + (21C2 _ 1002) + (2103 _1003)
+o (10 = 1Cy)

= (20 + 210y +... + 21Cy) = (°C, +1°C, +... +10Cy)

=%(21c1 #20, 4+ B0, - @10 1)

=%(Zlc1 $ 20, 4.+ 20, -1) - @10 - 1)

1

25(221 —9) -0 —1)=2%0 —1 —210 41 =920 _910

Clearly, number of terms in the expansion of

@—g+%gis (n+2)(n+1)01‘ n+2C2.
X X 2

[assuming — and 1 distinct]
x x?

0 (n+2)2(n *1) _og

Onr+2)(n+1)=566=6+1)6 +2)0 n=6
Hence, sum of coefficients = (1 -2 +4)% =35 =729

Note As 1 and iz are functions of same variables, therefore
X X

number of dissimilar terms will be2n + 1, i.e. odd, which is not
possible. Hence, it contains error.

Let T,,, be the general term in the expension of
(1 _2\/;)50
0 Tr+1 — 50Cr (1)50—r(_2x1/2)r - SOCrzrxr/Z(_l)r

For the integral power of x, r should be even integer.

25
O Sum of coefficients = z e, @)
r=0
_1 50 507 _ 1 050
=5 [@+2)" +1 -2)°"] =5 3> +1)

Alternate Solution
We have,
1 -2Vx)° =C, =C,2Vx +Cy(¥22)? +... +C5 V%) ...(3)
1 +2Vx)° =C, +C;2vx +Cy@2Vx)* +... +C50 @V x)™°
..(ii)

On adding Eqgs. (1) and (i1), we get
(1_2&)50 +(1 +2\/;)50

=2 [Cy + Cy@Vx)? +... +C50 V)] ...(G11)
(1_2\/})50 +(1 +2\/;)50

2
=Cy +Cy@Vx)? +... +C50 V)™
On putting x =1, we get
(1—2«/1)‘“’ +(1 +2\/I)50
2
(_1)50 + (3)50
2

1+3%
T Co +Cy@)? +...+Cys 2)°

g

=Cy+Cy+...+C502)°

=Cy+Cy@)%+... +C5 (2

19.

20.

21.

22.

23.

Coefficient of x" in (1 + x)" is "C,.
In this type of questions, we find different composition
of terms where product will give us x*'.
Now, consider the following cases for x! in
A+aA) @ +8) @+ a2
Coefficient of x° »* x®; Coefficient of x? x° x°
Coefficient of x* & x*; Coefficient of x® »* x°
=40, x 70, x 120, + 40, X7C, x1C, +*C, X°C,
x 120, + 1C, x7C, x1%C,
=462 +140 +504 +7=1113

U x+1 _ (x—1)|j0

%CZ/S_xl/3+1 x— 2%
L T G L i T
Ex?’?’—xw’ﬂ «/}(«/}—1)5

1 Bane?® +1-2") ()P -1 go
0 x?3_x]f3+1 \/}(\/}_1)['
U s _(\/}*'1)510_ 3 _~12410
%xl/ +1) e %—(xl x V2

O The general term is

10-r r
Tr+ L= 1OCr(Xf]/3)10_r(_ x—]]2)r - IOCr(_ l)rx 3 2

For independent of x, put

0°r Ty 0 20-2r-3r=0
3 2
20=5r O r=4
0 T5:1004:M:210
4x3x2x1

Here, Coefficient of ¢2* in {(1 + t2)!21 + t'3)(1 + ¢2*)}
= Coefficient of t2* in {(1 + tH2 0L + ¢'2 + t2* +¢30)}
= Coefficient of t2* in
{(1 + t2)12 + t12(1 +t2)12 + t24(1 +t2)12};
[neglecting 251 + )1
= Coefficient of t** = (2C,, + Cs + 1%C,y) =2 + *Cy
Given, Ty + T =0
O "Cua" *b* - "Cya""°b° =0
0O nc4an—4b4:nc5an—5b5 0 g: 05
b "C, 5
1+2"Q-x" =% +mx +Wx2 + E

: nn-1) o [
% nx+72 X g

_n-4

nm-1)  n(m-1) 0o

=1+m-n)x+ + -mnex” + ...
n=mx+ gy 2 H

term containing power of x > 3.

m-n=3 ...(0)

[ coefficient of x = 3, given]

Now,

and %m(m—1)+%n(n—1) -mn = -6



24.

25.

26.

27,

a m@m —1)+n(n —-1) -2mn =-12
a m?-m+n?®-n-2mn =-12
a (m-n)?-(m +n)=-12
d m+n=9+12 =21 ...(11)

On solving Egs. (i) and (i1), we get m =12

We know that,
(a+ by +(a by =°Cya® +°Cia’b +°C,a°b?
+°Cya’® +°C ab* + °Cb° + °Coa® -°Cia’d
+°C,a°b? - °Cya’® + °Cab* -°C50°
=2[a® +10a*b® +5ab’]
O [+ @@ -D"P +x -7 -1
=2 +104° (@ 1) +5x (¢ -1)%]
Therefore, the given expression is a polynomial of
degree 7.
30
The general term in % - 72@ is
x

BCIO—?;V

10-r

oo = (1) 10, %@m Q%§= -1y 1°C,. 23r

For coefficient of x*, we put 10 - 3r =4
a 3r=6
g r=2

- .. 30° 5104 3
O Coefficient of x* in % —?g =(-1)* CZ.—8

45 x9 405
256 256
In the expansion (1 + %)%, ty, = 2'Cy,_; (x)*" "
and thyo=""C,q(@)!

Since, binomial coefficients of ¢;, and ¢, , are equal.
2 _2
O nC3r—1 - nCr+1

a 3r=1=r+1 or 2n=Q@r-1)+(@ +1)

0 2r=2 or 2n=4r
0 r=1 or n=2r
But r>1

0 We take, n=2r

To find the coefficient of ¥° and x*, use the formula of
coefficient of x" in (1 - x)"is (-1)" "C, and then simplify.
In expansion of (1 + ax + bx?)(1 —2x)'%.
Coefficient of &% = Coefficient of 2° in (1 - 2x)*®

+ Coefficient of ¥ in a (1 —2x)'

+ Coefficient of x in b(1 — 2x)'®

=80, @ +a'8C,2% -0, 2
Given, coefficient of ¥° =0
O BC, 2% +a®C,22 - 1C, 2 =0
o 18716, BT 5 pnsm=o
3x2 2
0 17q - b =24716 @)

3

28.

29.

30.
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Similarly, coefficient of x* =0

0 Bc,2*-affC2°+ b C,12%=0

0 32a - 3b =240 ..(ii)
On solving Egs. (i) and (ii), we get

a =16, b—&
3

Let the coefficients of 2nd, 3rd and 4th terms in the
expansion of (1 + x)"is "Cy, "C,, "Cj.
According to given condition,

2("Cy ="Cy + "Cy

0 zn(n—l): +n(n—1)(n—2)
12 1203
0 n-1=1+0- D=2
6
2 _
0 h_1=14t—8n*2
O 6n-6=6+n%-3n +2
O n?-9n +14 =0
ad n-2)(n-"1T) =0
O n=2
or n="17

But "Cj is true for n 2 3, therefore n = 7is the answer.

Given,
(1+ax)" =1 +8x +24x% +...

0 1+anx+%a2x2+ =1 +8x +24x% +...
ad an:8anda2#:24
a 88 -a)=48
O 8-—-a=6 [0 a=2
Hence, a=2 and n=4

Since, n is an odd integer, (- 1)" " =1
and n —1,n -3, n -5, etc., are even integers, then
3 3 3 3 n-1
- -1° +m -2° -(n -3 +... +(-1)"* I
= +(n-1° +(n -2 +... +1°
—2[(n-1)" +(n -3)’ +

:Zn3 —2)(23 %2_1g+ %;3g+

~n-1,n-3,.

=3n’ -16 [zg‘;g
g e Rt

16 (n - 1)%(n +1)*
4 x4 x4

. +2h)]

,are even integers]

1 5 2
=—n“(n+1)° -
1 ( )

:i (n + 1% [n? - (n -1)"] :i (n +1%@n -1)
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31. Consider, (101)*° - (99)*° - (100)*°
=(100 +1)°® - (100 -1)*° - (100)*°
={(100)*° 1 +001)*° -1 -001)>° -1)}

= (100)*° {2 [1°°C, (001) + °°C; (001)* +...] -1}

= (100y°° {2 [*°C, 001)° + °°C5 (001)° +...1}
0 101)°° - {©99)° + (100°} >0
O (101)°° > 99)*° + (100)*°
32. Since, n is an even positive integer, we can write
n=2m,m=1,2,3, ...

3n _3@m)

Also, k=—=
2

ie. S=(-3)° mC, +(-3) b"C, +...

3m
=3m O S=Z(—3)"1I§T”C2,_1
r=1

+ (=3¢ tofmC,,, ..)
From the binomial expansion, we write
A+ x)5m=5mC, +6MCx + 57Cy P+
6mO, _aBmTl 4 6mo, 6m ... (i)
A -2 =57Cy + 57C (=) +°"Cy(=)? +...
+6MCg . (05T e (ST (i)

On subtracting Eq. (iii) from Eq. (i), we get
A+ -1 -0 =25"Cx +5"Cya®
+ M0+ 45m O aT
(1 + x)ﬁm _ (1 _x)6m
2x

O =m0+ OmCyx? + 0yt

+6mcﬁm—l x
Let =y
6m _ _ 6m
0 (1+\/;) (1 \/}) =6mC1 +6mC3y

2y

-1

6m-2

6m 2 6m 3m-1
+ PGy + 7 gy

For the required sum we have to put y = -3 in RHS.

g A+=3)™ - -v3)™

. 2/-3
_Q+i3) - -i3)™" (iv)
2i3
Let z2=1+i+/3 =r(cos® +isin0)
0 r=lzl=41+3 =2
and 0 =1/3
Now, 25™ = [r (cos ® + i sin 8)]5™
= r™(cos 6m 8 + i sin 6m 6)
Again, z=r (cos 0 —isin 0)
and )%™ = r%™(cos 6m B — i sin 6m 6)
0 2% -2%" =r5"2i sin 6m ) (¥

From Eq. (1),
28m —z6m  p6m©Qisin 6 m 9)
2i /3 2i /3
_25™Msin6m o
NE)

=0asm Oz,and® =11/3

33.

34.

35.

Let y = (x — a)”, where m is a positive integer, r <m
2

Now, %:m(x—ot)m_1 ad %:m(m—l) (x —a)yr 2
a d—?’y =m@n -1)(m -2)(m -3)(x —a)" *
dy?

On differentiating r times, we get

dy:m(m—l)...(m—r+1)(x—a)m_r
dx"
!
=" (x—a) T =r1°C)x —a)" T
m-r)!
and for r>m,d3r}=0
2n 2n

Now, z a,(x-2)'= Z b, (x -3)" [given]
r=0 r=0

On differentiating both sides n times w.r.t. x, we get
2n 2n

S @, Cu(x=2) "= § b, () C,x=8) "

2n
On putting x =3, we get Z a,(n)'C, =(b,)n!
r=n

[since, all the terms except first on RHS become zero]
O b,="C, +"*C, +"*%C, +... +7C,
[-a,=1, 0= n]
=(""C, ., +MTC) +. P C,
=0 L L+ TC, =

—_ 2n 2n, —2n+1
- Cn+1 + Cn_ C1n+1
n

S 1 "C, %lJr 3 1, 1

—— + — + —— +... upto m terms
P r 22r 23r 24r B

XA %@ 3 e, @@ +
rZO(—l)r "C, %g + ... upto m terms
= Q{ —%g + @L —%g + Q —gg +... upto m terms
0 n

a
(ising Z -D""Cx =1 -x)"0
B =0 B

g+ %g + g+ ... upto m terms
a"l]

O mn _

O 2 1

0 2m@"-1)
0
0

n+lcl+ n+10281 +n+10352+'“+n+lcn+lsn
n+l
— n+1
- Z Crsrﬂ’
r=1



36.

37.

38.

1_qn+1
wheres, =1+q+¢* +... +¢" = —*+ —
1-g¢q
n+1 7 n+1 0
0 n+IC n+lc n+1C qu
Z rg1- qD 1- qu Z H
~1+gtt]
— 1 n+1 n+1 :
=— RV -0+ ] - (@)
1-¢q

Also, 8,21+ LI B UE, prag]
2 2 2
1—§’L1g+1
B 9 _2n+1_(q+1)n+1

- .. (1)
- 2"(L-q)
2
From Egs. (1) and (i),
"LC + MICys + M0y sy +. + M YIC, L s, =27S,
Coefficient of % in the expansion of
{A+02+ @+ +... +1 +0* + A +mx)®
O 2Cy+3C, +Cy+... + ¥C, +°°C, th*®
=@Bn+1) P C,
O ¢, +5%Cym? =@3n +1) 1 C,
['-'rcr + H—lcr ot nCr =n+1cr+ 1]
50 x49 x48 50 x49 _ 51 x50 x49
+ X =@Bn+1)————
3x2x1 2 3x2x1
O m?=51n+1

0 Minimum value of m? for which (1n + 1) is integer
(perfect square) for n =5.

O m?=51x5+1 0O m?=256
ad m=16and n =5
Hence, the value of n is 5.
Coefficient of x” in the expansion of
1+ 200 +2HA +2) ... A + «'%) =Terms having x°
=%, 1% a5 1% 2R, 1% % a5,
1983 30, 1Y 3?8, 19 3P 8,1 2 Y
O Coefficient of x° =8

Let the three consecutive terms in (1+ x)""® be
tryteiq, Lrr o having coefficients
n+5cr_1, n+5Cr, n+5cr+1.
Given, "*°C,_, : "*°C,: "**C,,, =5:10:14
n+5 n+5 o
u n+5 Cr E an d n+5 - :E
Cr—l 5 Cr 10
0 n+5—(r—1):2 andn—r+5:Z
r r+1 5
a n-r+6=2rand 5n-5r+25=T7r+7
ad n+6=3r and 5n + 18 =12r
n+6_5n+18
O =
3 12
ad 4n+24=5n +180 n=6
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Topic 2 Properties of Binomial Coefficient

1. We have,

(x+ 10)50 + (x 10)*° =a, tax +a2x +...+ a50x50

Oag +ax+ an +. 50

= [(°C ™ + DOClx49 10 + %0, x*8 102 +

+ COC,¥° -50Cx* 10 + °C, x*10%- ... +

=200, 2 + 2" 102 + 00 16 10
+ ...+ 200y, 10]

.+ a-ox
+ 50C50 1050)
50C50 1050)]

By comparing coefficients, we get
ay =2°°C,5(10)*%; a, =2 °°C5,(10)*° =2(10)°

0 % 20°C,)(10)*® _ 550029 (10)8
a, 2 (10)° 12 2010)°
[ 50048 - 50C2]
50x49 _ 5x49 245

- - =2%2 —19.95
20010 x10) 20 20

. We know that,

1+ 020 =20, + 20C,x + 0Cp? +... +
00, 271+ 200 5 + L+ 00,002
O @+0% 0+ 92 =C, + XCx +
0002+ ..+ 00, 2L+ 20027+ + 206, 22)
x(PCy + PCx +...+ PC, ™1 +20C
+... 420002

O (1 + x)40 - (ZOCO . ZOCr + 20(71 20(‘/1r_1

00 2C )"+ ...
On comparing the coefficient of x” of both sides, we get
ZOCOQOC, + 20C12°Cr L+ 00, 00, =
The maximum value of 40C, is possible only when r =20
[ "C,y5is maximum when nis even]

Thus, required value of r is 20.

. Consider,

2403 =2400+3 =8 @400 =8 m‘l)lo() =8 (16)100: 8(1 + 15)100

=8(1 + '°C,(15) + '°C,(15)* + ... + '°°C,(,(15)'*)
[By binomial theorem,
1+ x)"="Cy +"Cyx +"Cyx* +..."C %", n ON]
=8 +8 (1°°C, (15) + 1°°C,(15)% + ... + 19°C,,, 15)!7)
=8+8 x15\
where A =1 C, +.....+19°C,,15)* ON

403

g 2 _8+8xIBA _ 8
15 15 15
@403 O 8

0O —
LEE

(where {[lis the fractional part function)
O k=8
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Alternate Method

2403 =g @400 =g(16)10

Note that, when 16 is divided by 15, gives remainder 1.

O When (16)!?° is divided by 15, gives remainder 1'%° =1
and when 8(16)!% is divided by 15, gives remainder 8.

I:E403 0 8
O —0=—-
215 5 15

(where {lis the fractional part function)
g k=8

A, = Coefficient of x" in (1+x)'* =1°C,
B, = Coefficient of x" in (1 +x)** =%C,

C, = Coefficient of 2" in (1 +x)** =%C,

10 10 10
O z Ar (BIO Br _Clo Ar) = z Ar BIO Br - z Ar C].OAr
r= =

r=1

10 10

_ 10 20 20 10 30 10,

- z cr ClO Cr _Z Cr CIO Cr
10 10

— 10 20 20 10 30 10,

- Z ClO—r ClO Cr - z ClO—r CIO Cr
r=1 r=1

10 10
=2y, Z ¢y, 3°C, - %Cy z ¢y, °C,
r=1 r=1

- 20C10 (30C10 _1) _ 3OC10 (2OC10 _1)
= 30Cm e 10=C1o =By

5. Lot A= $00000_ 3000300 (3000300 _
Ho HHoH ™ Hi HH1H" He HHeH™
o A=%¢c,#c,-"c #®c, +*c,?c,
-+ 300, B Cy

= Coefficient of x*° in (1 + 2)*°(1 - x)*°
230

30003

@ﬁ%ﬂ

= Coefficient of x%° in (1 - x

30
= Coefficient of +*’ in ~1C, ()

= (1) Cy
=%Cy

[for coefficient of x*°, put » = 10]

6. Given, "7!C,=(k*-3)"C,,,
O n—lCr - (kZ _ n—lCr
+1
0 p2-g=""1
n

+
4 1Slandn,r>0]
n

0<k®-3<1 O 3<k®<4
EOF 27 V3)0 (3,2

0

0
" 1000 20
Z ﬁl ﬁ@n ﬁis the coefficient of ¥ in the expansion of
= -1

[since, n=r O

@+ 0w s 2,

10.

11.

a z illloﬁ @j? lB is the coefficient of ¥" in the

i=0
expansion of (1 + x)*°
100020 O _ 5

B =0 =50 -0

and we know that, EL"HiS maximum, when

ie. z

i=0

0O _Dr=g, if n Oeven.
EVH s ntl
max Br = , if n Dodd

On [J
“HHTE -

n 0 n+10 [h+10 [+20

~HTH » B 07 -

[+ "C, +"C,_, ="*1C, ]

[ "C, ="C

=na,-b0 2b=na, O b:ga

We have,
Ci-2CE +3C3 -4C7 +
=[CZ-C+C:-CZ+
—[Cf—2C§+3C§—

(D)™ (n +1) C2
.+ (AD)"CY
.+ (1)"nC?]

n!

H %@

N
2%@ %Q 2-202+3C%-

ogiEs
" BREE

We have,
X = (1001)2 + 2(1002)2+ 3(1003)2 +

n

_( )2 —

Rt
i

— (_1)n/2

L+ (1) (n+1)CH

(n+2)

=(-1)"*(n +2)

. +10(°C)?

10 10
O X=5r®c)’o x=5r'c, ',
rzl rzl

10
0 x=yrxo, v, E g =M nag 15
- r r



10
0X=10% °c,_, °c,

10
0DXx=10% c._, ¢y, _, [-"C,="C,_,]
r=1
0 X=10xC, [-"'c,.)"C,_,=""1C, ]
Now 1 _ 10 x 1909 _ 1909 _ 1909
> 1430 1430 143 11x13
- 19x 17x16 27 16 _ 1934 =646

12. Sum of coefficients is obtained by putting x =1

ie. (1+1-3)2163 =1
Thus, sum of the coefficients of the polynomial
1+ x —3x%)%18 ig -1.
13. To show that
2k.n CO.n Ck _ 2k -1n Cl'n -1 Ck .
+ 2k—2.n Cvz.n—chk_2 -+ (_1)k ann—kCO :nck
Taking LHS
2k.n CO.n Ck _ 2k -1n Cl B—l Ck—l +
k

- z (_1)r'2k—r n Cr.n—r Ck— .

r=0

L+ (-Dhre,m ke,

— _1\ ok-T, n! . (n—r)!

N z( b rn-1r! (k-1 -k)!
n! o k!

n-k)k! TIk-71)!

=z(1)r kr

k
r -r n, R n r 1
=Y ()2t e, =2 Oy (1) e
B0 2

=
jami]

=2tr¢, —%g ="C, =RHS

-10 - Ond [On+10
1. LetS= HnH+ H H* H H+ BT Ee e
It is obvious that, n = m. [given]

NOTE This question is based upon additive loop.
Now, S = +|]n+1[|+[m + +DLE|

e e B
“Hneid Hm HHe 0

Min+10 On+100 On+20

On+20 [On+2 [nQd
“Hh B H o B B
[+ "C, +7Couy ="1C, 1]
On + 30 n0J
“Bn+H" T B
= @n’i 1ﬁ+ iﬁ: én;z:-ll@ which is true. ...(>11)

15.
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Again we have to prove that
-10 n+20

2l e e o PR

Let81:E:ﬁ+2ﬁbn;1§+3€r;2ﬁ+...+(n—m+1) aﬁ
:D%[I+ - D+DL—2]+ +]nj|:|
B Bm 8 0 m B 7B
H ”ﬁﬁ” e
0
m
N ]+ +jn, En m + 1 rows
Hm 3" B
eoas I:l
+ On
HnHH
n+10
Now, sum of the first row is Bm IH'
Sum of the second row is ﬁnljr lﬁ'
_1D
Sum of the third row is Bm 15
Sum of the last row is HnH aiiﬁ
n n-10

Thus,

s=0 g B

On+10 [h+1+10 [On+20

THn 1T Hmeo B o

[from Eq. (i) replacing n by n + 1 and m by m + 1]

i n!C3! n!

O e 'Z(‘ "t e

_ 3! -1)" (n +3)!
(n+1)(n+2)(n +3) Z (= n)l(r +3)!

~ 31
T+ D +2)(n +3

oy -1 mic,,
) ,Zo ’

31(-1)° e
n D rm s 2 DTG

— -3! gl+3_1sm+SCE
T (n+ 1) +2)(n +3) HZO( ) *H

_n+3C +n+3C _n+3C
= ~3! @) 1+ (n +3) - (n+3)(n+2)D
(n+1)n +2)(n +3)
_ -3! E(n+2)(2—n—3) _ 3!
T+ D +2)(n +3) 2 T 2(n +3)
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16. 1+ x+xD)" =ay +ax +... +ay,x*" )
Replacing x by -1 /x, we get

1 1g a; , Qg Qg QAop ..

-—+50 ey —+—45 -+, + ...(i1)

Q x O x4 x2" ¢

2 2 2

Now, ai -a}+ai-aj +... +ai, = coefficient of the

term independent of x in
+ a2nx2n]

(11 (12 Aoy 0
B% s

.ot en H
= Coefficient of the term independent of x in
(1+x+ xz)”g . +l2g
X X
=
o2

_Qta+a?) P -x+1)"

[ag + a;x + ax® + ...

Now, RHS = (1 + x + xZ)”Q -

K=

[(x2 + 1)2 _x2]n

x2n x2n
C @2+t - A+ P+t
x2n x2n

2

2_ 2, 2 2
Thus, ap-—a; +a; —a; +...+a3,

= Coefficient of the term independent of x in
1 2 4a\n
ﬁ (]. +x"+x )
= Coefficient of x®* in (1 + &2 + x*)"
= Coefficient of t"in (1 + ¢ + t2)" =a
17. C, -2°[C, +3%[Cy—... + ()" (n +1)* C,

(-1)"(r +1)2"C, = i (17 (2 +2r +1)"C,

1
M =

\
I
(=}

I
M =

(12 IC, +2 z 1y, + Z 1y,

-
I
(=}

(1) r (r -1) I1C, +3§(—1) rIIC,
+z( l)rnC

I
M:

-
I
(=)

= Z -)'n(n-1)""%C,_, + 3 i (-1)'n-""'C,_,
r=2 =1
PR
=n(n-1){""2C, -""C, +"Cy=.. +(D)" ", _,}
+3n{-""1Cy +"7IC; =" ICy +...+ ()" "7IC,
+{"Cy ="Cy +"Cy +... +(-1)" "C,}
=n(n-1)-0+3n-0+0,0m 2=0, O 2
18. We know that,

23y GC,

0<i<j<n

n

2 20T 22
1=0 ;=0 =

IIM=

Download Chapter Test
http://tinyurl.com/yxkarvhw

-GS C;-y C?
i=ZO 120 iz

—onon _ (chn)_22n_2nc
22n_2ncn

p» 2

j<n

—g2n1 _ @n)!
2 (n!)?

19. Weknow that, (1 +x)?" =C,, + Cyx +Cyx® +... +Cy, x*

On differentiating both sides w.r.t. x, we get
2n(1+x)2"1 =C) +2 [Cyx +3 [Tyx°
+...+2nCy, 2" ..()

andgl—ig :co—cltlxwz%—g Enxlg

1

+...+CZnEIx% ...(i1)

On multiplying Egs. (i) and (ii), we get

on (1 + x)2n—lgl _lgn
X

=[C, +2[Myx +3 [Ty &% +... +2n @, x*" ]

x g:o -G R+ Ol Can i@é

Coefficient of %Qon the LHS

= Coefficient of - in 2n @%ﬂ@a 2" (- 1)2n
X

= Coefficient of ¥*" ! in 2n(1 -2%)?" (1 -x)
=2n(-1)"" [@n -1)C,_, (-1)

=1y @nD @n)!
=(-1) (2n)(n_1)! -D"n (1)
=-(-1)"n(C, ...(ii1)

Again, the coefficient of %@on the RHS

@

=~(C} -2[C5 +3[CF -
From Egs. (iii) and (iv),
CZ-2[C2+31C7 -...

20. 1+ x)Z@ —lgn
X

=[*"Cy + "C)x + ("Cx® +...

.. —2n C%n) ...(v)

-2n @3, =(1)'n C,

+ (chzn)XZn]

Lhn 2n 1 2n 1 2n 1 0
Cy—C"C)=+(C"Cy = +... +(°"Cy,) ==
X E 0 ( l)x ( 2) x2 ( Zn) xzna
Independent terms of x on RHS
:(ZnCO)Z _ (2ncl)2 + (ZnC2)2 _-~-+(2nC2n)2

LHS = (1 + x)z"gﬂg =L -
X X

Independent term of x on the LHS = (-1)" &' C,,.

OpEs 10
or &



Probability

Topic1 Classical Probability

Objective Questions I (Only one correct option)

1. A person throws two fair dice. He wins
% 15 for throwing a doublet (same numbers on the two
dice), wins ¥ 12 when the throw results in the sum of
9, and loses ¥ 6 for any other outcome on the throw.
Then, the expected gain/loss (in ) of the person is
(2019 Main, 12 April 11)

@ lgain ) lloss  (©lloss  (d)2gain
2 4 2

2. In arandom experiment, a fair die is rolled until two
fours are obtained in succession. The probability that
the experiment will end in the fifth throw of the die is

equal to (2019 Main, 12 Jan 1)
175 225
200 150

(C) 675 (d) 65

3. If there of the six vertices of a regular hexagon are
chosen at random, then the probability that the
triangle formed with these chosen vertices is
equilateral is

(2019 Main, 12 April I)

1 3
(d) 20

3
(b)g

1
a) — c) —
(@) 10 (© 10
4. Let S={1,2,...,20}. A subset B of S is said to be
“nice”, if the sum of the elements of Bis 203. Then,
the probability that a randomly chosen subset of S is
“nice”, is (2019 Main, 11 Jan 11)

6 4 7 5
5. If two different numbers are taken from the set {0, 1,
2, 3, ..., 10}, then the probability that their sum as
well as absolute difference are both multiple of 4, is
(2017 Main)
6 12 14 7
a) — — c) — d) —
()55 (10)55 ()45 ()55
6. Three randomly chosen non-negative integers x, y
and z are found to satisfy the equation x + y + z =10.
Then the probability that z is even, is (2017 Adv.)

1 36 6 5
(@ 5 (b) = © I CY I

10.

11.

12.

13.

14.

If 12 identical balls are to be placed in 3 different boxes,
then the probability that one of the boxes contains excatly
3 balls, is (2015 Main)

(a)%%@u (®) 55 %@m (©) 220 %@‘2 @ 22 %@u

Three boys and two girls stand in a queue. The probability
that the number of boys ahead of every girl is atleast one
more that the number of girls ahead of her, is (2014 Adv)

(a)1/2 (b) 1/3 (c)2/3 (d) 3/4
Four fair dice D,, Dy, D; and D, each having six faces

numbered 1, 2, 3, 4, 5 and 6 are rolled simultaneously. The
probability that D, shows a number appearing on one of

D,, D, and Ds, is (2012)
91 108 125 127

a) —— b) — c) — d

® 216 ®) 216 © 216 @ 216

Let wbe a complex cube root of unity with w #1. A fair die is

thrown three times. If 13, r, and r; are the numbers obtained

on the die, then the probability that w"! + w? + o8 =0, is

(2010)

() 1/18 (b) 1/9 (©) 2/9 (d 1/36

If three distinct numbers are chosen randomly from the

first 100 natural numbers, then the probability that all

three of them are divisible by both 2 and 3, is (2004, 1M)
4 4

b) — d) ——

®) 35 @ 1155

Two numbers are selected randomly from the set

S ={1, 2, 3, 4, 5, 6} without replacement one by one. The

probability that minimum of the two numbers is less than

4,1s (2003, 1M)

(a) 1/15 (b) 14/15 ©) 1/5 (d) 4/5

If the integers m and n are chosen at random between 1

and 100, then the probability that a number of the form

7" + 7" is divisible by 5, equals (1999, 2M)

1 1 1
2 b) = 2
(a)4 ()7 (0)8

4 4
(@) % (© %

1
d) -~
()49

Seven white balls and three black balls are randomly
placed in a row. The probability that no two black balls are
placed adjacently, equals (1998, 2M)

1 7
a) = b) —
(a) 5 ( )15

2 1
= d =
(C)15 ()3

Download More Books: www.crackjee.xyz
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15.

16.

17.

Three of the six vertices of a regular hexagon are chosen
at rondom. The probability that the triangle with three
vertices is equilateral, equals (1995, 2M)
(a) 172 (b) 1/5 (c) 1/10 (d) 1/20

Three identical dice are rolled. The probability that the
same number will appear on each of them, is (1984, 2M)
1 1 1 3
a) — — c) — d) —
()6 (b)36 ()18 ()28
Fifteen coupons are numbered 1, 2, ..., 15, respectively.
Seven coupons are selected at random one at a time
with replacement. The probability that the largest
number appearing on a selected coupon is 9, is

@ @%g ®) @%g © %g

(d) None of these

Assertion and Reason

18.

For the following questions, choose the correct answer
from the codes (a), (b), (c) and (d) defined as follows.

(a) Statement I1is true, Statement II is also true;
Statement II is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true;
Statement II is not the correct explanation of
Statement I

(c) Statement I is true; Statement II is false
(d) Statement I is false; Statement II is true
Consider the system of equations
ax+ by =0,cx+ dy =0,
where a,b,c,d {0, 1}.
Statement I The probability that the system of
equations has a unique solution, is 3/8.

Statement II The probability that the system of
equations has a solution, is 1. (2008, 3M)

Passage Based Problems

Passage

Box I contains three cards bearing numbers 1, 2, 3 ; box II
contains five cards bearing numbers 1, 2, 3, 4, 5; and box III
contains seven cards bearing numbers 1, 2, 3, 4, 5, 6, 7. A card
is drawn from each of the boxes. Let x; be the number on the

card drawn from the ith box : =1,2,3. (2014 Adv.)
19. The probability that x; + x, + x; is odd, is

29 53 57 1

a) —— —_ c) — d) =

@ 105 ®) 105 © 105 @ 2

20. The probability that x;,x, and x, are in an arithmetic

progression, is

9 10
(@) 105 (b) —

7
-
105 @

11
c) —
© 105

105

Fill in the Blanks

21.

22,

23.

Three faces of a fair die are yellow, two faces red and
one face blue. The die is tossed three times. The
probability that the colours, yellow, red and blue,
appear in the first, second and the third tosses
respectively, is...... . (1992, 2m)
+ — —
If ! 33p , ! 1 P and ! 22p are the probabilities of three
mutually exclusive events, then the set of all values of p
is... . (1986, 2M)

A determinant is chosen at random from the set of all
determinants of order 2 with elements O or 1 only. The
probability that the value of the determinant chosen is
positive, is... . (1982, 2Mm)

True/False

24,

If the letters of the word ‘ASSASSIN’ are written down
at random in a row, the probability that no two S’s occur
together is 1/35.

Analytical and Descriptive Questions

25.

26.

27.

28.

29.

An unbiased die, with faces numbered 1, 2, 3,4, 5 and 6
is thrown n times and the list of n» numbers showing up
is noted. What is the probability that among the
numbers 1, 2, 3, 4, 5 and 6 only three numbers appear in
this list? (2001, 5M)

If p and ¢ are chosen randomly from the set {1, 2, 3, 4, 5,
6, 7, 8, 9 and 10} with replacement, determine the
probability that the roots of the equation x* + px + ¢ =0
are real. (1997, 5M)

In how many ways three girls and nine boys can be
seated in two vans, each having numbered seats, 3 in
the front and 4 at the back? How many seating
arrangements are possible if 3 girls should sit together
in a back row on adjacent seats? Now, if all the seating
arrangements are equally likely, what is the probability
of 3 girls sitting together in a back row on adjacent
seats? (1996, 5M)

A box contains 2 fifty paise coins, 5 twenty five paise
coins and a certain fixed number n (= 2) of ten and five
paise coins. Five coins are taken out of the box at
random. Find the probability that the total value of
these 5 coins is less than one rupee and fifty paise.
(1988, 3M)

Six boys and six girls sit in a row at random. Find the
probability that
(1) the six girls sit together.

(i1) the boys and girls sit alternatively. (1978, 3M)
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Topic 2 Addition and Subtraction Law of Probability
Objective Questions II

Objective Questions I (Only one correct option)

1.

For three events A, B and C, if P (exactly one of A or B
occurs) = P(exactly one of Bor C occurs) = P (exactly one

of C or A occurs) = 1 and P (all the three events occur

simultaneously) = 1—16, then the probability that atleast

one of the events occurs, is (2017 Main)
7 7 7 3
a) — — c) — d) =
()32 (b)16 ()64 ()16
3 — 1 — — 1
If P(B):Z, P(AnBn C)= 3 and P(An Bn C)= 3
then P(B n C)is equal to (2002, 3Mm)
1 1 1 1
a) — - c) — d) =
(a) 12 (b) B (0) 15 (d) 9

If Eand FF are events with P(E)<P({) and
P(E n F) >0, then which one is not correct? (1998, 2M)
(a) occurrence of E [J occurrence of F'

(b) occurrence of F' [0 occurrence of £

(¢) non-occurrence of £ [1 non-occurrence of F'

(d) None of the above

For the three events A, B and C, P(exactly one of the
events A or B occurs) = P(exactly one of the events B or

C occurs) = P(exactly one of the events C or A occurs)
= p and P(all the three events occurs simultaneously)

= p? where 0<p <%. Then, the probability of atleast

one of the three events A, B and C occurring is

(1996, 2M)
@ 222 @ 2+ 32"
2
© p+3p* ) 3p+2p°
2

If 0<P(A)<1,0<PB)<1 and PAOBF P(A)

+ P(B) — P(A) P(B), then (1995, 2M)
(a) P(B/A)=P(B)-PA)

(b) PA'-B')=PA")- P(B")

() P(AOB)= P(A) P(B)

) P(A/B) = P(A) - P(B)

The probability that at least one of the events A and B
occurs is 0.6. If A and B occur simultaneously with
probability 0.2, then P(A) + P(B) is equal to (1987, 2M)
(a) 0.4 (b) 0.8 (c)1.2 (d) 1.4

Two events A and B have probabilities 0.25 and 0.50,
respectively. The probability that both A and B occur
simultaneously is 0.14. Then, the probability that
neither A nor B occurs, is (1980, 1M)
(a) 0.39
(¢) 0.11

(b) 0.25
(d) None of these

(One or more than one correct option)

8. For two given events A and B, P(A n B)is (1988, 2M)
(a) not less than P(A) + P(B) -1
(b) not greater than P(A) + P(B)
(c) equal to P(A) + P(B) - P(A O B)
(d) equal to P(A) + P(B) + P(A O B)
9. If Mand N are any two events, then the probability that
exactly one of them occurs is
(a) P(M) + P(N) - 2P(M n N) (1984, 3M)
®) P(M) + P(N) - P(MON)
() P(M) + P(N) -2P(M n N)
(d) P(M n N)- P(M n N)
Fill in the Blanks

10. Three numbers are chosen at random without
replacement from {1, 2,..., 10}. The probability that the
minimum of the chosen number is 3, or their maximum
s 7,1s ... . (1997¢C, 2M)

11. P(AO Br P(An B)if and only if the relation between
P(A) and P(B) is... . (1985, 2M)

True/False
12. If the probability for A to fail in an examination is 0.2

and that of Bis 0.3, then the probability that either A or
B fails is 0.5. (1989, 1M)

Analytical and Descriptive Questions

13.

14.

15.

In a certain city only two newspapers A and B are
published, it is known that 25% of the city population
reads A and 20% reads B, while 8% reads both A and B.
It is also known that 30% of those who read A but not B
look into advertisements and 40% of those who read B
but not A look into advertisements while 50% of those
who read both A and B look into advertisements. What
is the percentage of the population reads an
advertisement? (1984, 4M)

A, B, C are events such that
P.(A)=03, P.(B) =04, P.(C) =08,
P.(AB) =008, P.(AC) =0.28 and P.(ABC) =0.09

If P(AO Bl & 0.75, then show that P.(BC) lies in
the interval [ 0.23, 0.48 ]. (1983, 2M)

A and B are two candidates seeking admission in IIT.
The probability that A is selected is 0.5 and the
probability that both A and B are selected is atmost 0.3.
Is it possible that the probability of B getting selected is
0.9? (1982, 2M)
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Pragraph Based Questions

There are five students S;, S,,S;,S, and S; in a music class
and for them there are five seats R, Ry, R;, R,and R
arranged in a row, where initially the seat R, is allotted to the
student S;,i =1,2,3,4,5. But, on the examination day, the
five students are randomly allotted the five seats.

(There are two questions based on Paragraph, the question

given below is one of them)

16.

(2018 Adv.)

The probability that, on the examination day, the
student S; gets the previously allotted seat R;, and

17.

NONE of the remaining students gets the seat
previously allotted to him/her is

3 1 7 1
o 2 s 4=
(a) 10 (b) 5 (0) 10 ( )5

Fori=1,2,3,4,let T, denote the event that the students

S; and S;,; do NOT sit adjacent to each other on the day
of the examination. Then, the probability of the event
TinTonTyn T,is

1 1
b) — d) =
(b) 0 (d 5

1 7
() T5 (©) %

Topic 3 Independent and Conditional Probability

Objective Questions I (Only one correct option)

1.

Assume that each born child is equally likely to be a boy
or a girl. If two families have two children each, then the
conditional probability that all children are girls given
that at least two are girls; is (2019 Main, 10 April I)

1 1 1 1
- - - 4 =
® 17 ®) 12 © 10 @ 11

Four persons can hit a target correctly with

probabilities % , % , i and % respectively. If all hit at the

target independently, then the probability that the

target would be hit, is (2019 Main, 9 April 1)
1 25 25

a) —— fnkad q) 22

(@ 192 ®) 32 @ 192

Let A and B be two non-null events such that A O B.

Then, which of the following statements is always

correct. (2019 Main, 8 April 1)

(a) P(AIB)=P(B) -PA) () P(AIB)=P(A)

(c) P(AIBy<s P(A) (d) P(ABB)=1

Two integers are selected at random from the set { 1, 2,

...... , 11}. Given that the sum of selected numbers is

even, the conditional probability that both the numbers

are even is (2019 Main, 11 Jan 1)

2 3
“ Q 2
(a)5 ()5

7
(© ﬁ

1 7
(b) 5 (0) 10
An unbiased coin is tossed. If the outcome is a head,
then a pair of unbiased dice is rolled and the sum of the
numbers obtained on them is noted. If the toss of the
coin results in tail, then a card from a well-shuffled
pack of nine cards numbered 1, 2, 3, ..., 9 is randomly
picked and the number on the card is noted. The
probability that the noted number is either 7 or 8 is
(2019 Main, 10 Jan I)

15 13 19 19
() = () 6 (© 7 (d) 36
Let two fair six-faced dice A and B be thrown
simultaneously. If E; is the event that die A shows up
four, E, is the event that die B shows up two and E; is
the event that the sum of numbers on both dice is odd,
then which of the following statements is not true?

(2016 Main)

10.

1.

(a) E, and E, are independent
(b) E, and E; are independent
(c) E; and E; are independent
(d) E,, E, and E; are independent

Let A and B be two events such that P(A O BF é,

P(An B)= i and P(A)= i, where A stands for the

complement of the event A. Then , the events A and B
are (2014 Main)

(a) independent but not equally likely
(b) independent and equally likely

(c) mutually exclusive and independent
(d) equally likely but not independent

Four persons independently solve a certain problem

correctly with probabilities 1,7,7,1. Then, the
2°4°4°8

probability that the problem is solved correctly by

atleast one of them, is (2013 Adv)
235 21 3 253

a) —— [ c) —— d) =222

® 256 ®) 256 © 256 @ 256

An experiment has 10 equally likely outcomes. Let A
and B be two non-empty events of the experiment. If A
consists of 4 outcomes, then the number of outcomes
that B must have, so that A and B are independent, is
(a) 2,4 0r 8 (b) 3,6 0r 9 (2008, 3M)
(c)4or8 (d) 5 or 10

Let E€ denotes the complement of an event E. If E, F, G
are pairwise independent events with P(G) >0 and
P(En FnG)=0.Then, P(E°n F°|G) equals(2007, 3M)
(2) P(E)+ P(F°) (b) P(E°)-P(F)
(c) P(E°)-P(F) (d) P(E)- P (F°)

One Indian and four American men and their wives are
to be seated randomly around a circular table. Then, the
conditional probability that Indian man is seated
adjacent to his wife given that each American man is
seated adjacent to his wife, is (2007, 3M)

1 1 2 1
1 1z z d) =
(a)2 (b)3 (C)5 ()5
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13.

14.

15.

16.

17.

18.

19.

20.

A fair die is rolled. The probability that the first time
1 occurs at the even throw, is (2005, 1M)
(a) 1/6 (b) 5/11 (c) 6/11 (d) 5/36

There are four machines and it is known that exactly
two of them are faulty. They are tested, one by one, in
a random order till both the faulty machines are
identified. Then, the probability that only two tests
are needed, is (1998, 2M)
1 1 1 1

a) — = c) = d) =
(@) 3 () p (© 5 (@ A
A fair coin is tossed repeatedly. If tail appears on first
four tosses, then the probability of head appearing on
fifth toss equals (1998, 2M)
1 1 31 1

a) — — c) — d) =
() 5 (b) 2 (© ™ (d) 5
If from each of the three boxes containing 3 white and
1 black, 2 white and 2 black, 1 white and 3 black balls,
one ball is drawn at random, then the probability that
2 white and 1 black balls will be drawn, is
(1998, 2M)

1 3
(d) 6

13 1

(@) 3 () . (© 3

The probability of India winning a test match against

West Indies is 1/2. Assuming independence from

match to match the probability that in a 5 match
series India’s second win occurs at third test, is

(1995, 2M)

(a) 1/8 (b) 1/4 (c) 1/2 (d) 2/3

An unbiased die with faces marked 1, 2, 3, 4, 5and 6 is
rolled four times. Out of four face values obtained, the
probability that the minimum face value is not less
than 2 and the maximum face value is not greater
than 5, 1s

(a) 16/81 (b) 1/81
(c) 80/81 (d) 65/81
A student appears for tests I, Il and III. The student is

successful if he passes either in tests I and IT or tests I
and III. The probabilities of the student passing in

(1993, 1M)

tests I, IT and III are p, ¢ and %, respectively. If the
probability that the student is successful, is %, then

1
@p=qg=1 (b)p=q=5 (1986, 2M)

1

©p=1,q=0 (d)p=1,q=§

If A and B are two independent events such that
P(A) >0, and P(B) #£1, then P(A/B)is equal to

(a)1- P(A/B) (b)1-P(A/B) (1982, 2M)
(0 L= PADB) @ 2@
P(B) P(B)

The probability that an event A happens in one trial of
an experiment, is 0.4. Three independent trials of the
experiments are performed. The probability that the
event A happens atleast once, is (1980, 1M)
(a) 0.936 (b) 0.784

(c) 0.904 (d) None of these

Probability 101

Objective Questions II
(One or more than one correct option)

21.

22,

23.

24,

25.

26.

27.

Let X andY be two events such that P(X) = % ,PX/IY)= %
and P(Y/X) = 2. Then
5 (2017 Adv.)
4 1
P =— PX'fY)==
(a) PY) T () PX'Y) 5
e PXOYE = (dPX nY) :%
If X and Y are two events such that

PX 1Y) = % PYIX) :% and P(X nY) é _Then, which of

the following is/are correct? (2012)
@ PXOYr 2/3

(b) X and Y are independent

(c) X and Y are not independent

@PXnY)=13

Let E and F be two independent events. The probability

that exactly one of them occurs is ;—; and the probability of

none of them occurring is % If P(T") denotes the

probability of occurrence of the event 7, then (2011)
4 3 1 2
PE)==,PF)== PE)=-,PF)==2
(a) P(E) 5 F) s (b) P(E) 5 F) -
2 1 3 4
PE)=Z,P(F) == d P(E)=2,P(F)==
(©) P(E) 5 F) 5 (d) P(E) s F) 5

The probabilities that a student passes in Mathematics,
Physics and Chemistry are m, p and c, respectively. Of
these subjects, the students has a 75% chance of passing
in atleast one, a 50% chance of passing in atleast two and
a 40% chance of passing in exactly two. Which of the
following relations are true? (1999, 3M) (2011)

19 27
a +m+c=—"— +m+c="—
(@ p 50 ®) p 20

1 1
c) pmc=— d) pmc==
© p 10 d p .
If E and F are the complementary events of E and F
respectively and if 0 < P(F') <1, then (1998, 2M)
(@ P(E/IF)+ P(E/F)=1 () P(E/F)+ PEIF)=1
()P(E/F)+ P(EIF)=1 (d)PEIF)+PEI/F)=1
Let E and F'be two independent events. If the probability
that both £ and F'happen is 1/12 and the probability that
neither E nor F happen is 1/2. Then,
() P(E)=1/3,P(F) =1/4
(b) P(E)=1/2, P(F) =1/6
(c) P(E)=1/6,P(F)=1/2
(d) P(E)=1/4,P(F)=1/3
For any two events A and B in a sample space

(1991, 2M)

(a) P @%QZ %1;()&—1’ P(B) # 0is always true
(b) P(A n B)= P(A) - P(A n B) does not hold
(¢) P(AAOBE + P(A)P(B), if A and B are independent
(d) P(AOBF + P(A)P(B),if A and B are disjoint

(1993, 2M)
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28.

Fill
29.

30.

31.

32.

33.

If £ and F are independent events such that 0 < P(E) <1

and 0 < P(F) <1, then (1989, 2M)

(a) E and F are mutually exclusive

(b) E and F“(the complement of the event F) are
independent

(¢) E€and F° are independent

(d) P(E/IF)+ P(E°/F)=1

in the Blanks

If two events A and B are such that P(A°) =0.3,P(B) =04
and P(A n B) =05, then P[B/(A 0 B)E .... (1994, 2M)
Let A and B be two events such that P(A) =03 and
P(A 0O BF 08 If A and B are independent events, then
PB)=... . (1990, 2M)
A pair of fair dice is rolled together till a sum of either 5 or

7 is obtained. Then, the probability that 5 comes before 7,
is... . (1989, 2M)

Urn A contains 6 red and 4 black balls and urn B contains
4 red and 6 black balls. One ball is drawn at random from
urn A and placed in urn B. Then, one ball is drawn at
random from urn B and placed in urn A. If one ball is
drawn at random from urn A, the probability that it is
found to be red, is.... (1988, 2M)

A box contains 100 tickets numbered 1, 2, ...,100. Two
tickets are chosen at random. It is given that the
maximum number on the two chosen tickets is not more
than 10. The maximum number on them is 5 with
probability... . (1985, 2M)

Analytical and Descriptive Questions

34.

35.

36.

37.

38.

If A and B are two independent events, prove that
P(AOBUP(An B ¥ P(C), where C is an event
defined that exactly one of A and B occurs. (2004, 2M)

A is targeting to B, B and C are targeting2 to A.
Probability of hitting the target by A, Band C are 7 % and

%, respectively. If A is hit, then find the probability that B

hits the target and C does not. (2003, 2M)

For a student to qualify, he must pass atleast two out of
three exams. The probability that he will pass the 1st
exam is p. If he fails in one of the exams, then the
probability of his passing in the next exam, is g
otherwise it remains the same. Find the probability that
he will qualify. (2003, 2M)

A coin has probability p of showing head when tossed. It is
tossed n times. Let p, denotes the probability that no two
(or more) consecutive heads occur. Prove thatp, =1,
py=1 —pZandpn=(1 -p). Py, +pA-p)p,_5,0n23.

(2000, 5M)
An unbiased coin is tossed. If the result in a head, a pair
of unbiased dice is rolled and the number obtained by
adding the numbers on the two faces is noted. If the

39.

40.

41.

42,

43.

44,

result is a tail, a card from a well-shuffled pack of
eleven cards numbered 2, 3, 4, ..., 12 is picked and the
number on the card is noted. What is the probability
that the noted number is either 7 or 8? (1994, 5M)

A lot contains 50 defective and 50 non-defective bulbs.
Two bulbs are drawn at random, one at a time, with
replacement. The events A, B, C are defined as :

A = (the first bulb is defective)
B = (the second bulb is non-defective)

C = (the two bulbs are both defective or both
non-defective).

Determine whether
(1) A, B, C are pairwise independent.

(11) A, B, C are independent. (1992, 6M)

In a multiple-choice question there are four
alternative answers, of which one or more are correct.
A candidate will get marks in the question only if he
ticks the correct answers. The candidates decide to
tick the answers at random, if he is allowed upto three
chances to answer the questions, find the probability
that he will get marks in the question. (1985, 5M)

A and B are two independent events. The probability
that both A and B occur is % and the probability that

neither of them occurs is % Find the probability of the

occurrence of A. (1984, 2M)

Cards are drawn one by one at random from a well
shuffled full pack of 52 playing cards until 2 aces are
obtained for the first time. If N is the number of cards
required to be drawn, then show that
PIN=n= (n-1)62-n)b1 —n)
50 %49 x17 x13

where, 2 <n <50. (1983, 3M)

An anti-aircraft gun can take a maximum of four shots
at an enemy plane moving away from it. The
probabilities of hitting the plane at the first, second,
third and fourth shot are 0.4, 0.3, 0.2, and 0.1,
respectively. What is the probability that the gun hits
the plane? (1981, 2M)

A box contanis 2 black, 4 white and 3 red balls. One
ball is drawn at random from the box and kept aside.
From the remaining balls in the box, another ball is
drawn at random and kept beside the first.
This process is repeated till all the balls are
drawn from the box. Find the probability that the balls
drawn are in the sequence of 2 black, 4 white and
3 red. (1979, 2M)

Integer Answer Type Question

45.

Of the three independent events E,, E, and E;, the
probability that only E; occurs is o, only E, occurs is 8
and only E; occurs is y. Let the probability p that none
of events E,, E, or E; occurs satisfy the equations



@ -2B), p=apf and B -3y) p=2Py. All the given
probabilities are assumed to lie in the interval (0, 1).

probability of occurrence of E;

Then

’ e is equal to
probability of occurrence of Ey

Passage Type Questions

Passage

Football teams 77 and 7, have to play two games against each
other. It is assumed that the outcomes of the two games are
independent. The probabilities of 7} winning, drawing and

Probability 103

. . 11 1 .
losing a game against T, are 78 and 3 respectively. Each

team gets 3 points for a win, 1 point for a draw and 0 point for
alossin a game. Let X and Y denote the total points scored by

Topic4 Law of Total Probability and Baye’s Theorem

Objective Question I (Only one correct option)

1.

4.

A pot contain 5 red and 2 green balls. At random a ball
is drawn from this pot. If a drawn ball is green then put
ared ball in the pot and if a drawn ball is red, then put a
green ball in the pot, while drawn ball is not replace in
the pot. Now we draw another ball randomnly, the
probability of second ball to be red is (2019 Main, 9 Jan II)

27 26 21 32
(@) 29 (b) 29 © 29 (d) 29

A bag contains 4 red and 6 black balls. A ball is drawn at
random from the bag, its colour is observed and this ball
along with two additional balls of the same colour are
returned to the bag. If now a ball is drawn at random
from the bag, then the probability that this drawn ball
is red, is (2018 Main)

3 2 1 3
= “ 2 Q2
(@) 0 () s (0)5 ()4

A computer producing factory has only two plants T}

and T,. Plant 7} produces 20% and plant 7, produces
80% of the total computers produced. 7% of computers
produced in the factory turn out to be defective. It is
known that P(computer turns out to be defective, given
that it is produced in plant 77) = 10P (computer turns
out to be defective, given that it is produced in plant 7%),
where P (E) denotes the probability of an event E. A
computer produced in the factory is randomly selected
and it does not turn out to be defective. Then, the
probability that it is produced in plant 7%, is (2016 Adv.)

36 47
a) 22 by 24
(@ -3 (b) 9
78 75
c) — d) =
© 93 @ 83
A signal which can be green or red with probability %

1 . . . .
and = respectively, is received by station A and then

transmitted to station B. The probability of each station
receiving the signal correctly is T If the signal received

at station B is green, then the probability that the
original signal green is (2010)

teams 7} and T,, respectively, after two games. (2016 Adv.)
46. P (X>Y)is
1 5 1 7
- 2 - o)
(al)4 (b)12 (C)2 ()12
47. P(X=Y)is
11 1 13 1
i - el d) =
(a)36 (b)3 (C)36 ()2
3 6 20 9
2 2 g o) R
(a) 5 () - (© 23 (d) 20

Objective Question II
(One or more than one correct option)

5.

A ship is fitted with three engines E,, E, and E;. The

engines function independently of each other with
respective probabilities 1/2, 1/4 and 1/4. For the ship to
be operational atleast two of its engines must function.
Let X denotes the event that the ship is operational and
let X, X, and X; denote, respectively the events that the
engines E;, E, and E5 are functioning.

Which of the following is/are true? (2012)

(a) P[X]|X]=3/16

(b) P [exactly two engines of the ship are functioning] = g
5
c) PIX|X,]==
(© Pl o] 16

7
d PIX|X]=—=
(d) PIX1X,] T

Assertion and Reason

For the following questions, choose the correct answer

from the codes (a), (b), (¢) and (d) defined as follows.

(a) Statement I is true, Statement II is also true;
Statement II is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true;
Statement II is not the correct explanation of
Statement I

(c) Statement I is true; Statement II is false

(d) Statement I is false; Statement II is true

Let H,, H,,...,H, be mutually exclusive events with

P(H;)>0,i=1,2,...,n.Let E be any other event with
0<P(FE)<l

Statement I P(H,/E) > P(E/H;) OP(H;) for
1=1,2,...,n

n
Statement II z PH)=1
<

l

(2007, 3M)
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Passage Based Problems

Passage 1
Let n; and n,be the number of red and black balls, respectively
in box I. Let ny and n, be the number of red and black balls,
respectively in box II. (2015 Adv.)

7. One of the two boxes, box I and box II was selected at
random and a ball was drawn randomly out of this box.
The ball was found to be red. If the probability that this

red ball was drawn from box II, is 7 then the correct

option(s) with the possible values of n;, ny, ny and n,
is/are

@n, =3n,=38,n, =5,n, =15
(b)n, =3,n,=6,n; =10, n, =50
(©n, =8 ny,=6,ny =5,n, =20
(d) n, =6,n,=12,ny =5,n, =20
8. Aballis drawn at random from box I and transferred to
box II. If the probability of drawing a red ball from box I,

after this transfer, is %, then the correct option(s) with

the possible values of n, and n,is/are
(@) ny =4and n, =6 (b) ny =2and ny, =3
(¢) n; =10and n, = 20 (d)n, =3and n, =6

Passage 11
LetU, and U, be two urns such that U, contains 3 white and 2
red balls and U, contains only 1 white ball. A fair coin is tossed.
If head appears then 1 ball is drawn at random from U; and
put into U,. However, if tail appears then 2 balls are drawn at
random from U; and put into U, Now, 1 ball is drawn at
random from U, (2011)

9. The probability of the drawn ball from U, being white, is
13 23 19 11
1o 49 19 )
(a) 20 () 20 (© 20 (d) 20

10. Given that the drawn ball from U, is white, the
probability that head appeared on the coin is

17 11 15 12

e e 12 d) =2

®) 23 ®) 23 © 23 @ 23
Passage III

A fair die is tossed repeatedly until a six is obtained. Let X
denote the number of tosses required. (2009)

11. The probability that X =3 equals

25 25 5 125
a) — = c) — d) ==
® 216 ®) 36 © 36 @ 216
12. The probability that X >3 equals
125 25 5 25
140 ket 2 d) 22
(@ 216 ®) 36 © 36 @ 216
13. The conditional probability that X > 6 given X >3 equals
125 25 5 25
140 49 2 d) 22
@ 216 ®) 216 © 36 @ 36
Passage IV

There are n urns each containing (n + 1) balls such that the ith
urn contains ‘I'white balls and (n + 1 — i) red balls. Let u; be the
event of selecting ith urn, : =1,2,3,..., n and W denotes the
event of getting a white balls. (2006, 5M)

14. If P(y;) Oi, wherei=1, 2, 3,..., n,then lim P(W)is

equal to nee
2
1 “
(a) V) 3
1 3
2 a2
(0) . (d) ,
15. If P(y;) =c, where cis a constant, then P(u, /W) is
equal to
@2 () © " @2
n+l n+1l n+l 2

16. If nis even and E denotes the event of choosing even

numbered urn Ej(ui): lE,then the value of P(W/E)) is
n
(a) n+ 2 n+2 o @ 1
2n+1 2(n+1) n+1 n+1

Analytical and Descriptive Questions

17. A person goes to office either by car, scooter, bus or

train probability of which being %,%,% and %,

respectively. Probability that he reaches offices late, if

... 21 4 1
he takes car, scooter, bus or train is —,~,— and S

99
respectively. Given that he reached office in time,
then what is the probability that he travelled by a car ?

(2005, 2M)

18. A bag contains 12 red balls and 6 white balls. Six balls
are drawn one by one without replacement of which at
least 4 balls are white. Find the probability that in the
next two drawn exactly one white ball is drawn. (Leave
the answer in "C,). (2004, 4M)

19. A box contains N coins, m of which are fair and the rest
are biased. The probability of getting a head when a fair
coln is tossed, is 1/2, while it is 2/3 when a biased coin 1s
tossed. A coin is drawn from the box at random and is
tossed twice. The first time it shows head and the second
time it shows tail. What is the probability that the coin
drawn is fair? (2002, 5M)

20. An urn contains m white and n black balls. A ball is
drawn at random and is put back into the urn along
with & additional balls of the same colour as that of the
ball drawn. A ball is again drawn at random.
What is the probability that the ball drawn now is
white? (2001, 5M)

21. Eight players P, P,,..., Py play a knock-out tournament.

It is known that whenever the players F, and P; play,
the player P. will win if i < j. Assuming that the players
are paired at random in each round, what is the

probability that the player P, reaches the final?
(1999, 10M)

22. Three players, A, B and C, toss a coin cyclically in that
order (i.e. A, B, C, A, B, C, A, B, ...) till a head shows.
Let p be the probability that the coin shows a head. Let
a, B and y be, respectively, the probabilities that A, B
and C gets the first head. Prove that =1 - p)a.
Determine a,  and y (in terms of p). (1998, 8M)



23.

24,

Sixteen players S;,S,, ...,

They are divided into eight pairs at random from each

pair a winner is decided on the basis of a game played

between the two players of the pair. Assume that all the

players are of equal strength.

(1) Find the probability that the player S, is among the
eight winners.

(i1) Find the probability that exactly one of the two players
S, and S, is among the eight winners. (1997C, 5M)

Sig play in a tournament.

In a test an examinee either guesses or copies of knows
the answer to a multiple choice question with four

choices. The probability that he make a guess is % and

the probability that he copies the answer is é The

probability that his answer is correct given that he

25.

26.
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copied it, is —. Find the probability that he knew the

answer to the question given that he correctly answered
it. (1991, 4M)

An urn contains 2 white and 2 blacks balls. A ball is
drawn at random. If it is white it is not replaced into the
urn. Otherwise it is replaced along with another ball of
the same colour. The process is repeated. Find the
probability that the third ball drawn is black.(1987, 4M)

A lot contains 20 articles. The probability that the lot
contains exactly 2 defective articles is 0.4 and the
probability that the lot contains exactly 3 defective
articles is 0.6. Articles are drawn from the lot at random
one by one without replacement and are tested till all
defective articles are found. What is the probability that
the testing procedure ends at the twelfth testing?
(1986, 5M)

Topic5 Probability Distribution and Binomial Distribution

Objective Questions I (Only one correct option)

1.

For an initial screening of an admission test, a
candidate is given fifty problems to solve. If the
probability that the candidate can solve any problem is

4 - .
= then the probability that he is unable to solve less
than two problem is (2019 Main, 12 April )]

()@%@3165 ()—%Q ()@%Q

Let a random variable X have a binomial distribution
with mean 8 and variance 4. If P(X <2) = k

o1 then & is
equal to (2019 Main, 12 April I)
(a) 17 (b) 121 (1 (d) 137

Minimum number of times a fair coin must be tossed so
that the probability of getting atleast one head is more
than 99% is (2019 Main 10 April 11)
(@) 8 () 6 (0 7 @ 5
The minimum number of times one has to toss a fair
coin so that the probability of observing atleast one head
1s atleast 90% 1is (2019 Main, 8 April 1I)
(@) 2 () 3 (© 5 (@) 4
In a game, a man wins 3100 if he gets 5 or 6 on a throw
of a fair die and loses 50 for getting any other number
on the die. If he decides to throw the die either till he
gets a five or a six or to a maximum of three throws,
then his expected gain/loss (in rupees) is

(2019 Main, 12 Jan Il)

(© 0 (d —— 400 ==~ gain

400

(a) — (b) loss

If the probablhty of hitting a target by a shooter in any

1 .. .
shot, is Py then the minimum number of independent

shots at the target required by him so that the

10.

11.

probability of hitting the target at least once is greater

than é, s
6 (2019 Main, 10 Jan 1)
(a) 6 () 3 (©5 (d) 4
Two cards are drawn successively with replacement
from a well shuffled deck of 52 cards. Let X denote the
random variable of number of aces obtained in the two
drawn cards. Then, P(X =1) + P(X =2) equals
(2019 Main, 9 Jan 1)
25 52 49 24
a) —— b) == c) —— d) 2=
® 169 ®) 169 © 169 @ 169
A box contains 15 green and 10 yellow balls. If 10 balls
are randomly drawn one-by-one with replacement, then

the variance of the number of green balls drawn is
(2017 Main)

12 6
(a) 5 (b)6 () 4 (d) o5
A multiple choice examination has 5 questions. Each
question has three alternative answers of which exactly
one is correct. The probability that a student will get 4

or more correct answers just by guessing is (2013 Main)
17 13 11 10
(@) 375 () 35 (©) 375 (d) 375

India plays two matches each with West Indies and
Australia. In any match the probabilities of India
getting points 0, 1 and 2 are 0.45, 0.05 and 0.50,
respectively. Assuming that the outcomes are
independent. The probability of India getting at least 7
points, is (1992, 2m)
() 0.8750 (1) 0.0875 () 0.0625 (d) 0.0250

One hundred identical coins, each with probability p, of
showing up heads are tossed once. If 0 < p <1 and the
probability of heads showing on 50 coins is equal to that
of heads showing on 51 coins, then the value of p is
(1988, 2M)
() 1/2 (d) 51/101

(b) 49101 (c) 50/101
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Fill in the Blanks 15. A is a set containing n elements. A subset P of A is
) ) ) ) chosen at random. The set A is reconstructed by

12. If the mean and the variance of a binomial variate X are replacing the elements of P. A subset @ of A is again
2 and 1 respectively, then the probability that X takes a chosen at random. Find the probability that P and @
value greater than one is equal to... . (1991, 2M) have no common elements. (1991, 4M)

13. For a biased die the probabilities for the different faces 16. Suppose the probability for A to win a game against Bis
to turn up are given below 0.4. If A has an option of playing either a ‘best of 3

Face 1 2 3 4 5 6 games’ or a ‘best of 5 games” match against B, which

option should choose so that the probability of
his winning the match is higher? (no game ends in a
This die is tossed and you are told that either face 1 or draw). (1989, 5M)
face 2 has turned up. Then, the probability that it is face 17

Probability 0.1 032 0.21 015 0.05 0.17

. . A man takes a step forward with probability 0.4 and

1,1s.... (1981, 2M) backwards with probability 0.6. Find the probability

. s ge . that at the end of eleven steps he is one step away from

Analytical & Descriptive Questions the starting point. (1987, 3M)

14. Numbers are selected at random, one at a time, from the

two-digit numbers 00, 01, 02, ..., 99 with replacement. Integer Type Question

An event FE occurs if and only if the product of the two

digits of a selected number is 18. If four numbers are

selected, find probability that the event E occurs at least

18. The minimum number of times a fair coin needs to be
tossed, so that the probability of getting atleast two

3 times. (1993, 5M) heads is atleast 096, 18 (2015 Adv.)
Answers
Topic 1 39. (i) A, Band C are pairwise independent 40. é
1. (o) 2. (a) 3. (a) 4. )
5. (2) 6. (0) 7. () 8. (a) a1, Lol 43. 06976 44, 45. 6
9. (a) 10. (c) 11. (d) 12. (d) 3 2 1260
13. (a) 14. (b) 15. (¢) 16. (b) 46. (b) 47. (c)
17. (;1) 18. 1b) 1 19. (E) 20. (c) Topic 4
21. %6 22, 3 <p SE 23. 6 24. False 1. ) 2. (b) 3. (0) 4. (o)
g5, 81732 +3) x‘C, %6. 0.62 o L 5. (b, d) 6. (d) 7. (b) 8. ()
6" 91 9. (b) 10. (d) 11. (a) 12. (b)
2. 1-1?}[’7722) 2. ) ) 13. () 14. (b) 15. (a) 16. (b)
; 17 L
Topic 2 ZZ 10 12 11
1. (b) 2. (a) 3. () 4. (a) 8 - G0C GG | FqOc J'GiG ., 9m
5. (c) 6. (c) 7. (a) 8. (a,b,c) e, 2c, B, e, SN +m
9. (a0 0. 1L 1L P(An B) 12. False 20. ™ 91, 4
40 m+n 35
13. 13.9% 15. No 16. (a) 17. (c) wae P g 0D _p= ot 4
Topic 3 1-a-p?®" 1-a-p* 11-p)°
1. (d) 2. (b) 3. (b) 4. (a) 1.8 24 23 99
5 () 6 (@) 7 (@ 8 2.(), () 24 2. 2.
9. (d) 10. (c) 11. (o) 12. (b) )
13. (b) 14. (a) 15. (a) 16. (b) TOlpI(C)S - . o .
. (C . . (C .
17. (a) 18. (c) 19. (b) 20. (b) 5 o 6 © T o 5 (0
21. (a, b) 22. (ab) 23. (a, d) 24. (b, c) 1
25. (a, d) 26. (a, d) 27. (a, ) 28. (b, c, d) 9 () 10. (b) 11 (d) 12. =
1 5 2 32
., — ., — . = . — 5 97
2. 80. - 81 82. 18 4. 15. %g
1 1 s 3 193
33. 5 35. 5 36. 2p"-p~ 38 P 16. Best of 3 games 17. ''C,(0.24)° 18. (8)



Hints & Solutions

Topic1 Classical Probability S-{1,2,4}

1. Tt is given that a person wins ONumber of favourables cases =5

%15 for throwing a doublet (1, 1) (2, 2), (3, 3), Hence, required probability = %
(4, 4), (5, 5), (6, 6) and win ¥12 when the throw results in 2
sum of 9, i.e., when (3, 6), (4, 5), 5. Total number of ways of selecting 2 different numbers
(5, 4), (6, 3) occurs. from {0, 1, 2, ..., 10} =''C, =55
Also, losses %6 for throwing any other outcome, i.e., Let two numbers selected be xand y.
when any of the rest 36 —6 —4 =26 outcomes occurs. Then, x+y=dm Q)
Now, the expected gain/loss and x—-y=4n ..(i)
=15 x P (getting a doublet) + 12 x P (getting sum 9) 0 2x=4(m + n) and 2y =4(m —n)
-6 x P (getting any of rest 26 outcome) O x=2(m + n)and y=2(m - n)
=15 XEQ_,_ @2 xig_% < 26 Oxand yboth are even numbers.
36 36 36 «
_5,4_26_15+8-26 Y
2 3 6 6 0 4.8
. 23-26_ 3 _ 1 1 2 6,10
= =—-— =--, means loss of 3=
6 6 2 2 4 0,8
2. Since, the experiment should be end in the fifth throw of 6 2,10
the die, so total number of outcomes are 6°. 8 0,4
Now, as the last two throws should be result in two fours 10 2,6

4 4 . G
@ @) (i) @) W) ORequired proba:);hty =55
So, the third throw can be 1, 2, 3, 5 or 6 (not 4). Also, 6. Sample space -~ °C,
throw number (i) and (i1) can not take two fours in Number of possibilities for z is even.
succession, therefore number of possibililites for throw =00 Y“C
i) and (ii) =62 -1 =35 o |
@) an . L z=20"°0C
[- when a pair of dice is thrown s=40C
then (4, 4) occur only once]. _ 5 Cl
- b od brabability = 5% 38 _ 175 z=60"C,
ence, the required probability = &5 = & 2=81] 3C1
z=100 'C,
3. Since, there is a regular hexagon, then the number of Total =36
ways of choosing three vertices is 6C3. And, there is only . 6 6
two ways i.e. choosing vertices of a regular hexagon 0 Probability =& :ﬁ
alternate, here A;, Ay, A; or A,, A,, Ag will result in an
equilateral triangle. 7. We have mentioned that boxes are different and one
A particular box has 3 balls.
1
A 12 9 1
6 Az Then, number of ways = % = % %g
A
° A As 8. Total number of ways to arrange 3 boys and 2 girls are
4 5.
ORequired probability According to given condition, following cases may arise.
_ 2 2x3x%x2x3x2 _ i B G G B B
6(;3 6! 6x5x4x3x2x1 10 G G B B B
313! G B G B B
4. Number of subset of § =22 G B B G B
Sum of elements in Sis 1 +2 +....+20 =20€ =919 poG B G B
um Of €1ements 1 518 L+ 2 %..... B B So, number of favourable ways =5 x3! x2! =60
E' 1+2+..... +n= n(n2+ 1)5 O Required probability = % :%
Clearly, the sum of elements of a subset would be 203, if 9. PLAN As one of the dice shows a number appearing on one of P;, P,
we consider it as follows and P;.

S —{7},,S —{1,6} S —{2,5},S —{3,4}
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10.

11.

12.

Thus, three cases arise.
(i) All show same number.

(i) Number appearing onD, appears on any one of
Dy, Dyand Dg.

(iii) Number appearing onD, appears on any
two of Dy, D, and Ds.

Sample space =6 x6 x6 x6 =6 favourable events
= Case I or Case II or Case III
Case I First we should select one number for D,
which appears on all i.e. C; x 1.
Case II For D, there are 6C1 ways. Now, it appears
on any one of D;, Dy and Dy i.e. °C; x 1.
For other two there are 5 x 5 ways.
0O 8C, x%C, x1 x5 x5
Case IIl For D, there are 6C1 ways now it appears on
any two of D;, D, and D,
0O 2Cyx1?
For other one there are 5 ways.
O %c x®C,x1%x5
6c, + 5C, x3C, x5% +°C; x3C, x5
64

Thus, probability =

_6(1+75+15)
e
=91
216
Sample space A dice is thrown thrice, n (s) =6 x6 x6.

Favorable events w'! + w2 + w°® =0

ie. (n, ry, ;) are ordered 3 triples which can take

values,

1,2,3), (1,5,3), 4,2,3), 4,5,3)0. .
(i.e. 8 ordered pairs

(1’296)7 (1’576)7 (4?276)7 (47576)|:|

and each can be arranged in 3! ways =6

0 nE)=8x6 0 PE)=_—6 _2

6x6x6 9

Since, three distinct numbers are to be selected from
first 100 natural numbers.

O n(S) =,
) = All three of them are divisible by both

E(favourable events
2 and 3.

0 Divisible by 6 i.e. {6, 12, 18, ..., 96}
Thus, out of 16 we have to select 3.
O n(E) =1%C,

16C 4

O Required probability = ﬁ = T
3

Here, two numbers are selected from {1, 2, 3, 4, 5, 6}
O n(S) =6 x5 {as one by one without replacement}

Favourable events = the minimum of the two numbers
is less than 4. n(E) =6 x4 {as for the minimum of the
two is less than 4 we can select one from (1, 2, 3, 4) and
other from (1, 2, 3, 4, 5, 6)

n(E) 24 4

n@S) 30 5

O Required probability =

13.

14.

15.

16.

17.

7h=7,7%=49, 7° =343, 7* = 2401, ...

Therefore, for 7", r ON the number ends at unit place
7,9 3,1,7, ...

O 7™+ 7" will be divisible by 5 if it end at 5 or 0.

But it cannot end at 5.

Also for end at 0.

For this m and n should be as follows

m n
1 4r 4r -2
2 ar -1 4r -3
3 4r -2 4r
4 4r -3 ar =1

For any given value of m, there will be 25 values of n.
Hence, the probability of the required event is
100x25 1
100 x100 4

NOTE Power of prime numbers have cyclic numbers in their unit
place.

The number of ways of placing 3 black balls without any
restriction is '°C,. Since, we have total 10 places of
putting 10 balls in a row. Now, the number of ways in
which no two black balls put together is equal to the
number of ways of choosing 3 places marked “— out of
eight places.

—W—W—W—W —W—W—W—
This can be done in C, ways.
8C, _8xTx6 _ 1

0 Required probability = = =
a P Y ¢, 10x9x8 15

Three vertices out of 6 can be chosen in °C, ways.
So, total ways = 6C3 =20

Only two equilateral
triangles can be formed
AAEC and ABFD.

O Favourable ways =2
So, required probability
2 1

Since, three dice are rolled.

O Total number of cases S =6 x6 x6 =216
and the same number appear on each of them = 6C1 =6

. .. 6
O Required probability = 916 36
Since, there are 15 possible cases for selecting a coupon
and seven coupons are selected, the total number of
cases of selecting seven coupons = 15
It is given that the maximum number on the selected
coupon is 9, therefore the selection is to be made from
the coupons numbered 1 to 9. This can be made in 97
ways. Out of these 97 cases, 8 does not contain the
number 9.



18.

19.

20.

21.

Thus, the favourable number of cases =9" - 8.

o7 — g7
O Required probability = =
The number of all possible determinants of the form
a b
=2' =16
c d
Out of which only 10 determinants given by
1 1|0 0|1 1|0 O||O0 1|1 O||1 O
1 1/°j0 0|’jo 0o|’|1 1/7j0 1|1 0|’|0 O
0 1[0 O
0 0/’j1 0

Vanish and remaining six determinants have non-zero
. . 6 _3

values. Hence, the required probability = 6 = 3

Statement I is true.

Statement II is also true as the homogeneous equations

have always a solution and Statement II is not the

correct explanation of Statement I.

Number of favourable outcomes
Number of total outcomes

PLAN Probability =

As, x; + x5 + x5 1s odd.
So, all may be odd or one of them is odd and other two
are even.
O Required probability
20, x 30, x 0y + 10, x7C, xiC, +7C, x*C, X°C,
+1C, x3C; X3¢y
e, xPc, xc,

24+8+12+9
N 105

_ 53

" 105

Since,

0 X+ a3 =2x
So, x; + x5 should be even number.

X, X9, X3 are in AP.

Either both x; and x; are odd or both are even.
20, x ic, + ¢y X3¢y
°Cy %20y %0

O Required probability =

1
105
According to given condition,
P (yellow at the first toss) :% :%
2 1
P (red at the second toss) = A = 3
and P (blue at the third toss) :%
Therefore, the probability of the required event
1. 1.1 _1
= — X— X— =—
2 3 6 36

22.

23.

24.

25.

26.
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+ — —_
Since, ! 33p,1 4p and 1-2p

mutually exclusive events.

0 1+3p+1—p+1—2p
3 4 2

a 4+12p+3 -3p +6 —12p <12

0 13-3p<12

are the probability of

<1

» z% ()

1-2p

O

and 0< <1

1+3p
3

sl,Osl_psl,Os
4

0 0<1+3p<3,0<1-p<4,0<1-2p<2

1 2 1 1 .
O -—<p<=,12p=2-3,-=2p=-—- ..»1
p<g D g 2P 5 (i1)

3
From Egs. (1) and (i1), 1/3< p<1/2

Since, determinant is of order 2 x 2 and each element is
0 or 1 only.

O n@)=2'=16

and the determinant is positive are

1 0] |1 1|1 O

s s

0O 1, (0 1[]1 1
O n(E)=3

Thus, the required probability = %

!
Total number of ways to arrange ‘ASSASSIN’ is 4'8['2'

First we fix the position JADJ A O IO N
Number of ways in which no two S’s occur together
_4! 5
= 5 x°?C,
! x4 %91
0 Required probability = 2+ <2 4! *2!_ 1
2!1x8! 14
Hence, it is a false statement.

Let us define a onto function FfromA:[r, 1y, ... ,1,] to

B: [1, 2, 3], where n,1y,..., 1, are the readings of n
throws and 1, 2, 3 are the numbers that appear in the n
throws.

Number of such functions, M = N - [n(1) —n@) +n@3)]
where, N = total number of functions

and n(t)= number of function having exactly ¢
elements in the range.

Now, N=3"n1)=3-2",n@2)=3,n@B)=0
a M=3"-3-2"+3
Hence, the total number of favourable cases
=@3"-3-2" +3).°C,
@"-3-2" +3) x 5C,
6"
The required probability =1 — (probability of the event

O Required probability =

that the roots of * + px + ¢ =0 are non-real).
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27.

28.

The roots of x* + px + ¢ =0 will be non-real if and only if
p?-4q <0, ie.if p?<dq

The possible values of p and q can be possible according
to the following table.

Value of g Value of p Number of pairs of p, g

1

4
4
4,5
4,5
4,5
,4,5,6

A_LAA_LAAAA
NEESHENEE NN CH SR F RN

Ol N OO MO |IN| =
Dol oA~ WD

3
3
3
3
3
3
3
3

—_

1,

’

Therefore, the number of possible pairs =38
Also, the total number of possible pairs is 10 x 10 =100

00 The required probability =1 - % =1 -0.38 =062

We have 14 seats in two vans and there are 9 boys and 3
girls. The number of ways of arranging 12 people on 14
seats without restriction is
14!
14P12 = ? = 7(13 ')

Now, the number of ways of choosing back seats is 2.

and the number of ways of arranging 3 girls on adjacent
seats is 2(3!) and the number of ways of arranging 9
boys on the remaining 11 seats is '' P, ways.

Therefore, the required number of ways

111!
=2.2.3)!" P, :% =12!
Hence, the probability of the required event
_120 1
73! 91

There are (n + 7) coins in the box out of which five coins
can be taken out in "*"C; ways.

The total value of 5 coins can be equal to or more than
one rupee and fifty paise in the following ways.

(1) When one 50 paise coin and four 25 paise coins are
chosen.

(i1) When two 50 paise coins and three 25 paise coins
are chosen.

(111) When two 50 paise coins, 2 twenty five paise coins
and one from n coins of ten and five paise.
0 The total number of ways of selecting five coins so
that the total value of the coins is not less than one
rupee and fifty paise is

GC,PIC; N Cy) + (CC,PIC, 11Cy) + (CyBIC, 11 C))
=10+10+10n=10 (n +2)

So, the number of ways of selecting five coins, so
that the total value of the coins is less than one
rupee and fifty paiseis "* 7C5 -10(n +2)

"C, -10(n +2)

O Required probability =

n+ 705
_10(n +2)
- n+ 705
29. (i) The total number of arrangements of six boys and
six girls =12!
. .- 6!x7! 1
0 Required probability = =—
az)! 132
[since, we consider six girls at one person]
.. . - 2x6!x6!_ 1
(1) Required probability = ————— = ——
a2)! 462

Topic2 Addition and Subtraction Law of
Probability
1. We have, P (exactly one of A or Boccurs)
=P(A0O By P(An B)
=P(A) + P(B) -2P(A n B)
According to the question,

P(A) + P(B) —2P(A n B) :i ()
P(B) + P(C) -2P(B n C) :i ...Gi)
and  P(C)+ P(A) -2P(C n A) :i )

On adding Egs. (1), (i1) and (iii), we get
2 [P(A)+ P(B) + P(C) -P(A nB)-P(B n ()

-P(CnA)]z%

O P(A)+ P(B)+ P(C) -P(AnB)-P(BnC(C)
_P(C n 4) =%
0P (atleast one event occurs)
=P(AOBOC)
=P(A)+ P(B) + P(C) -P(A nB)-P(B nC(C)
-PCnA+PANBNnC)

3. 1 _7 0 10
==+ =— = P(An Bn C)= —
8 16 16 E(nn)leﬁ
2. Given,P(B):%,P(Aanﬁ):%
| _AnBnCQC)
— @A nBn C)

L BnO)

P(An Bn 6):%

which can be shown in Venn diagram.

O PBnC)=PB)-{P(AnBnC+P(AnBnC))

and



_§_%+1Q—§_%_L
4 3074 3 12

3. Itisgiventhat, P(E)<P(F) 0 Hl F ...(0)

and PEnF)>0 0 El F

(a) occurrence of E [0 occurrence of ¥ [from Eq. (1)]
(b) occurrence of I 0 occurrence of £ [from Eq. (i1)]
(c) non-occurrence of E 0 occurrence of F

Hence, option (c) is not correct. [from Eq. ()]

. We know that,
P (exactly one of A or B occurs)
=P(A) + P(B)-2P(A n B)

...(i1)

O PA)+ P(B)-2P(AnB)=p ..(d)
Similarly, PB)+ PCC)-2PBnC)=p ...(11)
and PC)+PA)-2PCnA)=p ...(1i1)

On adding Egs. (1), (i1) and (iii), we get
2[P(A)+ P(B) + P(C) -P(A n B)
-PBnC)-PCn A)]=3p
O P(A)+ P(B) + P(C) -P(A n B)

—P(BnC)—P(CnA):%U )

It also given that, P(A n Bn C)= p? ...(v)

O P(at least one of the events A, B, and C occurs)
=P(A)+ P(B) + P(C) -P(A nB)

-PBnC)-P(Cn A+ PAnBn(C)

=3P 2 [from Eqs. (iv) and (v)]

2
_3p+2p’
=SR2 2P
. Since, P(A n B) = P(A)[P(B)

It means A and B are independent events, so A’ and B’
are also independent.

O P(AO B)= P(Aln B3 P(AN P(B)
Alternate Solution
P(AUBF + P(AD B) 4 {P(4) P(B) -P(A)[P(B)}
={1 - P(A)}{1 - P(B)} = P(A) P(By
. Given, P(AOBF 0.6,P(An Br 0.2
O P(A)+P(B)=[1-P(A)] +[1 -PB)]
=2 - [P(A) + P(B)]
=2 -[P(A OBy} P(An B)]
=2-[0.6+0.2]=1.2
. Given, P(4) =0.25, P(B) =0.50, P(A n B) =0.14
O P(AO BF P(A+ P(Br P(4n B)
=0.25+0.50 — 0.14 =0.61
Now, P(AO BF - P(A0 B)=1-0.61=0.39
. We know that,
P(An B)=P(A)+ P(B)-P(AB)
Also, P(AOBx 1

10.

11.

12.

13.

Probability 111

O P(An B),, ;s whenP(AUB),.~= 1
ad P(AnB)>=P(A)+PB)-1

O Option (a) is true.

Again, PAOBe 0

O P(AnB),., when P(AOB),;,= 0

O P(An By<sP(A)+ P (B

O Option (b) is true.

Also,P (An B)=P (A)+ P (B) - P (A UB), Thus, (c)is
also correct.

Hence, (a), (b), (c) are correct options.

P(exactly one of M, N occurs)

=P{(M n N)OMn N}=P(MnN)+P (M n N)
=PWM)-P(M n N)+ P(N)-P(M n N)

=PM)+ P(N) -2P(M n N)

Also, P(exactly one of them occurs)

={1-P(M n N){{1-P(M ON)}

=P(M ON)y P(Mn N)=PM)+ P(N)-2P(M n N)
Hence, (a) and (c) are correct answers.

Let E, be the event getting minimum number 3 and E,
be the event getting maximum number 7.
Then, P (E,) = P (getting one number 3 and other two
from numbers 4 to 10)
ey x'cy,
- 1o, 40
P (E,) = P(getting one number 7 and other two from

numbers 1 to 6)
e, xSc, 1
e, 8
and P (E; n E,) = P(getting one number 3, second
number 7 and third from 4 to 6)
e, x ¢, x3¢, _1
¢, 40

0 P(E, OE)r P(E) PE) P(En E)
71 1 11

=+ - =
40 8 40 40
P(AOBF P(Ax P(B)y P(An B)
If P(AOBFr P(A B),
then P(A) and P (B) are equals.
Since, P(AOBF P(An BY] AandBareequals sets
Thus, P (A) and P (B)is equal to P (A n B).
Given, P (A fails in examination) = 0.2
and P (B fails in examination) =0.3
P (An B)=P(A)P(B)=(0.2) (0.3)
0 P(AO By P(Ay P(B)y P(An B)
=0.2+0.3-0.06=0.44
Hence, it is a false statement.

Let P(A) and P(B) denote respectively the percentage of
city population that reads newspapers A and B.
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14.

15.

16.

17.

Then,
25 _1 20 _1
PA =
(A4)= 100 4° P®) = 100 5’
P(AnB):i:E,
100 25
2 17
P(An B)=P(A)-PANnB)=--—=—-,
(n)()(n)425100
2 3
P(AnB)=P(B)-P(An B—f
(An B)=P(B) - P( ) =95 o5

Let P(C) be the probability that the population who
reads advertisements.

O P(C)=30% of P(An B)+ 40% of P(A n B)

+50% of P(An B)
[since, AnB,An B and An B are all mutually
exclusive]

O PC )——
10 100 5 25

We know that,

P(A)+ PB)+P(C)-P(AnB)-P(BnC(C)
-PCnA)+PAnNBnC)=P(AORK ©O)

00.3+0.4+0.8-{0.08+0.28+ P(BC)}+0.09

17 2 3 1 2 _ 139
+2Xx— += x—=

— X—= =13.9%
2 25 1000

=P(AORI C)
O 1.23-PBC)=P(AUB] C)
where, 0.75<P(A0R &® 1
0 0.75<1.23-P(BC) <1
0 - 0.4& - P(BCx- 0.23

O 0.23 < P(BC) <0.48

Given, P(A)=0.5 and P(An B)<0.3

0 P(A)+ P(B) - P(AOBK 0.3

0 PMB)<03+PALIByr P(A)<P(AUB)» 0.2
[since, PLAOBx 10 P -B) 9.2 0.8]

O P(B)<0.8

] P(B) cannot be 0.9.

Here, five students S, S,, S;,S, and S; and five seats
R, Ry, R;, R, and R;

OTotal number of arrangement of sitting five students is
5!1=120

Here, S; gets previously alloted seat R,

08S,,S;,S, and S5 not get previously seats.

Total number of way Sy, S5, S, and S5 not get previously

seats 1s
4!@1—l+l— :24@—1+1—1+i
1! 2! 6 24
%}2 4+1@ 9
24

9
O Required probabilit
a P V= 120 40

Here, n(Ty; n Tyn Ty n T})

Total =—n (T, OTQ Ty T,)
OnM nTonTyn Ty

Topic3

=51-[*C, 412! -3 C, 312! +3C, 312!12))
+(C 212!+ *Cy 2121 -2]
O ninTynTyn Ty
=120 - [192 - (36 + 72) + (8 +16) —2]
=120 - [192 -108 +24 -2] =14
14 _ 7

g R d bability = — = —
equired probability 190 _ 60

Independent and Conditional
Probability

1. Let event Bis being boy while event G being girl.

According to the question, P(B) =P(G) =~

Now, required conditional probability that all children
are girls given that at least two are girls, is
All 4 girls

(All 4 girls ) + (exactly 3 girls + 1 boy)
+ (exactly 2 girls + 2 boys)
4

: ek 1
%Q4+403%@3%§+402%g%g 1+4+6 11

Key Idea UseP(A) =1 —P(A) and condition of independent
eventsi.e P(A n B) = P(A) [P(B)

Given that probability of hitting a target independently

by four persons are respectively

1 1 1 1
P=—-P=-P="andP, ==
1= BTy 4
Then, the probability of not hitting the target is

=B -8 ~5HE ~4H 5

[ events are independent]

Therefore, the required probability of hitting the target
=1 - (Probability of not hitting the target)

= ]_ —l = %
32 32
. We know that, P(A/B) = PAnB
P(B)
[by the definition of conditional probability]
AOB
O AnB=A
P(A) .
0 P(A/B) =
(A/B)=% 5 0]
As we know that,0 < P(B) <1
O 1< <o [ P(A)<P(A)
P(B) P(B)
P ..
>PA
73 (4) (i)

Now, from Eqgs (i) and (i), we get
P(A/B) =2 P(A)



4, In{1,2, 3, ...,

11} there are 5 even numbers and 6 odd
numbers. The sum even is possible only when both are
odd or both are even.

Let A be the event that denotes both numbers are even
and Bbe the event that denotes sum of numbers is even.
Then, n(A) =°C, and n(B) =°C, + °C,

Required probability
5 11
P(A/B)=P(AHB) _ 6CQ/ 502
P(B) CCy+°Cy
11C2
°C, _ 10 _2
6C,+°C, 15+10 5

. Clearly, P(H) = Probability of getting head =

and P(T) =Probability of getting tail =

DO | DO |

Now, let E; be the event of getting a sum 7 or 8, when a
pair of dice is rolled.

Then? El = {(65 1)7 (5’ 2)> (4, 3)7 (37 4)’ (27 5),

(1, 6), (6, 2), (5, 3), (4, 4), (3, 5), (2, 6)}

O P(E,) = Probability of getting 7 or 8 when a pair of

dice is thrown = —
36

Also, let P(E,) = Probability of getting 7 or 8 when a

card is picked from cards numbered 1, 2, ...., 9 = 5

O Probability that the noted number is 7 or 8
=P(H nE)or(T nE,))
=PHNE)+PTnE,)
[ (H n E))and (T n E,) are mutually exclusive]
=P(H)P(E,)) + P(T)[P(Ey)
[-{H, E,}and{T, E,} both are sets of

independent events]
1 11 1 <2 2

“5 736729 12

. Clearly, E, ={(4,1),4,2), 4,3), d,4), 4,5), 4,6)}
E,={1,2),2,2),3,2),4,2),6,2),6,2)}

and E; =1{1,2),(1,4),@1,6),(2,1),(2,3),(2,5),

(3,2),(3,4),(3,6), (4, 1), (4, 3), (4, ),
(5,2), 5,9, (5 6), (6, 1), (6, 3), (6, 5)}

6 1 1
0 PE)=—== =—=
(Ey) = 3% 6 P(E,) = 36 5
and P(E, )——8 1
36 2
Now, P(E; n E,) = P(getting 4 on die A and 2 on die B)
1

=~ =P(E)) [P(E,)

PE,n E;)=P (gettmg 2 on die Band sum of numbers
on both dice is odd)
3
i P(Ey) [P(E3)

P(E, n E;)= P(getting 4 on die A and sum of numbers
on both dice is odd)

Probability 113

= 2 =P@) P(E,)
and P(E, n E,n E;)= P[getting4ondie 4, 2ondie B
and sum of numbers is odd]
= P(impossible event) =0
Hence, E;, E, and E; are not independent.

. Given, P(A0 BF é, P(An B)= i, P(A) :i

0 P(AOBF 1= PA B)=1—%:g
and P(A)=1—P(Z)=1—1=§
4 4
0 P(AO BF P(Ay P(B)— P(An B)
5 _3
+ P(B
4 ®B) -
ad P(B) = g 0 A and B are not equally likely

P(A n B)= P(A)[P(B) :i

So, events are independent.

PLAN It is simple application of independent event, to solve a
certain problem or any type of compitition each event in
independent of other.

Formula used

P(A n B)= P(A)[P(B), when A and B are independent
events.

Probability that the problem is solved correctly by
atleast one of them =1 - (problem is not solved by all)

O P (problem is solved) =1 — P (problem is not solved)
=1-P(A)P(B)[P(C)[P(D)

_1_%&3’ @ 256_252

. Since, P(A) = g

For independent events,
P(An B)=P(A)P(B)

0 P(AmB)S%

0 PAnB=— 22 2%
10 10 10 10
[maximum 4 outcomes may be in A n B

. 1
Now, P(AnB)=—
() Now ( )= 1o

1
O P(A).P(B)=—
(4).-P(B) 0
ad P(B)—ixé 1 notpossible
10 2 4

N 2
Now, PAnB)=2 0 2xPB)=2
(i1) Now ( )= 1o B =1

O P(B) = % ,outcomes of B=5

(iii) Now,  P(An B)= %
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10.

11.

12.

13.

14.

-3 2 -3
O P(A)P(B) = 0 0 5 x P(B) 0
P(B) =%,not possible
(iv) Now, P(An B)= % 0 P(A)-p(B) = %
ad P(B) =1, outcomes of B =10.
PD ‘N FCE:P(EC nFnG)
o G O PG)
=P(G)—P(E NnG)-PGnF)
P @G)
_PG[I-PE)-PF)] [+ P@G) £0]
P G)

=1-P(E)-PF) =P(E)-PF)
Let E =event when each American man is seated
adjacent to his wife

and A =event when Indian man is seated adjacent
to his wife
n(AnE)=@)x@y
Even when each American man is seated adjacent to his
wife.

Now,

Again, n(E) =G x@h*

_n(AnE) _@hx@) _2
5 P%%Q_ nE)  GYxeHht 5

Alternate Solution

Fixing four American couples and one Indian man in
between any two couples; we have 5 different ways in
which his wife can be seated, of which 2 cases are
favourable.

. . 2

O Required probability = =

Let E be the event of getting 1 on a die.

1 — _b
0 PE)== and PFE)=-—
(E) g an (&) 6

O P (first time 1 occurs at the even throw)

=tyortyortgortg ...and soon
={P(E)P(E)} +{P(E)P(E) P(E) P(E)} +...

g B o

Probability that only two tests are needed = Probability

that the first machine tested is faulty X Probability that

the second machine tested is faulty = 2 X 1.1

3 6

The event that the fifth toss results in a head is
independent of the event that the first four tosses result
in tails.

O Probability of the required event =1/2

15.

16.

17.

18.

19.

20.

P (2 white and 1 black) = P (W, W,B; or W, B,W; or

B,W,Ws)
= P(W,W,B,) + P(W,BW,) + P(B,W,Wy)
=PW)P(Wy)P(B;) + P(W,)P(By)P(Ws)

+ P(B,)P(W,)P(W,)

13

+ + i(9+3+1):7
32 32

121_
4 4 4
Given, P (India wins) =1/2

O P (India losses) =1/2

Out of 5 matches India’s second win occurs at third test.

0 India wins third test and simultaneously it has won
one match from first two and lost the other.

O Required probability = P(LWW) + P(WLW)

Eop

Let A = getting not less than 2 and not greater than 5

N
e
oo
N
e
-

~

u A={2,3,4,5 O P(A) =%

But die is rolled four times, therefore the probability in
getting four throws

gliEE e

Let A, B and C denote the events of passing the tests I,
IT and III, respectively.

_16
81

Evidently A, B and C are independent events.

According to given condition,
%:P [(AnBO O)]
=PAnB)+ PAnC)-P(AnBn ()
=P(A)P(B)+P(A)P(C) -P(A)[P(B) LP(C)
=pq+ p% - pq %

0 1=2pqg+ p-pq O 1=pl@+1) ...(0)
The values of option (c) satisfy Eq. (1).

[Infact, Eq. (i) is satisfied for infinite number of values
of p and q. If we take any values of ¢ such that0 < ¢ <1,

1 . .
T It 1s evident that,

then, p takes the value

0<

i1 <1li.e.0< p <1. But we have to choose correct
q

answer from given ones.]

Since, P(A/B) + P(A/B) =1

0 P(A/B)=1-P(A/B)
Given that, P(A4) =0.4, P(A) =0.6
P(the event A happens at least once)

=1 - P (none of the event happens)
=1-(0.6) (0.6) (0.6)=1-0.216=0.784



21. P(X) :1

P%E P(XnY) %
EZQ P(XnY) g

PX)
P(XnY):B
-4
P(Y)_15
4 2
_PY)-PXnY) _15 15_1
P%@' P(Y) 4 2
15
PxOYE & A 22 T T

22. PLAN

(i) Conditional probability, i.e. P(A/B) = P(AnB)

(i) P(ADBE P(A¥ P(B- P(An B)

(i) Independent event, then P(A n B) = P(A)[P(B)
=1 =1
Here,P(X/Y)_2,P§§Q :
andP(X nY)=6
0 P% :P(Xn Y)
/P(Y)
1_ 16 _1 :
O §_P(Y) 0 PY) 5 ..
1 PXnY)_ 1
P == - =z
%Q 3 PX) 3
1 1
O ~—==PX
673 X)
O P(X) = 1 (i)
PXOY¥ P(X)+ P(Y)— PXn Y)
_l 1.1_2
—2+3 6 3 ...(111)
-1 =141
PEaY)=5 and PEOPQ) 2% .
O PXnY)=PX)PY)
i.e. independent events
O PX°nY)=PY)-PXnY)
=111
3 6 6
23. E F
11 .
PEOFy P(En F¥ % ..()

[i.e. only E or only F]

24.

Probability 115

Neither of them occurs = 2
25
O PENF)= 2 (ii)
25
From Eq. G), P(E)+ P(FF)-2P (E n F) =% ...(1i1)
From Eq. (ii), (1-P(E)) (1 -P(F)) :22—5

d 1-P(E)-P{F)+PE)PT) =% ...(iv)

From Egs. (iii1) and (iv),
P(E) + P(F) = g and P(E)(P(F) = %

0 P(E) [% - P(E)E: %
2
0 PE) - P(E) N % =0

ED(E)_EHED(E)_BE 0

u PE)=2or 20 PE)=2or
5 5 5 5

Let A, B and C respectively denote the events that the
student passes in Maths, Physics and Chemistry.

It is given,
P(A)=m, P(B) = pand P(C) =cand
P (passing atleast in one subject)
=P(AOB] &® 0.75

O 1-P(A nB n C)=075
: [P(A)=1-P(A)
and [PAOB] C]] P 'B 'C)]
0 1-P(A")-PB')-PCC)=0.75
.+ A, B and C are independent events, therefore A', B
and C' are independent events.
0 075=1-(1-m)(1 -p) (1 -0
ad 0.25=1-m)L-p)A —-¢) ...(1)
Also, P (passing exactly in two subjects)=04
O PANnBnC O & BW CO &4 B €) 04
O PANBnC)+P(An Bn C)+P(AnBn C)=04
O P(A) P(B) P(C) + P(A)P(B) P(C)

+ P(A) P(B) P(C) =04
ad pm@-¢+pd-m)c+(@ -p)mec =04
ad pm — pmc + pc — pmc +mc —pmc =04 ...(11)
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25.

26.

Again, P (passing atleast in two subjects) =05

O PAnBn C)+ P(An Bn C)
+P(AnBnC)+PAn Bn 0)=05

O pm@-c¢)+pcd-m)+cm@ —p) +pcm =05

0 pm - pcm + pc — pcm +cm —pem + pem =05

ad (pm + pc+mc) —2pcm =05 ...(ii1)

From Eq. (i1),

...(iv)

pm+ pc+mc—-3pcm =04
From Eq. (1),
025=1-(m+p+co)+ (pm+ pc+cm) —pcm ...(v)
On solving Egs. (iii), (iv) and (v), we get
p+m+c=1.35=27/20
Therefore, option (b) is correct.
Also, from Egs. (i1) and (iii), we get pmc=1/10
Hence, option (c) is correct.
PENF), PEn F)
P(F) P(F)
_PEnNF)+PENF)
) P(F)
_P(®) _,
P(F)
Therefore, option (a) is correct.
PEnF) PEn F)

(a) P(E/F)+ P(EIF) =

(b) P(E/F)+ P(EIF)=

P(F) P(F)
_P(EnF)+P(EnF)¢
) 1-P(F)

Therefore, option (b) is not correct.
PEnF) L PEn F)

() P(E/F)+ P(EIF) =

P(F) P(F)
_P(EnF)+P(EmF)¢1
) 1-P(F)

Therefore, option (c) is not correct.
PENF), PEF)
P(F) P(F)
_P(EnF)+PEnF)
- P(F)

P,
P(F)

Therefore, option (d) is correct.

(d) P(E/F)+ P(EIF)=

Both E and F happen [ P(E n F)= %

and neither E nor F happens 0 P(E n F) :%

But for independent events, we have
P(En F)=P(E)P{F)= % ...(1)
and P(E n F)= P(E) P(F)
={1 - P(E)}{1 - PF)}
=1-P(E)-P(F) + P(E)P(F)

27.

28.

29.

1 1

U 521 —-{P(E) + P(F)} +E
1 1 7 .

O PE)+ P(F) =1 5 +E :E ...(11)
On solving Egs. (i) and (ii), we get
either P(E) = % and  P(F)= i
or P(E) = 1 and PF)= 1

4 3

We know that,
QA _P(AnB)_PA)+PB)-PADB)
B P(B) P(B)
Since, P(AOBx 1
O - P(A B 1
O P(A)+ P(B)-P(AUBp P(Ax PB)r 1
P(A)+ P(B)-P(AOB) S P(A)+ P(B) -1
P(B) P(B)

P Q%@> P(A) ;(1;()3) -1

d

O

Hence, option (a) is correct.
The choice (b) holds only for disjoint i.e. P(An B)=0
P(AOBF P(Ay P(B)y P(An B)
=P(A) + P(B) - P(A) [P(B),
if A, B are independent
=1-{1 -P(A)}{1 -P(B)} =1 - P(A)[P(B)

Hence, option (c) is correct, but option (d) is not correct.

Finally,

Since, £ and F are independent events. Therefore,
P(En F)=P(E)P(F)#0,s0 E and F are not mutually

exclusive events.

Now, P(E n F)= P(E) - P(E n F)= P(E) - P(E)[(P(F)
=P(E) [1 - P(F)] = P(E) [P(F)

and P(En F)=P(EOF¥ + PFEI F)
=1-[1 -P(E) PF))

[ E and F are independent]

= P(E)[P(F)

So, E and F as well as E and F are independent events.

Now, P(E | F)+ P(E 17y = LE N )+ P(E 0 F)

P(F)
= P(F) =1
P(F)
P(A°)=0.3 [given]
ad P (A)=0.7
P(B)=0.4 [given]
ad P(B°)=0.6and P(An B)=0.5 [given]

Now, P(A0 B°F P(A¥ P(B°»- P(An BY)
=0.7+0.6-0.5=0.8
P{Bn (A0 B}
P (A D BY
_P{(Bn AT B BY) _P(BnAD! PBA
- 0.8 N 0.8 ~ 08

0 P[B/(AD BE




30.

31.

32.

33.

34.

= i [P(4) - P(A 0 BY)]

07 05_02_1

08 08 4

P(AOB¥ P(Ax P(By PA)P(B), as A and B are
independent events.
O 0.8=(0.3)+ P (B)-(0.3) P (B)

O 05=0.7P®B) 0 P(B :%

5 can be thrown in 4 ways and 7 can be thrown in 6

ways, hence number of ways of throwing neither 5 nor 7
is 36 -4 +6)=26

O Probability of throwing a five in a single throw with a

pair of dice = 4

36

26 13

S5nor7=—=—
36 18

Hence, required probability

-0+ el BN B =

18

Let R be drawing a red ball and B for drawing a black
ball, then required probability

=RRR + RBR + BRR + BBR

~ 5
_% 1 Q% 11
+§T
1
_ 640 _32

1100 55

= é and probability of throwing neither

w\»—*

Q%

Let A be the event that the maximum number on the
two chosen tickets is not more than 10, and B be the
event that the minimum number on them is 5

0 P(AnB)=-"1L

and

Then p@é _P@AnB
A0 PA)
1

S 10¢, 9

Here, P(AO B)-P(An B)
O {P(A)+ P(B)-P(A n B)}{PA")-PB')}
[since A, B are independent, so A’ , B' are independent]
0OPAOB):-P(An B3 {P(Ay P(B)}-{P(A)-P(B)}
=P(A)-P(A")-P(B)+P(B)-P(A")-PB)
<P(A)-P(B )+ P(B)-P(4") ...(1)
[.P(A) < 1and P(B')<1]
P(AOB)-P(An B ¥ P(A).-PB')+ P(B)-P(A)
0 PAOB)-P(An B ¥ P(Q)
[ P(C) = P(A)-P(B') + P(B)- P(4)]

O

35.

36.

37.

38.
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Given, P(A)= probability that A will hit B = g

P(B) = probability that B will hit A = %

P(C) = probability that C will hit A = %

P(E) = probability that A will be hit
O P(E)=1—P(§)I]3(5)=1—%%=§

Probability if A is hit by B and not by C
1 2
PB)-PC)_9'3 _1
P(E) 2 2
3
Let E; denotes the event that the students will pass the

ith exam, wherei =1, 2, 3

=P(BnC/E)=

and E denotes the student will qualify.
0 PE)=[PE) x PE, /)]
+ [P(E,) x P(E,//E,) x P(E5 | E,')]
+ [P(E,")x P(Ey/E'y) x P(Eg | E))]

=p”+p( -p)-g +(1 —p)-g p

2 2_ .3 2 _ 3
0 P(E):2p tp -p +tp”-p

=9p% = pP
9 P p

Since, p, denotes the probability that no two (or more)
consecutive heads occur.

O p, denotes the probability that 1 or no head occur.
For n =1, p, =1because in both cases we get less than
two heads (H, 7).

For n =2, p, =1 - p(two heads simultaneously occur).
=1-p(HH)=1-pp =1 -p°
For n23, p,=p,-10 -p) + p,-s1 ~p)p
0 P =0 =p)p,-1 +pL ~p)p, -
Hence proved.
Let, E; =the event noted number is 7
E, =the event noted number is 8
H =getting head on coin
T =De getting tail on coin
O By law of total probability,
P(E)=PH)P(E,/H)+P T)PE,IT)
and P(Ey,)=PH)P(E,/H)+PT)P (E,/T)
where, P (H)=1/2=P (T)
P (E,/H)=probability of getting a sum of 7 on two dice
Here, favourable cases are
{1,6), 6,1), 2,5), 6,2),(3,4),d,3)}.

O P(E,/H)= 61
36 6
Also, P (E,/T) =probability of getting 7 numbered

card out of 11 cards
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39.

P (E,/H) =probability of getting a sum of 8 on two dice
Here, favourable cases are
{@,6),6,2), 4,4),6,3), 3,5)}.

5
u! P(Ey/H)=—
(B, H)=

P (E,/T) = probability of getting ‘8 numbered
card out of 11 cards

1/11
O P(E) =% 1@+%x1§ L7
6 12 22 132
5 1
and P(E % —+ % X—@
(Ey) = 36 Tl
91
T2 729
Now, E; and E, are mutually exclusive events.
Therefore,
17 91 _193
P(E, orE;))=P(E,)+P (E —— =
By or B =P (E) + P(ED =130 795 ~ 702
Let D, denotes the occurrence of a defective bulb in Ist
draw.
Therefore, P(D;) = 50 1
100 2

and let D, denotes the occurrence of a defective bulb in
IInd draw.
50 _1

Therefore, P(Dy)=—— =

100 2
and let IV, denotes the occurrence of non-defective bulb
in Ist draw.

50 _1

Therefore, P(N;)=— ==
100 2

Again, let N, denotes the occurrence of non-defective
bulb in IInd draw.

Therefore, P(N,) =—— 50 -1

100 2
Now, D, is independent with N;and D, is independent
with N, .
According to the given condition,
A = {the first bulb is defective} ={D;D,, D; N ,}
B = {the second bulb is non-defective} ={D;N,, N;N,}
and C = {the two bulbs are both defective}
={D\Dy, NN o}

Again, we know that,

An B={D|Ny}, Bn C={N;N,}.

CnA={DDyjand An Bn C=¢
P(A) = P{D\Dy} + P{D,N 5}

= P(D)P(Dy) + P(D)P(N)

- e s

Similarly, P(B)= % and P(C) = %

Also,

Also, P(An B)=P(D,N,)=P(D,)P(N,)= %@ %Q: i

40.

41.

42,

43.

44.

Similarly, P(B n C) = i, P(C n A) =i

and P(An Bn C)=0.
Since, P(A n B)= P(A)P(B), P(B n C)= P(B)P(C)
and P(C n A)= P(C)P(A).

Therefore, A, B and C are pairwise independent.

Also, P(An Bn C)£ P(A)P(B)P(C) therefore A, B and
C cannot be independent.

The total number of ways to answer the question
=i, +C, +*Cy +4C, =2* -1 =15
P(getting marks) = P( correct answer in I chance)

+ P(correct answer in Il chance)
+ P( correct answer in I11 chance)

4 oL 1
% 14 %% 13 ? "5
Given, P(A)[P(B)= 8 , P(A)[P(B) = g

0O [D-PAIQ-PB)]=

Let P(A)=x and P(B) =y
1 1
ad 1-x(1-y)== and xy==
1-00-y 3 Y=
1 1
a l-x-y+xy==— and xy=—>
Y Y 3 Y 6
5 1
a x+y=— and xy==>
' "6
0 x%—x@:l
6
a 6x% -5x+1=0
O Bx-1)@x-1) =0
0 leand1
3 2
a P(A)=lorl
3 2
P(Nth draw gives 2nd ace)

= P{1 ace and (n —2) other cards are drawn in (N —1)
draws} x P{Nth draw is 2nd ace}
_ 448)!Hn - 1)! (52 —n)!D 3
62)!0n -2)!60 -n)! (B3 -n)
_4(n-1)B2-n)b1-n)3
5251049
_ n-1)62-n)(6B1-n)
50490703
Let P(H,)=0.4, P(H,) =0.3,P(H;)=0.2, P(H,) =0.1
P (gun hits the plane)
=1 - P(gun does not hit the plane)
=1-P(H,) (P(Hy) (P(H;3)P(H,)
=1-(0.6) (0.7) (0.8) (0.9)=1 -0.3024 =0.6976

Since, the drawn balls are in the sequence black, black,
white, white, white, white, red, red and red.




Let the corresponding probabilities be

p15p27"'7p9
2 1 4 3
Then, ==, ==, =—, =—,ps ==
b 9 Dby 3 yz: 7 Dby 6 b; 5
R S T
D¢ 4,p7 3,p8 2:p9

O Required probabilitie
Py - Py Py U..[hy

- FGHFRHE B B HEHE Ho o

Forthe events to be independent,
PEy 0 E; n E5)= P(E))CPE,)P(ES)
P(E; n E; n E5)= P(only E; occurs)
= P(E) I = P(Ey)) (1 - P(E3))
Let x,yandz be probabilities of E,,E,and Ej,

respectively.

O a= x+ y»E 2 ...Q0)
=01 -1 -2) ...(ii)
y=(1-%1 -5z ...(iii)

ad p=Q-00-y)A -2 ...(1v)

Given, (@ —2B)p =af and (B -3y)p =2 By ...(v)

From above equations, x=2y and y=3z

g x =6z

0 -6

z

46. Here, P(X >Y) = P(Tywin) P(T} win)
+ P(1; win) P(draw) + P(draw) P(1} win)

:%x%@+%x%@+%x% =2
47. P[X =Y] = P(draw)[P(draw)

+ P(T} win) P(T, win) + P(T, win) [(P(1; win)
=(1/6x1/6) +(1/2 x1/3) +(1/3 x1/2) =13/36

Topic4 Law of Total Probability and
Baye’s Theorem
1. Let A be the event that ball drawn is given and B be the
event that ball drawn is red.

0 P(A)=%andP(B) =g

Again, let C be the event that second ball drawn is red.
O PC)=PA) P(C/A+PBYP (C/B)

_12+40 _32

49 49
2. Keyidea Use the theorem of total probability
Let E, = Event that first ball drawn is red
E, = Event that first ball drawn is black
A = Event that second ball drawn is red

Probability 119

4 OJAO_ 6
P(E,)=—, ==
E)=1 He 0 12

6 . 0A0 4
O P(E,)=—,P ==
E)=15 QH 12

By law of total probability

0A0d 0AOd
PA)=PE,)) xP + P(E,) xP

4 6 6 4 _24+24 _ 48 _2

=~ X— 4+ — X =

10 12 10 12 120 120 5

. Let x= P (computer turns out to be defective, given that

it is produced in plant 7%)
O x=P ..
Hr,H

where, D = Defective computer

O P (computer turns out to be defective given that is
produced in plant 77) = 10x

ie. P @?ﬁ =10x ...(11)
20 80
Also, P(T}) =—and P(T,) =
SO T) = an Ty = 100
Given, P (defective computer) = T
100
. 7
.e. PD)=—
e =100

Using law of total probability,

upd 0opQd
P(D) =9(T) P + P(T,) [P
(D) =9(Ty) B,ZTB (Ty) HZTZH

0 % 20 Qmo + QISLQDC

O 7=@©80)x O x=40 ...(iii)
. ppo_1 Opo_ 10
ﬁH 40 P20

0
0 PBQD 1- apfPB., 1080 o
10 o7, 0

40 40 40

Using Baye’s theorem,
P PTnD)
DU Py n D)+ P(Tyn D)

opo
PPl
or,0

OpQO OpQO
PP 520+ P(Ty) TP 020
o, 0 a7,

80 89
_ 100 40 _78
20 $0, 80 89 93
100 40 100 40
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4. From the tree diagram, it follows that

46
PBy)=—
Ba) =2,

10 5
PB.G) =—=2
(BslG) 16 8

P By nG)=2x

® | ot
O >

[N

1
2 _1.80_20

P(B;) 2 46 23

O PG|Bg) =

5. PLAN It is based on law of total probability and Bay's Law.

Description of Situation It is given that ship would
work if atleast two of engines must work. If X be event
that the ship works. Then, X [0 either any two of
E,,E,, E; works or all three engines E,, E,, E; works.

. 1 1 1
Given, P(E1)=§, P(EZ):Z’ P(E3)=Z
. P(X):%P(ELnEzn E;)+ P(E, n Eyn Ej;) %
BrP(E, nEyn E;)+ P(E; n Eyn Ey)
_fdd.lad.lddnday
4 4 244 244 4 4
=1/4
Now, (a) P (X7 /X)

o

8

1
:P%ch nXE": P(E, nEyn Es) _9
OPX) O P (X)

PR I

(b) P (exactly two engines of the ship are functioning)
_P(E,n Eyn E;)+ P(E,n Eyn Ey)+ P(E;n Eyn Ey)
PX)
dd.1dd.1dd
_244 244 244_
1
4
OXO0 PXn Xy
2 P (X)
_ P (ship is operating with E, function)
P (Xy)

7

o

(¢ P

_P(E, 0 Eyn Ey)+ P(E, n Eyn Eg)+ P(E;n Eyn Ey)
P(E,)
dg.1dd.1dd
_2 244 244_5

4 4
1

4

oo

3
44

DO |

144,12
PXnX))_24 19
P (X)) 1
-7
16
Statement I If P(H; n E) =0 for some i, then
. O QO
P%’i =P =0
E@ He o
IfPH;n E)#0,0 i=1,2,...,n,then
P Q% _PH; nE) « P(H))

P(H;) P(E)
U0
P Hgp P

P(E)

B+
d P(X/X,)= 324

OE 0O
) [-0< <
>P BIZHEP(HL) [-0<P(E)<1]
Hence, Statement I may not always be true.
Statement II Clearly, H, O HfJ .1 H, S
[sample space]
O PH,))+PHy)+...+PH,) =1

Hence, Statement II is ture.

Passage I
7.
N4 Red n3 Red
N2 Black Na " Black
Box | Box Il
Let A =Drawing red ball
ad P(A)=P(B,)[P(A/B,))+ P (By)[P(AlB,)
_1D n, D+1|:| ng O
2 Bnl+n25 2 HnB +n4E
Given, P (By/A) =%
. P (By)[P (Byn A):l
P(A) 3
1 U ng O
2 [hy + n4H _1
l O n D+ 1 0 ng O 3
2 Bn1+n25 2 Hn3 +n4H
0 ng (n, +ny) _1

ny(ng +ny)+ng(ng +ny) 3

Now, check options, then clearly options (a) and (b)
satisfy.
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8. m 10. P (Head appeared/white from U.)
(m=1) Red (ns+ 1) Red A A G
—P(H).DCI 2C1 5C1 2C1IZI
n,  Black n,  Black 23130
3] 2 10
Box | Box Il x1+2 x=
/F\ l% 5 2E
1 Black D) 20/30
n Red ny Red :B
or 23
(n;—1)  Black (ng+ 1) Black Passage III
Box | Box Il 11 P(X:S):§E1r’r£1+:§
P dball from B,) = - 666 216
O rawing red ball from ==
] 12. P(X>3)—§E? _25
-1 08 m 0.0 n, 00 01 6 6 36153{(X>3)/(X>6)}?(X>6)
Bn +my—10F +n2E Bn +nyHCn, +ny-10 3 13. PUX26)/(X >3)}

P(X>3)
ni+nng —ny

u (n, + ny) (n +ny—1) :% %g E%Q %@ E%Q IZI 25

Clearly, options (c) and (d) satisfy.

" 36
Passage 11 %g %+ %Q %+ oog

3w w
K Intial
w U Passage IV

14. Here, P(y;) = ki, ZP(y;) =1

Head appears 0 -2
aw ) _ | W n(n+1)
or ) W c 2’
lim PW) =1 —
U, 2Cases A W) i le n(n+1)>2
1w =1im 220 D@D g
1R n- o 6n (n+1)
n
Tail appears 15. P %Q_ i p+1

1w 3w 3W 1w 2W 2w nt1

oW R ) r) \1R
2R al 16 P@VK 24446 +... n+2
U, U, Uy Uz Ui Us ) EO

nn+1l)  2(n+1)
2

3 Cases
17. As, the statement shows problem is to be related to

9. Now, probability of the drawn ball from U, being white Baye’s law.

is . .
B 9 1n [ Let C,S, B,T be the events when person is going by car,
Cl G x G 0 scooter, bus or train, respectively.

2, 5 2,

c, °c,

1 1 0 PC)=2,PS) =2, PB) =2 PT)=1
2, Cy 0y 0 PO TG G D ! ! ! !

P (white /U,) = P(H) E]j5?1 x 1
1

+P(T)

0 C2 sc, °c, °C, °C, °Cym Again, L be the event of the person reaching office late.
1B 42 xl% O L be the event of the person reaching office in time.
20 5 20

Then, paém_f pHH=8 pHEE-D

03 1162|:|23 0sg 9’ oBO 9

1
*obo 10 %3 T10 3F 30

@\OO @

OLO
and PI]EEI
oro
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18.

19.

20.

21.

0o
PEJCEEEP(C)

T OO 020 OC0
PE!CEEEP(C) " PESEHEP(S) + PE%EEP(B)

+PE1£EH3(T)
aro

7.1
_ 9 7 _1
718352817
— X+ - X— +— X +— X—

9 7 9 7 9 7 9 7

Let A; be the event exactly 4 white balls have been

drawn. A, be the event exactly 5 white balls have been
drawn.

A; be the event exactly 6 white balls have been drawn.

B be the event exactly 1 white ball is drawn from two
draws. Then,

uBd

P(B) = PHXBP(A D+ PBA—BP(AZ) + PBA—BP(A3
But P =0
" BA:H

[since, there are only 6 white balls in the bag]

uBQ
0 PB)=P BA—BP(A )+ P BA—BP(AZ)
_ 1202, C4 ‘ 1001' Cl . 1201. C5 . 1101'1 Cl
18C6 12C2 18C6 12C2

Let E be the event that coin tossed twice, shows head at
first time and tail at second time and F'be the event that
coin drawn is fair.

P(FIE) = P(E | F)(P(F)
P(E/F)P(F)+ P(E/F)P(F')
1dgn
22 N
Tldgn 20 Nom
22N 33 N
m
Z _ 9m
m L2 - m) 8N +m
4 9

Let W, = ball drawn in the first draw is white.
B, = ball drawn in the first draw in black.
W, = ball drawn in the second draw is white.
Then , P(WZ) =PW,) PW,I/W,) + P(B, )P(W2/B )
m U0 m+k O O
_Bn+nHBn+n+kH Bn+nHBn+n+kH
m@m+k+n) _ m
(m+n)(m+n+k)_

m(m + k) + mn

m+n)y(m+n+k)

m+n

The number of ways in which P, B,, ..., P; can be paired

in four pairs

22.

1
1 [CCHECH(CHCC)]
_1 8! 6! 4!
=—— X X X X
4! 2!6! 214! 212!
1 8x7 6x5 4x3 8xT7Tx6x5H _
- x X X = —105
4! 2!x1 2!x1 2!x1 2.2.2.2

Now, atleast two players certainly reach the second
round between P, P, and P, and P, can reach in final if
exactly two players play against each other between P,
P,, P, and remaining player will play against one of the
players from B, Py, P, Py and P, plays against one of the
remaining three from F;...P;.

This can be possible in
3C,x *C, x3C, =3-4-3 =36 ways
O Probability that P, 3a6nd ex2actly one of B ... Py reach
1

second round =—=—
105 35

If A,P,P, and P;, where i =2 or 3 and j=5 or 6 or 7
reach the second round, then they can be paired in 2

pairs in %(4C2) (202) =3 ways. But P, will reach the

final, if P, plays against F, and P, plays against P;.
Hence, the probability that P, will reach the final round
from the second = %

1 4

O Probability that P, will reach the final is 12,
35 3 35

Let ¢ =1 — p =probability of getting the tail. We have,
o = probability of A getting the head on tossing firstly
=PH,or TI;H, or T\T.I;T,T;T¢H; or ...)
=P(H) + P(H)P(T)* + P(H)P(T)® +
_ PH) _ p
1-PTY 1-¢g

Also,

B = probability of B getting the head on tossing secondly
=PMHyor VT,I3T,H; or 1T, I,T, T, T T, Hg or ...)
=P(H)[P(T) + PH)PT)* + PH)PT) +...]
= P(T)[P(H) + P(H)P(TY + P(H)P(T)® +...]

3

1_
=qa =(1-p)a -pl-p) f)
-q
Again, we have
a+B+y=1
0 y=1-(+p) =1 _p+p(13-p)
1-gq
_p+pl-p
1-(-p)
_1-0-p’-p-pd-p)
1-@-py
y _1-(-p)’ -2p+p® _p-2p*+p’
1-(1-p) 1-(1-p)



p( - p)

p
Also, a= B=
1-(-py

1-@1-pP

23. (i) Probability of S; to be among the eight winners

= (Probability of S; being a pair )
x (Probability of S; winning in the group)

=1 X% :% [since, S; is definitely in a group]

(1) If S; and S, are in the same pair, then exactly one
wins.

If S, and S, are in two pairs separately, then exactly
one of S; and S, will be among the eight winners. If
S; wins and S, loses or S; loses and S, wins.
Now, the probability of S;, S, being in the same pair
and one wins
= (Probability of S;, S, being the same pair)
x (Probability of anyone winning in the pair).
and the probability of S;, S, being the same pair
_n(E)
n (S)
where, n (E) = the number of ways in which 16
persons can be divided in 8 pairs.

! e
U= 2 O = o s

O Probability of S; and S, being in the same pair
_aamnm 1

@en mrae)! 15
The probability of any one wining in the pairs of
S;, Sy = P (certain event) =1
O The pairs of S;, S, being in two pairs separately
and S, wins, S,loses + The probability of S, , S, being
in two pairs separately and S; loses, S, wins.

0O a9 o o a4y’ o
O 7 O g 7710
_g-ehom- 1.1, qoeymo 1.1
o @ 52 2 g (6! g2 2
B @)*B!g B @)B!F
_1l 1axad!_ 7
2 15x(14)! 15
. o1 7 _8
OR d probability = — + — =—
equired probability 51515

24. Let E,, E,, E; and A be the events defined as

E, = the examinee guesses the answer
E, =the examinee copies the answer
E; =the examinee knows the answer

and A =the examinee answer correctly

We have, P(E1)=%,P(E2) -1

6

Since, E;, E4, E5 are mutually exclusive and exhaustive
events.

0 P(E,) + P(E,) + P(E,) =1

25.
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1 1 1
O PE))=1-—-===

() 3 6 2
If E, has already occured, then the examinee guesses.
Since, there are four choices out of which only one is
correct, therefore the probability that he answer
correctly given that he has made a guess is 1/4.

ie. P(A/E)) = i
It is given that, P(A/E,) =é

and P(A/E;)= probability that he answer correctly
given that he know the answer =1

By Baye’s theorem, we have
PE, 1=~ P(E;)[P(A/E;) ,

(P(E,)[P(A/E,) + P(E,) [P(A/E,) O
+ P(E,)[P(A/E5)H

lxl

2 _24
1 1 29
<t Bl B
Let B, = ith ball drawn is black.

W; = ith ball drawn is white, where i =1,2
and A =third ball drawn is black.

We observe that the black ball can be drawn in the third
draw in one of the following mutually exclusive ways.
(1) Both first and second balls drawn are white and
third ball drawn is black.
ie. W,nWy)n A
(i1) Both first and second balls are black and third ball
drawn is black.
ie. BynBy)n A
(i11) The first ball drawn is white, the second ball drawn
is black and the third ball drawn is black.
ie. W,nBy)n A
(iv) The first ball drawn is black, the second ball drawn
is white and the third ball drawn is black.
ie. BynWy)n A
O PA)=P[{W, nWy)n A} O{(BNn Byh A}

O{Wn By AR {(B, Wp) A}
= P{(W, n Wy) n A}+ P{(B, n By)n A}
+P{(W, n By n A+ P{(B, n Wy)n A}
= P(W, n Wo)[P(A/(W, n Wy))+ P(B, n By)
O P(A/(B, n By)+ P(W, n By)[P(A/(W, n By))
+ P(B, n Wy)[P(A/(B, n W,))

% 1@ % 3@ 4
= X —[Ox1+ X —[X —
3 50 6
% 2@ 3 % 2@ 3
+ XX — + X —X —
34U 4 5L 4
3 _23

+l+ ="
4 20 30

0 P(E,/A)=

+

D=
[ RN
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26.

The testing procedure may terminate at the twelfth
testing in two mutually exclusive ways.

I: When lot contains 2 defective articles.
IT : When lot contains 3 defective articles.
Let A =testing procedure ends at twelth testing

A; =lot contains 2 defective articles

A, =lot contains 3 defective articles
O Required probability

= P(A))[P(A/A)) + P(A,))[P(AlA,)

Here, P(A/A;) = probability that first 11 draws contain

10 non-defective and one-defective and twelfth draw
contains a defective article.

_18Cy %

Pl x 1
20C11 9

P(A/A,) = probability that first 11 draws contains 9
non-defective and 2-defective articles and twelfth draw

..(@)

contains defective = % X 1 .. (1)
Ci 9
0 Required probability
=(0.4)P(A/A)) +0.6 P(A/Ay)
_0.4x™Cy x*C; 1, 06%x1Cq x°Cy 1 _ 99
ey, 9 ey, 9 1900

Topic5 Probability Distribution and

1.

Binomial Distribution

Given that, there are 50 problems to solve in an
admission test and probability that the candidate can
solve any problem is % =q (say). So, probability that the
candidate cannot solve a problemis p=1-¢ =1- % = %

Now, let X be a random variable which denotes the
number of problems that the candidate is unable to
solve. Then, X follows binomial distribution with

1
parameters n =50 and p = =

Now, according to binomial probability distribution

concept
0-r
P(X =r)=C, %g %@5 r=0.1,....50
ORequired probability

=P(X <2) =P(X =0) +P(X =1)

-vo, e B B0 5T A

Let for the given random variable ‘X’ the binomial
probability distribution have n-number of independent
trials and probability of success and failure are p and ¢
respectively. According to the question,

Mean = np =8 and variance = npq =4

1 1
O == =1-g==
q 2 p q D)

Now, nxl=8 O n=16

PX=r)=6C %g

0 P(X<2)=PX =0)+P(X =1) +P(X =2)

R

_1+16+120 137 _ k_

916 916 216
O k=137

(given)

As we know probability of getting a head on a toss of a
fair coin is P(H) :% = p (let)

Now, let n be the minimum numbers of toss required to
get at least one head, then required probability
=1 - (probability that on all ‘n’ toss we are getting tail)

-1 _ D i) = :ll:l
=1 %g y PaiD = P(Head) = -

According to the question,

%g>100 - %g

100
O %g <—02">100
100
ad n="7 [for minimum]
The required probability of observing atleast one head
=1 - P (no head)
=1- 2% [let number of toss are n]

5. P(Head) = P(Tail) =

10
H 2H

According to the question, 1 - S > 90
2" 100
L L nz4

—<— 0 2"=10 0O
2" 10

So, minimum number of times one has to toss a fair coin
so that the probability of observing atleast one head is
atleast 90% is 4.

Let p and ¢ represents the probability of success and
failure in a triazl respectively. Then,
1 4
=PGBor6)=—=—andg=1-p=— =—.
p =P ) 6 3 q P=e=3

Now, as the man decides to throw the die either till he
gets a five or a six or to a maximum of three throws, so
he can get the success in first, second and third throw or
not get the success in any of the three throws.
So, the expected gain/loss (in %)
=(p x100) + gp(=50 +100)

+ ¢%p(=50 =50 +100) +¢> (=50 =50 -50)

:% x 100@+ % x%@(m) 4 %g%gmn %g (- 150)



6.

100 100 1200
=+ — +0-—
27
- 900 + 300 —1200 - 1200 - 1200 -0
27 27

The probability of hitting a target at least once

=1 - (probability of not hitting the target in any trial)

=1 _nCO pO qn

where 7 is the number of independent trials and p and ¢

are the probability of success and failure respectively.
[by using binomial distribution]

Here, and q:1—p:1—l:

=1 @
p 3 3 3
¥ 5
According to the question, 1-"C, %@ %g > s
g %g<1—§ g %g<l
6 6
Clearly, minimum value of n is 5.

Let p = probability of getting an ace in a draw =
probability of success

and g = probability of not getting an ace in a draw
probability of failure

4
Then, e
P 52 13
1 12
=1-p=1-—="A4
4 P 13 13
Here, number of trials, n =2

and

Clearly, X follows binomial distribution with parameter
n=2and p= i

13
9 1 2"
Now, P(X:x):ngﬁg%g x=0,1,2

0  PX=1)+PX=2)

= Rl e e
g, 1

1 _25

169 169 169

Given box contains 15 green and 10 yellow balls.

OTotal number of balls =15 + 10 =25
P(green balls) = % :g = p =Probability of success

P(yellow balls) = % :g =q = Probability of unsuccess

and n =10 = Number of trials.

OVariance = npg =10 ><§ xg:E
5 5 5

- . 1
Probability of guessing a correct answer, ng and

probability of guessing a wrong answer, g =2/3
O The probability of guessing a 4 or more correct

4
answers:504%§ E?F+ 505%@5 :5[«2% +i5 :%
3 3 3 3

10.

11.

12.

13.

14.

15.
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India play 4 matches and getting at least 7 points. It can
only be possible in WWWD or WWWW position, where W
represents two points and D represents one point.

Therefore, the probability of the required event
=14C, (0.05) 0.5)* + *C,(0.5)*
= [4(0.05) +0.5](0.5)° =0.0875

Let X be the number of coins showing heads. Let X be a
binomial variate with parameters n =100 and p.

Since, P(X =50) = P(X =51)
0 1000 501 - py° =19C,, (pyPl (1 - p)*°
(100)! E(51!) x@9h) _ p O p _51
(0! GO 100! 1-p 1-p 50
51
g p= To1
For Binomial distribution, mean = np
and variance = npq
O np=2 and npqg =1 [given]
a qg=1/2 and p+qg=1
a p=1/2
ad n=4,p=q=1/2
Now, PX>1)=1-{P (X =0) +P (X =1)}

-1-cfff Bl - BA BH

16 16 16
01 _01 _5

Probability (face 1) =—————— = =
0.1+0.32 0.42 21

Let E be the event that product of the two digits is 18,
therefore required numbers are 29 , 36, 63 and 92.

4
H , =PE)=—
ence, p (E) 100
and probability of non-occurrence of E is
4 96
=1-PE)=1-—=—"—
a (&) 100 100

Out of the four numbers selected, the probability that
the event E occurs atleast 3 times, is given as

P="C3p’q + *C,p*

4@3 96 40 97
=4 + =
%00 Qioog Eioog 254

Since, set A contains n elements. So, it has 2" subsets.

0 Set Pcanbe chosenin2" ways, similarly set @ can be
chosen in 2" ways.

0 Pand @ can be chosen in 2")@2") =4" ways.

Suppose, P contains r elements, where r varies from 0 to
n. Then, P can be chosen in "C, ways, for 0 to be disjoint
from A, it should be chosen from the set of all subsets of
set consisting of remaining (n — r) elements. This can be
done in 2" " ways.

O P and @ can be chosen in "C, 2" ™" ways.
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But, r can vary from 0 to n.
0 Total number of disjoint sets P and @

=3 "C2" T =1 +2)" =3"
r=0

n

Hence, required probability = % %g

16. Casel When A plays 3 games against B.
In this case, we have n =3, p=0.4 and ¢ =0.6
Let X denote the number of wins. Then,
P(X=r)=3C,(0.4) (0.6 ";r=0,1,2,3
O P, =probability of winning the best of 3 games
=PX =2)
=PX =2) + P(X =3)
=30,(0.4)%(0.6)" +3C;(0.4)’ 0.6)°
=0.288 + 0.064 = 0.352
Case IT When A plays 5 games against B.
In this case, we have
n=5,p=04 and ¢ =0.6
Let X denotes the number of wins in 5 games.
Then,
P(X=r)=°C,0.4)70.6° ", where r =0,1,2... 5
O P, =probability of winning the best of 5 games
=P(X =3)
=P(X =3) + P(X =4) + P(X =5)

=°C,(0.4)° 0.6)% + °C,(0.4)*(0.6) + °C5 (0.4) (0.6)°

=0.2304 +0.0768 + 0.1024 =0.31744

17.

18.

Download Chapter Test

http://tinyurl.com/y4kwqyyl

Clearly, P, > P,. Therefore, first option i.e. ‘best of 3
games’ has higher probability of winning the match.

The man will be one step away from the starting point,
if

(1) either he is one step ahead or (i1) one step behind the
starting point.

The man will be one step ahead at the end of eleven
steps, if he moves six steps forward and five steps
backward. The probability of this event is
10y 0.4)50.6).

The man will be one step behind at the end of eleven
steps, if he moves six steps backward and five steps
forward. The probability of this event is 11C6 0.6)%(0.4).
O Required probability

=1Cs0.4)°0.60 +'C40.6)°(0.4) = 1C40.24)°
Using Binomial distribution,
PX=22)=1-P (X =0)-P (X =1)

-1-Bff -5c, E%g%g”g
g

Given, P (X 22)>0.96

o -t 24
9" " 25
0 ntl 1
2" 25
0 n=8
EE

or O]



Matrices and Determinants

Topic1 Types of Matrices, Addition, Subtraction,
Multiplication and Transpose of a Matrix

Objective Question I (Only one correct option)
1. If Ais a symmetric matrix and Bis a skew-symmetric
3
matrix such that A + B = g lthen ABisequal to
-

(2019 Main, 12 April I)
=20 4 20

+4
() EH— 4H () H’l _4H
& -20 04 20
(© %1 _4E (d) Hl 45
0 2y 10
2. The total number of matrices A:%x y —1%,
Bx -y 1§

(x, y OR, % y) for which A”A =31, is
(2019 Main, 9 April 11)

()2 (b) 4 (© 3 @ 6
o -sina
3. Let A= Etlos st 5(0( OR) such that
%mu cosa ]
-1
A% = g gThen, a value of a is
00 (2019 Main, 8 April 1)
] T T
a) — 0 c) — d) —
(@) 9 () (0 ol (d) 6
o 0 og
4. Let P= % 1 Ogand @ = [g;] be two 3 x 3 matrices
B 3 1H

+
such that @ - P® =1I,. Then, 91 T 931 g equal to
932 (2019 Main, 12 Jan I)

(a) 10 (b) 135 ©9 @ 15
0 29 rQO
5. LetA:% q —r%IfAAT:IS,thenlplis
B ¢ r{ (2019 Main, 11 Jan I)
@ - b = © = @ L=
7 7 7 76

6.

10.

oo 0 0O
Let P=(4 1 Ogand Ibe the identity matrix of order 3.
A6 4 18
If @ = [g;;] is a matrix, such that P° —@ =1, then 931 * G52
21
equals (2016 Adv.)
(a) 52 (b) 103
(c) 201 (d) 205
g 2 20
If A= % 1 —2% is a matrix satisfying the equation
B 2 bH
AAT =9 I, where, I is 3 x3 identity matrix, then the
ordered pair (a, b) is equal to (2015 Main)
(@) (2,-1) (®) (-2,7)
(QXCY @ (=2, -9
0 1
i popBR v2d 010 0= PAPT, then
12 3/20 0 1H
PTQ2005P is (2005, 1M)
1 20050 0ol 20050
b
@ 17 ® o5 1§
ol 0g o 0o
d
© Boos 10 @5 10
@ 00 o 00O .
IfA= and B= then value of a for which
H 1 B 1
A%=B,is (2003, 1M)
(@)1 () -1
(c) 4 (d) no real values

If A and B are square matrices of equal degree, then which
one is correct among the following? (1995, 2M)
(@@A+B=B+A

b)A+B=A-B

()A-B=B-A

(d) AB = BA

Download More Books: www.crackjee.xyz
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Objective Question II 16. Let w be a solution of * —1 =0 with Im (@) >0.If @ =2
One or more than one correct option) V%lth Ii ang ¢ satisfying Eq. (i) then the value of
—+ =+ —is
11. Let X and Y be two arbitrary, 3 x3, non-zero, o' o of
skew-symmetric matrices and Z be an arbitrary, 3 x 3, (a) -2 (b) 2
non-zero, symmetric matrix. Then, which of the (© 3 (d -3
following matrices is/are skew-symmetric? 2015 Adv) Passage II
@) Y*Z* - Z'Y? (b) X4 + yH ' Let pbe an odd prime number and T, be the following set
(C) X4z3 _ Z3X4 (d) X23 + Y23 0f2 x 2 matrices
_0, @& b0, O
12. For 3 x3 matrices M and N, which of the following T,= %A e aa,a, b,c0{0,1,2,..., p I}E 2010)

statement(s) is/are not correct ? (2013 Adv.) . . C
T ( ,) ] ) ) Y 17. The number of A in T, such that det (A4) is not divisible
(a) N M N is symmetric or skew-symmetric, according as

M is symmetric or skew-symmetric by p, izs 5
(b) MN - NM is symmetric for all symmetric matrices M (@) 2p3 () p 5 - 5127
and N (¢) p” - 3p (d p”-p
(¢) M N is symmetric for all symmetric matrices M and N 18. The number of A in T, such that the trace of A is not
(d) (adj M) (adj N) = adj(MN) for all invertible matrices M divisible by p but det (A) is divisible by pis
and N @ (P-D(@*-p+) ® p’ - (-1
13. Let @ be a complex cube root of unity with @ #0 and © (p-1? @ (p-D(p*-2
P ; [pij]. be an il x n matrix with p; ="/, Then, P 220 19. The number of Ain T, such that A is either symmetric or
:V) ?71 ns eqlaoa) ;g © 58 @ 5:32013 Adv.) skew-symmetric or both and det (A) is divisible by p is
a ¢
@ (p-1° (b) 2(p-1
© (p-D*+1 @ 2p-1

Passage Based Problems NOTE The trace of a matrix is the sum of its diagonal entries.

Passage |
Let a, b and cbe three real numbers satisfying Analytlcal and Descrlptlve Questlons
o 9 70 20 o b c¢O
. L If trix A=0b O, wh , b, 1
[a b c] % 92 782 [0 0 0] () matrix Z ZE where a c are rea
g 3 7H (2011) positive numbers, abc=1 and ATA =1, then find the
3 3, 3
14. If the point P (a, b, ¢), with reference to Eq. (1), lies on value of a” + % + ¢'. (2003, 2M)
the plane 2x + y + z =1, then the value of 7a + b + cis .
@0 b 12 © 7 @ 6 Integer Type Question

15. Let b =6, with a and ¢ satisfying Eq. (i). Ifa and 3 are 21. Let z :—1+7«/§i, where i =+/-1, and r, s 0{1,2, 3}. Let
the roots of the quadratic equation ax® + bx + ¢ =0, then 2

*mo1d P= %_Z)r & gand I be the identity matrix of order 2
+ =[] 1is equal to 2s r ’

Z B; BB 0z 20

=0 6 Then, the total number of ordered pairs (r, s) for which

(2) 6 (b) 7 (© = (d) o P*=-Tis (2016 Adv.)

Topic 2 Properties of Determinants

Objective Questions I (Only one correct option) 2. The sum of the real roots of the equation
1. A value of ® 0(0, 11 /3), for which x -6 -1
9 9 2 =-3x x-3|=0,1sequalto
1+cos“® sin“0 4 cos60 3 9 +9
- x X . .

cos?0 1+sin?0  4cos68 |=0,is (2019 Main, 10 April I1)

2 .2 (@ 0 (b) -4

cos™8 sin®® - 1+4c0s609 519 pain, 12 April ) © 6 @ 1

T T 7T 7T



x sin® cosO
. IfA =|-sin® - 1
cosB 1 x
x sin 20 cos 20
and A, =| —sin260 -x 1 ,xz0,
cos 20 1 x

then for all 8 00 @)E@
2 (2019 Main, 10 April I)

(@ A, +4, =-2( +x -1

b) A, - A, =—2x3

© A, +A = - 24

(d) A A = x(cos20 — cos4b)

IfD 100 200 3|:| d n- 1D a 7851:hen the
0 150 150 1HH 1 5

. O n0O
inverse of %) [ps
(2019 Main 9 April )
0l 0o =130 0l 0o -120
(a) (b) © (d)
Hz 1 8315 H3 1 H)lH
. Let a and B be the roots of the equation x* + x + 1 =0.
Then, for y #0in R,

y+1l o« B
a y+pB 1 |is equal to
B 1 y+a (2019 Main, 9 April 1)
@ yo*-1 b y(*-3) (© » -1 @ 5
o 1 10
. Letthenumbers 2, b,cbeinanAPand A = % b ¢ S
B b JH

If det(A) O[2, 16], then clies in the interval
(2019 Main, 8 April I1)

(@) [3,2+ 2"*1(0) 2+ 2¥*, 9) () [4, 6] @ [2,3)
01 sin© 10
. tA=Hsine 1 sin8then forallo é@ 5"@
H-1 -sin® 1 Q

det(A) lies in the interval (2019 Main, 12 Jan II)

3 3 5
wHE g oy @f
a-b-c 2a 2a
L If 2b b-c-a 2b
2¢ 2¢ c-a-b

=(@+b+o)(x+a +b+0’xz0anda + b + ¢ 20, then
x1s equal to (2019 Main, 11 Jan II)
(@ —(a+b+o () —2(@+b+0

() 2(a+b+0) (d) abc

. Let a;,a9,05.....,0;9 be in GP with ;>0 for

1=1,2,..... ,10 and S be the set of pairs (r, k), r, R ON
(the set of natural numbers) for which

log,aj a; log, aja; log, aj aj

log, a} a¥ log,al af log,aj a¥|=0

log, ol af log,al af log,al af
e Y7 %8 e 8 Y9 e 9 %10

10.

1.

12

13.

14.

15.

16.

17.

18.
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Then, the number of elements in S, is (2019 Main, 10 Jan II)

(a) 4 ®) 2
(c) 10 (d) infinitely many

2 b 10
Let A = S) b2 +1 b%where b >0.Then, the minimum

B & 20
value of det (4) is

b (2019 Main, 10 Jan 1)
(a) —V/3 (b) -2v/3 (0) 2V3 (@ V3
Let d OR, and
B—2 4+d (sin®) -2 0O

A=Z1  (sin®)+2 d 5 e0e,2m. If

B5 (@sin®)-d (-sin®) +2 +2dH

the minimum value of det(A) is 8, then a value of d is
(2019 Main, 10 Jan I)

(@) -5 (b) -7 © 242+ (@ 22+ 2
x-4 2x 2x [
It EZx x—4 =(A + Bx)(x - A)?>, then the
02x 2x  x—4
ordered pair (A, B) is equal to (2018 Main)
(@) (-4,-5) (b) (-4, 9) () (-4, %) (d) (4, 5)
Let wbe a complex number such that 2w +1 =z, where
1 1 1
z=/-3.1f|1 -w’-1 «|=3Fk,then kisequalto
1w (2017 Main)
(@) -z () z (-1 @1

Ifa,B#0and f(n) =a™ +B" and
3 1+f1) 1+/@)
1+f1) 1+f@ 1+f©)
1+f@) 1+/f@) 1+f@
=K1 -a)’d -p)% @ —-P)? then K is equal to (2014 Main)

(2) oB ® L ©1 (@ -1
ap
Let P = [a;] be a 3 x3 matrix and let @ = [b;], where

b;; —2”](1 for 1<1i,j<3. If the determmant of Pis 2,

then the determlnant of the matrix @ is (2012)
(a) 210 (b) 211 (C) 212 (d) 213
_ 20 3| _ .
IfA= 2 o aand | A°| =125, then the value of a is
(2004, 1M)

(a1 b) £ 2 ()t 3 dx5
The number of distinct real roots of (2001, 1M)
gsinx cosx cos X[] T .
Ocosx sinx cos x[J=01in the interval - — <x<—1is
[Jjcos x cosx sin x[] 4 4
(@) 0 (b) 2
(©1 (d)3

O 1 X x+1 O
Iffx)=g 2« x(x-1) x+Dx @O

MBx(x-1) x(x-1)(x-2) (x+1)x@x-1)7

then f (100) is equal to
(@0 b1

(1999, 2M)

(c) 100 (d) —100
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19. The parameter on which the value of the determinant

g 1 a a? O

Hecos (p —d) x cos px cos (p + d) xH
Pin (p—d)x sin px sin (p+d) x

does not depend upon, is (1997, 2M)
(@a ®p ©d (dx
xpty X Y
20. The determinant| yp+z y z |=0,if
0 ap+y yp+z| (1997¢, 2M)

(b) x, y, z are in GP
(d) xy, yz, zx are in AP

(a) x, y, zare in AP

(c) x, y, zare in HP
21. Consider the set A of all determinants of order 3 with

entries O or 1 only. Let B be the subset of A consisting

of all determinants with value 1. Let C be the subset

of A consisting of all determinants with value —1.

Then,

(a) Cis empty

(b) B has as many elements as C

e A=BOC

(d) B has twice as many elements as C

(1981, 2M)

Objective Question II
(One or more than one correct option)

22. Which of the following is(are) NOT the square of a

3 x 3 matrix with real entries? (2017 Adv.)
a o0 0g i o0 0g
O _ 0
(a) g) 1 og (b) g) 103
B 0 -1 B 0 -1
F1 0 0Q 1 0 oo
O _ O 0
©g0 -1 07 (d)g) 1o
g0 0 -1 B 0 17
23. Which of the following values of a satisfy the equation
A+a)? 1+20)% (1 +30)?
@+a)? @+20)* @ +3a)]=-64807?
2 2 2
(3 +G) © +2G) G+ SG) (2015 Adv.)
(a) -4 )9 (©) -9 (d) 4

24. Tet M and N be two 3x3 matrices such that
MN = NM. Further, if M # N* and M* = N*, then
(2014 Adv.)
(a) determinant of (M?+ MN?%)is 0
(b) there is a 3% 3 non-zero matrix U such that
(M?+ MN?) U is zero matrix
(¢) determinant of (M?+ MN?) =1
(d) for a 3x 3matrix U, if (M2 + MN?) U equals the zero
matrix, then U is the zero matrix

0 a b aa + b[
25. The determinant ] b c ba + ¢
@a+b ba+ec 0 0

is equal to zero, then (1986, 2M)

(a) a, b, c are in AP
(b) a, b, ¢ are in GP
(c) a, b, c are in HP
(d) (x — a) is a factor of ax® + 2bx + ¢

Numerical Value

26. Let Pbe a matrix of order 3 x 3 such that all the entries in

P are from the set {— 1,0, 1}. Then, the maximum possible
value of the determinant of Pis ......... .

Fill in the Blanks
27. For positive numbers x, y and z, the numerical value of the
1 log, y log,z
determinant | log, x 1 log, z|is...... .
log, x log, y 1

(1993, 2M)
|:|1 a a2 - bCD
28. The value of the determinantgl b b -ca Bis e
Dl c C2 - (lb 0
(1988, 2M)
Ox 3 70
29. Giventhatx=-9isarootof (2 «x 2[=0,theothertwo
07 6 xO
roots are... and... . (1983, 2M)
b 4 200
30. The solution set of the equationHl -2 5 H=0is....

Ol 2% 52°0 (1081, 2m)
OA2+3N A-1 A+30

31. LetpA* + g\’ + A+ +¢t=HA+1  -2A A -4
be an identity in A, where p,q,r,s and t are constants.
Then, the value of ¢ is.... . (1981, 2M)

True/False

1 a bc 1 a a

32. The determinants |1 b ca| and |1 b b%| are not
1 ¢ ab 1 ¢ &

identically equal. (1983, 1M)

Analytical and Descriptive Questions

33. If M is a 3 x3 matrix, where M'M =1 and det (M) =1,
then prove thatdet (M - 1) =0 (2004, 2M)

34. Let a, b, c be real numbers with a?+ b2+ ¢® =1 . Show
that the equation

Qax - by -c¢ bx + ay cx+a 0
O bx+ay -—-ax+by-c cy+b [=0 represents a
0 cx+a cy+b —ax — by + c[]
straight line. (2001, 6M)
35. Prove that for all values of 8
sin O cos O sin 260
. 2m[] @ 21 @ 4]
+ 2= + 2= +—0l=
sin @ 3 E cos 3 H sin [20 E =0
. @ 21'[@ @ 21‘[@ @
sin B - — cos —[ sin 26—
3 3 (2000, 3M)



36. Suppose, f (x) is a function satisfying the following
conditions

@f©0=270=1

(b) f has a minimum value at x = 5/2, and

2ax 2ax — 1 2ax + b+ 1 43.
(c) forallx, f '(x)=(1 b b+1 -1 0
O2(ax + b) 2ax+ 2b+1 2ax+ b O

where a, b are some constants. Determine the constants

a, b and the function f (x). (1998, 3M)
bc ca ab 44.
37. Find the value of the determinant| p ¢ r |, where
1 1 1
a, b and care respectively the pth, gth and rth terms of a
harmonic progression. (1997¢C, 2M)
38. Leta >0,d >0. Find the value of the determinant
1 1 1 45,
a ala + d) (a + d) (a +2d)

1 1 1
(@+d) (a+d)(a+2d) (a+2d)(a +3d)
1 1 1

(@a+2d) (a+2d)(a+3d) (a+3d)(a +4d)
39. For all values of A, B,C and P, @, R, show that
(1994, 4M)
gcos (A-P) cos(A-Q) cos(A-R)QO 46.
Hecos (B-P) cos(B-Q) cos(B-R) H=0
Ocos(C-P) cos(C-Q) cos(C-R)[
40. For a fixed positive integer n, if
n! n+1)! (n+2)g
D=gn+1)! (®+2)! (n+3)!Q
Or+2)! n+3)! n+4)!0

oD a
then show that —4rjs divisible by n. (1992, 4m
Tuy B v oo e
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OA 3 60
08 9 C s divisible by k. (1990, 4M)
02 B 20
Oa-1 n 6 0
LetA, =H(@ -1)* 2n*> 4n-2 H
0@-1° 3r° 3n%2-3np
Show that z A, = c O constant.
Z (1989, 5M)
Show that
Dxcr xCrJrl xCr+ ZD Dxcr x+lcr+l x+2Cr+2D
Eycr ycr+1 ycr+ ZD:DyCr y+1cr+1 y+2Cr+ZE
DZCV ZCr+1 ZCr+2|:| DZCV Z+lcr+1 Z+ZCr+2|:|
(1985, 3M)
If a be a repeated root of a quadratic equation f (x) =0

and A (x), B (x) and C (x) be polynomials of degree 3, 4
and 5 respectively, then show that

0A@x B C®O

DA@ B@) C@OQ

O0A'@ B@) C@)Q
is divisible by f (x), where prime denotes the
derivatives. (1984, 3M)

Without expanding a determinant at any stage, show
that

D «+x  x+1 x-20
S2x2+3x—1 3x 3x—3E:xA+B
Dx2+2x+3 2x-1 2x—1D

where A and B are determinants of order 3 not
involving x. (1982, 5M)

47. Let a, b, ¢ be positive and not all equal. Show that the
Oa b ¢
Op b cO value of the determinant(b ¢ a[dis negative.
41. Ifa#p,b#q,c#randga q cO=0 Oc a b (1981, 4M)
Oa b rQO .
C; g . . Integer Type Question
Then, find the value of p-a * g-b * r—c (1991, 4M) 48. The total number of distincts xOR for which

42. Letthe three digit numbers A28, 3B9 and 62C, where A,
B and C are integers between 0 and 9, be divisible by a

fixed integer k. Show that the determinant

x X 1+

Topic3 Adjoint and Inverse of a Matrix

Objective Questions I (Only one correct option)

2.
B 20 10
1. IfB= B) 2 1 %s the inverse of a3 x 3 matrix A, then
B 3 -1

the sum of all values of a for which det (A) + 1 =0, is
(2019 Main, 12 April I)

(@ 0 (b) -1 (© 1 (d 2

2x 4x® 1+8x|=10is (2016 Adv.)
3x 9x? 1+27+
Szt e cost
IfA=r —e'cost—e'sint
%t 2¢sin¢
elsint B
—e¢'sint+e” costrthen Ais
-2¢7" cost E

(2019 Main, 9 Jan II)



132 Matrices and Determinants

10.

(a) invertible only when ¢t = 1t
(b) invertible for every ¢t OR
(c) not invertible for any ¢ O R

(d) invertible only when ¢ = 1—2-[

Let A and B be two invertible matrices of order 3 x 3. If
det(ABAT) =8 and det(AB™') =8, then det(BA™'B7) is

equal to (2019 Main, 11 Jan II)
1 1
1 - — d) 16
() (b) 1 (© 16 (d)
[¢os® -sinBO .
If A= f)s sin [} then the matrix
%mﬁ cos 0 ]
A" when 8 =£, is equal to
12 (2019 Main, 9 Jan 1)
01 30 /3 _10
05 5 U 0o S0
@ 0% 70 ® 02 2
Y3 1p nl 8p
o 2 20 g2 20
/38 10 01 _+30
Oy S 0O a5 5 O
(©) D2 2 0 (d) D2 2 0
D—l ﬁD 3 1 ]
o2 20 a2 2 0O
02 =30
IfA=p [} then adj (BA? +12A)is equal to
o4 10 (2017 Main)
072 -840 1 630
® He63s 51H ®) FRa 72H
51 840 072 - 630
(© (d)
F3 72H Hss 51H
Ba -00
IfA=Q ¢ rand A adj A = AA”, then5a + bis equal
03 20
to (2016 Main)

(@-1 (b) 5 (c)4 (d) 13
If Ais a3 x 3non-singular matrix such that AA” = AT A

and B= A'A”| then BB! is equal to (2014 Main)
@I+B (I © B! @ @B
O ao 30
If P= % 3 3gis the adjoint of a 3 x3 matrix A and
2 4 4F
| Al=4, thena is equal to (2013 Main)
(@) 4 (b 11 (© 5 (o

If Pis a 3 x 3 matrix such that P" =2P + I, where P” is
the transpose of Pand Iis the 3 x 3identity matrix, then

Lk 00O
there exists a column matrix, X = 5’%¢ Esuch that
BH BE (2012)
0
(a) PX = g)g b)) PX=X (@ PX=2X () PX=-X
|
Let w #1 be a cube root of unity and S be the set of all
01 a b0O

non-singular matrices of the form %n 1 c% where

B o 1f

11.

each of @, b and cis either w or w?. Then, the number of
distinct matrices in the set S is (2011)

(a) 2 () 6 (© 4 (@ 8
Let M and N be two 3 x 3 non-singular skew-symmetric

matrices such that MN = NM. If PT denotes the
transpose of P, then M*N2(MTN)™ (MN ™) is equal to

(a) M? () -N*? (c) -M? (d) MN (2011)
o o0 00
12. IfA=[0 1 15647 =A%+ cA +dl then (¢, d)is
B -2 4 (2005, 1M)
(a) (- 6,11 () (-11,6)
(¢) 11, 6) (d) (6,17
Objective Questions II
(One or more than one correct option)
B -1 -20
13. Let P= % 0 a where a OR. Suppose @ = [g;] is a
B -5 0H
matrix such that PQ = kI,where k R, B 0Oand[is th2e
identity matrix of order 3. If gy = —g and det (Q) = %,
then (2016 Adv.)
()a=0k=8 b)d-k+8=0

14.

15.

(c) det (P adj @)) = 2° () det (@ adj (P)) = 2

Let M be a2 x 2 symmetric matrix with integer entries.

Then, M is invertible, if (2014 Adv.)

(a) the first column of M is the transpose of the second row
of M

(b) the second row of M is the transpose of the first column
of M

(¢c) M is a diagonal matrix with non-zero entries in the
main digonal

(d) the product of entries in the main diagonal of M is not
the square of an integer

O 4 40

If the adjoint of a 3 x 3 matrix P is % 1 7% then the
H 1 3H

possible value(s) of the determinant of P is/are

() -2 M) -1
() 1 @ 2

Integer Answer Type Question

16.

Let k be a positive real number and let
O2k-1 2Jk 2Jk O

A= E 2k 1 -2k Eand
O- 1 0
H-2vk 2¢ -1 H
g 0 2k-1 4k B

B=p1-2k 0 2k
O- _ 0O
H-vk -2v& 0 H

If det (adj A) + det (adjB) =108, then [k] is equal to......

(2010)



Matrices and Determinants 133

Topic4 Solving System of Equations

Objective Questions I (Only one correct option)

1.

If [x] denotes the greatest integer <x , then the

system of liner equations [sinB]x+ [-cosB]y =0,
[cotB]x+ y =0
(2019 Main, 12 April II)

e . . 2
h finitel 1 f no2n
(a) have infinitely many solutions if 60 %, ST%
. Lo ia
and has a unique solution if 6 O %T[, o %

(b) has a unique solution if
I:IT[ 21

21 [ 7
Eﬁ E EF 6 H
(c) has a unique solution if 6 [ % 2 H

and have infinitely many solutions if6 [J @T, L;E

(d) have infinitely many solutions if
g Tﬂ] 0 7mQg

GD% EfT’GH

Let A be a real number for which the system of linear
equations

x+y+z=64x+Ay-Az=\A —2and
3x+2y—-4z=-5

has infinitely many solutions. Then A is a root of the
quadratic equation (2019 Main, 10 April 1I)
(@) A* -3\ -4 =0 (b) A2 +3\ -4 =0

© AN -\-6=0 d AM+X-6=0

If the system of linear equations
x+y+z=5
x+2y+2z=6
x+3y+Az=,A,) OR), has infinitely
solutions, then the value of A + 1 is

(2019 Main, 10 April I)

many

(a) 7 (b) 12
(¢) 10 (d 9

If the system of equations 2x+ 3y —z =0, x+ ky -2z =0
and 2x-y+z =0 has a non-trivial solution (x, y, 2),

then X + 2 + % +kis equal to
y z x

(a) -4

(2019 Main, 9 April 1I)

1 1 3
_t q 2
(© A (G A

(b) 5
If the system of linear equations

x=2y+kz=1, 2x+y+2z=2,3x—y—kz=3

has a solution (x, y, z), z#0, then (x, y) lies on the
straight line whose equationis (2019 Main, 8 April 11)
(a) 3x—4y-4=0 (b) 3x—-4y-1=0

() 4x-3y-4=0 d) 4x-3y-1=0

The greatest value of ¢ OR for which the system of
linear equations x —cy — cz =0, cx -y + ¢z =0,
cx+cy—z=0

10.

1.

12

13.

has a non-trivial solution, is
1
(a) -1 (b) 5 () 2

(2019 Main, 8 April I)
@ o

The set of all values of A for which the system of linear
equations x —2y =2z =Axx + 2y + z =Ayand —x -y =Az
has a non-trivial solution (2019 Main, 12 Jan 11)
(a) contains exactly two elements.
(b) contains more than two elements.
(c) is a singleton.
(d) 1s an empty set.
An ordered pair (@,B) for which the system of linear
equations (2019 Main, 12 Jan 1)
A+0)x +By +z =2
ax+(1+B)y +z=3
ax +By +2z =2
has a unique solution, is
(@) (2,4 ®E42  ©©L-3
If the system of linear equations
2x+2y+3z=a
3x-y+5bz=b
x—3y+2z =c

(d) =3, 7

where a, b, ¢ are non-zero real numbers, has more than
one solution, then (2019 Main, 11 Jan 1)
(@ b-c-a=0 ®) a+b+c=0
() b-c+a=0 d) b+c-a=0
The number of values of 8 [J(0, 1) for which the system of
linear equations
x+3y+7z =0,
-x+4y +7z =0,
(sin 30)x + (cos 20)y + 2z =0
has a non-trivial solution, is
(a) two (b) three (c) four
If the system of equations
x+y+z=5 x+2y+3z=9
x+3y+taz =
has infinitely many solutions, then  — a equals
(2019 Main, 10 Jan I)
(d 5

(2019 Main, 10 Jan Il)
(d) one

(a) 8 (b) 18 (c) 21

If the system of linear equations
x—4y+T7z=g3y-5bz=h,-2x+5y -9z =k

is consistent, then (2019 Main, 9 Jan II)

(a)2g+h+k=0 b)g+2h+k=0

c)g+h+k=0 dg+h+2k=0

The system of linear equations
x+y+z=2 2x+3y +2z =5
2+ 3y +(a® -1z =a +1

(a) has infinitely many solutions for a = 4

(b) is inconsistent when a = 4

(c) has a unique solution for|a| = /3

(d) 1s inconsistent when |al = J3

(2019 Main, 9 Jan I)
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14.

15.

16.

17.

18.

19.

20.

21.

22,

If the system of linear equations
x+ ky +3z=0, 3x+ ky -2z =0
2x+4y -3z =0

has a non-zero solution (x, y, z), then x—z is equal to

Y (2018 Main)
(a) =10 (b) 10 (c) =30 (d) 30
The system of linear equations
x+Ay—-2=0; Ax-y-2=0; x+y—-Az=0
has a non-trivial solution for (2016 Main)
(a) infinitely many values of A (b) exactly one value of A
(c) exactly two values of A (d) exactly three values of A
The set of all values of A for which the system of linear
equations 2x; —2x, + x5 = Ax;, 2% — 3%y + 2x3 = Axy, and
—x; +2x, =Ax; has a non-trivial solution (2015 Main)
(a) 1s an empty set
(b) is a singleton set
(c) contains two elements
(d) contains more than two elements
The number of value of %, for which the system of
equation

(R+1)x+8y=4y 0O hkx+(k+3)y=3k-1
(2013 Main)
has no solution, is
(b) 1 (c) 2 ) 3
The number of 3 x3 matrices A whose entries are either
kO 00O

0 or 1 and for which the system A E}yg= %)Bhas exactly
BH BH

(a) infinite

two distinct solutions, is
(@ 0 ®) 2°-1 (c) 168 @ 2
Given, 2x-y+2z=2,x -2y +z =-4, x+ y+Az=4,

then the value of A such that the given system of
equations has no solution, is (2004, 1M)

(a) 3 () 1 (©0 (d)-3
The number of values of & for which the system of
equations (k+1)x +8y =4kand kx+ (R +3) y =3k -1

has infinitely many solutions, is/are (2002, 1M)
(@0 ()1 () 2 (d)
If the system of equations x+ ay =0, az+ y =0 and

(2010)

ax + z =0 has infinite solutions, then the value of a 1s
(a)-1 (b)1

(©0 (d) no real values

If the system of equations x — ky —z =0, kx — y —z =0,
x+ y—-2z=0 has a non-zero solution, then possible
values of & are (2000, 2M)

(a)-1, 2 (b) 1,2 (©0,1 @d-1,1

Assertion and Reason

For the following questions, choose the correct answer from
the codes (a), (b), (c) and (d) defined as follows.

(a) Statement I is true, Statement II is also true;
Statement II is the correct explanation of Statement I

23.

(b) Statement I is true, Statement II is also true;
Statement II is not the correct explanation of
Statement I

(c) Statement I is true; Statement II is false.

(d) Statement I is false; Statement II is true.

Consider the system of equations
x—3y+4z =1 and —-x+y-2z =k
Statement I The system of equations has no solution
for £ #3 and

x—2y+3z=-1,

1 3 -1
Statement II The determinant| -1 -2 k& |#0, for
1 4 1

k#£0. (2008, 3M)

Objective Questions II (Only or More Than One)

24,

b, O
Let S be the set of all column matrices %}2 Eﬁuch that b,,
s B
by, by DR and the system of equations (in real variables)
—x+2y +bz =
2x—4y +3z =by
x—2y+2z=10b
has at least one solution. Then, which of the following
system(s) (in real variables) has (have) at least one

solution for each g)z E[] S?
B0

(a) x+ 2y +3z=0b, 4y+ 5z = byand x+ 2y +6z = b,
(b)x+y+32=0b,bx+2y+6z =byand -2x-y -3z=4
(©)—x+2y-bz=b,2x—4y+10z=byand x-2y+5z = b,
(d) x+2y +5z =b,2x + 3z=byand x+4y—5z=4

Fill in the Blank

25.

The system of equations Ax+ y+z=0, —x+ Ay +2z=0
and - x — y + Az =0 will have a non-zero solution, if real
values of A are given by ... (1982, 2m)

Analytical and Descriptive Questions

26.

27.

@ 0 10 @ 1 10 f O 2
A=0 ¢ bgB=00 d cQUu=FHJV-=
H 4 b5 H g h{ 5 @

If there is a vector matrix X, such that AX =U has
infinitely many solutions, then prove that BX =V
cannot have a unique solution. If @ f d #0. Then, prove
that BX =V has no solution. (2004, 4M)

Let A and a be real. Find the set of all values of A for
which the system of linear equations
Ax + (sina )y + (cosa )z =0,
x+ (cosa)y + (sina )z =0
and -x + (sina)y — (cosa )z =0
has a non-trivial solution.
For A =1, find all values of a.

0
0
O
O

(1993, 5M)



28.

29.

30.

31.

32.

Let a,,a,B;,8; be the roots of ax’+bx+c=0 and
px®+ qx+r =0, respectively. If the system of equations
0,y +042=0 and2 B,y + Bsz =0 has a non-trivial solution,

then prove that b—Z =%

q pr. (1987, 3M)

Consider the system of linear equations in x, y, z

(sin30) x — y + 2 =0, (cos20)x+4y + 3z =0and

2x+ Ty + 7z =0

Find the values of 8 for which this system has non-trivial
solution. (1986, 5M)

Show that the system of equations, 3x—y+4z =3,
x+2y-32=-2 and 6x+5y+ Az =-3 has atleast one
solution for any real number A #-5. Find the set of
solutions, if A = = 5. (1983, 5M)

For what values of m, does the system of equations
3x+ my =m and 2x — 5y =20 has a solution satisfying the
conditions x>0,y >0? (1979, 3M)

For what value of k, does the following system of equations
possess a non-trivial solution over the set of rationals
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33. Given,x=cy+ bz,y=az + cx,z = bx + ay, where x,y,

z are not all zero, prove that a®+ b% + ¢ +2ab =1.
(1978, 2M)

Integer Answer Type Question
34. For a real numbera, if the system

01 o ao?0xg D1 O

g 0
19Oy in
%« 1038 BIE

of linear equations, has infinitely many solutions,

thenl+a +a?= (2017 Adv.)
oo 10
35. Let M be a 3x3 matrix satisfying M%B: %2%
BE B3 8
010 010 g 0oog
0o,0_0, 0 a_ 0
M 313=p1 jand M 5= 0 o
HOB B18 BE H2B

Then, the sum of the diagonal entries of M is ...
(2011)

x+y—-2z=0,2x-3y+z=0,and x-5y+4z=Fk
Find all the solutions. (1979, 3M)
Answers

Topic 1 Topic 3

1. (b) 2. (b) 3. (c) 4. (a) L (o) 2. (b) 3. (c) 4. (c)

5. (b) 6. (b) 7. (d) 8. (a) 5. (b) 6. (b) 7. (b) 8. (b)

9. (d) 10. (a) 11 (c, d) 12. (c, d) 9. (d) 10. (a) 11. (c) 12. (a)
13. (b, c,d) 14. (d) 15. (b) 16. (a) 13. (b 14. (c, d) 15. (a,d) 16. (4)
17. (d) 18. (c) 19. (d) 20. (4) )
21. (1) Topic 4

) 1. (a) 2. (c) 3. (c) 4. (b)

Topic 2 5. () 6. (b) 7. (c) 8. (a)

L (a) 2. (a) 3. (0 4. (b) 9. (a) 10. (a) 11. (a) 12. (a)

5. (d) 6. (0 1. (a) 8. (b) 13. (d) 14. (b) 15. (d) 16. (c)

9. () 10. (0) 1. (a) 12. (o) 17. (d) 18. (a) 19. (b) 20. (b)

21. (a) 22. (d) 23. (a) 24. (a,d)
13. (a) 14. (c) 15. (d) 16. (c) -
17. (0 18. (a) 19. (b) 20. (b) 25. A=0 27. -2 <\ <420 = AT
21. (b) 22. (a, c) 23. (b, ¢) 24. (a,b) ~ AT
25. (b.d) 26. (4) 27. (0) 28. (0) 29. O =nmnTt(-1)" o 0 OZ
29. (2and7)  30. {-1,2} 31. (0) 32. False 4-5k 13k-9
1 s 1, 5 30. x= . ,y = S z=k
36. QJ e b= _Z and f(x) —Zx —Zx +2§ 37. (0) s
3l. m<—-——o0rm>30

38. 1 4d* 41. 2) 2

Y (a+d)4a +2d)a +3d)%a +4d)0 ) 32. (k =0, the given system has infinitely many solutions)
48. (2) 34. (1) 35. (9)
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Hints & Solutions

Topic1 Types of Matrices, Addition, . .. _[Rosa -sinoa0
. 3. Given, matrix A =, 0
Subtraction and Transpose of a Rina  cosa

Matrix o _[gosa —sina[l¢osa —sina [

. . . . . . 04 _%ina cosa %ina cosar [

1. Given matrix A is a symmetric and matrix B is a U
skew-symmetric. _0  cos’a - sin’a —costl sina - sina cosx [
0 AT =Aand BT =-B E;;ina cosa + cosdt sind -sin®a + cos®a H

2 30 [¢os20 —sin200
Since, A + B = 0 (given)... (i) =g s
% -10 %1n2cx cos20 ]
On taking transpose both sides, we get Similarly, )
[¢ a) - o)
L2 3 Y AN = f)s(n ) —sin(n )n[IN
(A+ B) :% 1I] %m(na) cos(na)
—-ig
2 50 0 A% [¢os@B20a) -sin@B20a)0 —1D(, )
=0. wven
u AT+BT=% °n ... (i) Hin@20) cos@2a) g H o[H®
. , . . So, c0s(320) = 0 and sin(320) = 1
Given, A =Aand B° =-B T T
g 2a=—00a =—
2 50 2 64
a A—B:% 0
-10 4, Given matrix
On solving Egs. (i) and (i1), we get g o oo mOo oo d o0 o0
2 40 0 -10 P=33 1 00=3 0 03+ 1 of
A= and B = 0
4 -1 4 od ® 318D 303 @ 0 1f
2 400 -10 04 -20 O P=X+1(let)
So, AB = 0 0~ [ 0 Now, P =(I + Xy
A -1fd o B -4 - )
. . =T+°C(X) +5Cy (X% +°C5(XP) +...
2. Given matrix [+I"=1, ITA=Aand (a + 9" ="Coa" +
oo 2y lg "Cia" lx+ .. +"C x"
A=%x y "l yUOR#® y) 0 0 00® 0 00 O 0 0O
- 1 2 _ g O_ a
Bx -y 1§ Here, X®=3 0 033 0 0= 0 07
for which B 3 O0E® 3 05 B 008
T A — M 0 0Om 0 OO0 O 0O
A=k and X*=X’X=% 0 093 0 0= 0 of
0 2x 2x[00 2y 10 3 0 00 @00%@305@005
o By o s R o B
B -1 182« -y 13 ® 0 3H
0X'=X"=% 0 oJ
B> 0 00 3 0 00 0 0
0 2 o0 U £0 B
000 6y 0= 3 07 000 0 00
Ho o 34 B o 38 So, P°=I+53 0 00+10% 0 09
Here, two matrices are equal, therefore equating the B 3 OH B 0 OH
corresponding elements, we get 01 0 0O
82 =3 and 6% =3 =g15 1 09
35 156 1
0 x=i\/§ B 5
8 o2 0 00
- _0 a_
and y:ii and Q—I+P5—D15 2 OD—[Qij]
V2 A35 15 20
-+ There are 2 different values of x and y each. 0 gy =15, g5, =135 and g4, = 15
So, 4 matrices are possible such that A7 A =31;. Qo1 *+ @y _ 15+135 _ 150 _

10

Hence,
Q39 15 15



5. Given, AAT =71

M 2¢q r0O0 p pO O 0 0O

D%’ ¢ -roge a -agE@ 1 0f

- rgHgr -r rg @ 0 1H

m)+4q + 7’ O+2q -r* 0 2q2+ 2% d 0 o0
_ 0
OmM+2¢2-r2 p?2+qg?+r? p -q* 2[,—%) 1 0
W-2¢"+r* p?-q*-r* pP+q¢®+r’ @ 0 1P
We know that, if two matrices are equal, then
corresponding elements are also equal, so
4¢*+ r?=1=p® +¢* +r% ...
2¢%-r?=0 0 r2=2¢> ...(>11)
and pi-¢*>-r*=0 ...(111)
Using Egs. (i1) and (iii), we get
p* =3¢ ..(iv)
Using Egs. (i1) and (iv) in Eq. (1), we get
4¢% +2¢% =1
O 6g°=1
0 2p?=1 [using Eq. (iv)]
s 1 1
=— 0 Ipl=—F
p B p 2
or o0 00
_d 0
. Here,P—D4 1 OD
A6 4 18
01 0 0om 0 0o O 1 0 oo
2_ U ag _d g
0 P_D4 1 ODD4 1 OD_D4+4 1 0|:|
A6 4 1EH6 4 1H A6+32 4+4 1f
o 1 0 00
=g 4x2z 1 o0F 6
H6(1+2) 4x2 1{
o 1 0 ool 0 0O
_0 ag a
and P’ =5 4x2 1 0gf 1 0g
A6(1+2) 4x2 1HA6 4 18
a 1 0 00O
=5 4x3 1 og ..(ii)
H6(1+2+3) 4x3 1
From symmetry,
a 1 0 0d
P°=3 4 %50 1 og
H6@1+2+3+...+50) 4 x50 1H
P'-Q=1 [given]
a a
0 1-qp ~ 2 -¢30 0 0 OS
O B 200 - gy 1-qy ~ 433 El:%) 1 OD
Bex‘r’?o(m)—q31 200 - g4y 1—q335 B 0 1F
16 x50 x51
g 200 - g9y :O,f—%1 =0,

200 - gy, =0
O g1 =200, g3, =200, g5; =20400
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931 * G50 _ 20400 + 200 _ 20600

Thus, =103
Qo1 200 200
a 2 20 o 2 alO
7. Given, A = % 1 —ZSAT :% 1 2Band
B 2 bH 2 -2 bH
a 2 200 2 aO
T _ a O
AAT=00 1 202 1 28
B 2 bHR -2 bH
o 9 0 a+4+2b0
_0 o
=0 0 9 2a+2 ZbD

B+4+2b 2a+2-2b a”+4 +b*[H
It is given that, AAT =97

o 9 0 a+4+2b0 O 0 0O

a a_ 0
o5 oo 9 2a+2-2b5=90 1 03

B+4+2b 2a+2-2b a’+4+b*F B 0 1H

o 9 0 a+4+2b0 O 0 0O

| 0_ g
og o 9 2a+2-200=19 9 0F

+4+2b 2a+2-2b a®+4 +b*H ® 0 95
On comparing, we get

a+4+2b=0 0 a+2b=-4 ...(1)

2a+2-2b=0 0 a-b=-1 ..(i)
and a®+4 +b% =9 ...(111)
On solving Egs. (1) and (i1), we get

a=-2,b=-1

This satisfies Eq. (ii1)
Hence, (a,b) = (-2,-1)
-1/20 D
PTp= Elf/z 120032 1R

. Now,
51/2 m%@rm I/QD
l O[I
0 P'p= %)
0 P'p=1
0 pr=p?
Since, Q =PAPT

O PT'Q*% p=PT[(PAPT)(PAPT) ...2005 times P
=P'P) A (PTP) A (PTP)... P"P) A (P"P)
2005 times

_IA2005 _A2005
1
0 At
2-0 10 1D a ZEI
_%) 155) 1D %’ 1D
o 200 m a 3|ZI

_%) 150 15 o 15
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9.

10.

11.

12.

13.

42005 _ a 201058
O
O 20050
0 PTQ2005P - . 0
O
. @@ 00 a 00
Given, A= B=
v B 1B B 1H

0 Az-0 000 0C[g? o0
A 1 1HE+1 1{
Also, given, A’=B
o * o0_O o0
HK+1 1B 18
Oa 2=1 and a+1=5
Which is not possible at the same time.

O No real values of a exists.

If A and B are square matrices of equal degree, then

A+B=B+A
Given, X' =-X, YT =-v,2" =2
(a) Let P=Y3z%-7%?
Then, PT =? z4H" - z* Y3

— (ZT)4 (YT)3 _ (YT)S (ZT)4
=-Z'%Y? +Y?*Z' =P
0 Pis symmetric matrix.

(b) Let P=x*+y*
Then, pr = (XT)44 + (YT)44
- X44 + Y44 :P
0 Pis symmetric matrix.
(c) Let P=X*73 -73x*
Then, P =x*z3 —(Z3X"H"

= 2TV X7y - xTy* (27
=73 X*-X'Z=-P
0 Pis skew-symmetric matrix.
(d) Let P=X% +Yy?
Then, Pl =" + ¥7T)» =-x2 -y =-p
O Pis skew-symmetric matrix.

(@) NTMN)Y = NT"M"(NTY' = NTM"N, is symmetric
if M is symmetric and skew-symmetric, if M is

skew-symmetric.
(b) (MN - NM)" = (MN)" = (NM)"
=NM - MN =-(MN -NM)
0 Skew-symmetric, when M and N are symmetric.
(© MN)Y =NTMT =NM # MN
O Not correct.
(d) @dj MN) = (adj N)[adj M)
O Not correct.
Here, P =[p;l,«, With p; = w'ti

0 Whenn=1
P=[pjlia = [0”]
0 P?=[w' 20

0 When n=2

14.

15.

16.

17.

18.

_ oy p12l:| o’ o0 @2 10
= [pyloxe = %} =0, L,OFO 0
21 Pzz[l |30 wpg gl wg

p? 1004y 10
P?=0 od ]
ol ool wg

0 pie %4+1 w2+od] 40
g}o+w 1+<.025
When n =3

? o oD ? 1 w0
P:[pij]SXS:%‘)S W doEgl w 032%
o @ G B @ 1]
? 1 ol 1 o8 m 0 0O
Pl o &0 Q)ZE:%) 0 05=0
Ho o 1Hw o 1H ® o0 o8
O P? =0, when n is a multiple of 3.

P% %0, when n is not a multiple of 3.

O n =57 is not possible.

0 n =55,58,56 1s possible.

As (a,b,c)lieson2x+ y+z=102a+b+c=1
g 2a+6a-Ta =1

ad a=1,b=6,c=-17

O70+b+c=7+6 -7 =6
Ifb=60 a=landc=-7
Oax®*+bx+c=00x*+6x-7=0
O@+7((x-1)=0

0 x=1,-7
° 17 . .6 g 1
0SB ?g'“é*% * 6
n=0 —
7
===
Ifa=2,6=12,c=-14
3 1 3
0O =+ =+ =
o o of
3 1 3 _3 ~
O 7+W+w‘14 w+1+3w =3w +1 +3w’

=1+3@+w)=1-3=-2

The number of matrices for which p does not divide

Tr (A) = (p-1) p? of these (p-1)* are such that p
divides | A|. The number of matrices for which p divides
Tr (A) and p does not divides | A| are (p-1)%

O Required number =(p -1) p? —(p -1)? +(p -1)
= p? - p?
Trace of A =2a, will be divisible by p, iff a =0.

| Al=a?-be, for (a? - be) to be divisible by p. There are
exactly (p —1) ordered pairs (b, c) for any value of a.

0 Required number is (p —1)2



@ b0
19. Given, A= 0 a b cl{0,1,2,..,p 1}
*r af

20.

21.

If A is skew-symmetric matrix, then a =0, b = —¢
O |Al=-b2

Thus, P divides | A|, only when b =0. ..()
Again, if A is symmetric matrix, then b = cand
|Al=a”-b"

Thus, p divides | A|, if either p divides (@ —b) or p
divides (a + b).

p divides (a = b), only when a = b,

ie. a=b0{0,1,2,.., (pr 1)}

i.e. p choices ...(11)

p divides (a + d).

O pchoices, including a = b =0 included in Eq. (1).

0 Total number of choices are (p+ p-1) =2p -1
@ b cO

Given, A=b ¢ aQabc=1and ATA=1T ...(0)
a bH
Now, ATA=T
@ b cOa b

O ¢ o ¢

B a bER a

Oa?+ b2+ ab+bctca gp+ be+ call
OLhb+bec+tea a?+b2+ ab+be+ca
b+bctca ab+bctca o+ p%+p

o o0 0O

=0 1 o0

B o 1§
Oa?+0b%2+c=1 and ab+ be+ca=0 ...Q11)

We know, a® +b® + & -3abe
=(@+b+0o)@®+b>+c* —ab —be —ca)
Oa®+b>+ =(@+b+c)(1 -0) +3
[from Egs. (i) and (ii)]

Oa®+b+ =(a+b+c¢) +3 ...(iid)
Now, (a+b+0d*=a?+b%+c%+2(ab+bc+ca)
=1 ...(1v)
From Eq. (i), a® + ® +& =1 +30a®> + b° + & =4
Here, 22_1%“/5 =W
r O
P:g—uz)s) oo?SD
ow”  Wg
Pzzg—w)’ w*%%—w)” 0)25%
gw* o ppgw* g
:B w2?‘+w4s d*—ZS[(_l)r‘ +1]g
Bor+ 23[(_ l)r +1] w4s + (A?r 0
Given, P*=-1
Ow 4 ®*=-landw " ¥[(-1)" +1] =0
Since, r{1,2,3}and (-1)" +1 =0

O r={1,3}

1. Let A=
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Also, W’ + ¥ =-1

If r=1, then w?+ w* =-1
which is only possible, when s =1.

As, o+ =-1

0 r=1,s=1

Again, if r =3, then
0+ 0" =-1
0 w ¥=-2
g rz3
0 (r,s)=(,1)1s the only solution.
Hence, the total number of ordered pairs is 1.

[never possible]

Topic 2 Properties of Determinants

1+ cos®@ sin?0
cos20 1 +sin’0

cos?0 sin’0

4cos60
4cos60 |=0
1+4cos60

Applying C; - C; + Cy, we get
2 sin®0 4cos66
A=]2 1+sin’0 4cos66 |=0
1  sin?0 1+ 4cos66

Applying R, - R, -2R; and R, - R, -2R,, we get
0 -sin’@ -2-4cos60
A=|0 1-sin”’0 -2 -4cos68|=0
1 sin”@ 1+ 4cos66

On expanding w.r.t. C;, we get
0 sin?06 2 + 4 cos606) + (2 + 4 cos 6 8) (1 —sin?B) =0

0 2+4cos60=00 00569=—%=cos2§
O 60=2"pg=" = em@,ﬂgﬁ
3 9 B 3
. Given equation
x -6 -1
2 -3x x-3|=0
-3 2x x+2

On expansion of determinant along R;, we get

x[(=3x) (x +2) —2x(x —=3)] +6 [2(x + 2) + 3(x —3)]
-1[2@x) = (-3x) (=3)] =0

O x[-3x% —6x —2x% +6x] + 6[2x + 4 +3x —9]

-1[4x -9x] =0
O x(-5x%) +6(6Bx —5) —1(-5x) =0
O - 52+ 30x 36 5% O
O 52 —35x+30=0 O «° —7x+6 =0.

Since all roots are real

0 Sum of roots = — coefficient of x> _

coefficient of x°

3. Given determinants are

X sin® cos©
A =|-sin® —x 1

cos O 1 x
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=-4" +sinBcosO —sinBcos B +xcos?0 —x +xsin’O
= -4
X sin20 cos26
and A, =| -sin20  —x 1 |,x#0
cos 20 1 x

= -5 (similarly as A)
So, according to options, we get A, + A, = — 23

4. Given

0 100 200 30 O n-10_0 780
0 1o 1o B 1 HH 1f
0 100 20 0 2+10

O 100 150 1B

0 2+100 30 0 3+2+10

1 HB HR

. 0 100 200 30 O n-10
0 19 1He 1T 1

0 (r-1)+(m-2)+..43 +2 +10

1 ]
_§ n@e-DE g 73
B 1 o b

Since, both matrices are equal, so equating
corresponding element, we get

”(”2_1) =780 n(r 15 156

=13x12 =13(13 -1)
a n=13
0 130 -130

a
So, A= Al =
° b 1% Tk 1 f

- _m b0 _0d -bd
[-if|Al=1and A EF dBthenA H»c a%

. Given, quadratic equation is x*+x+1 =0 having roots
a,B.
Then,a +B=-landaf =1
Now, given determinant
y+l o« B
A= a y+B 1
B 1 y+a

On applying R, —» R, + R, + R;, we get

y+1l+a+B y+1+a +3 y+1+a +f3
A= a y+B 1
B 1 y+a
y Yy y
=la y+p 1 [-a+B=-1
B 1 y+a

On applying Cy -~ Cy-C; and C; - C5 —C;, we get
y 0 0
A=|la y+B-a 1-a
B 1-B y+ta-P
=y +@-a)) (y-@ -a)) -0 o) @ B)]
[expanding along R,]
¥ -@-a)’ -1 -a B +ap)]

=yl
=y[y*-B*—a® +20B -1 + @ +B) -6p]
=y [’ - @ +B)* +20B +2aB -1 +@ +B) -©B]
=y[y?-1+3-1-1] =y [ca+B=-landap =1]
0 1 10
. Given, matrixA:% b cgso
B o 7B
o 1 10
det(A)=2 b
K} b2 ¢
On applying, Cy - Cy—C; and C; - C5 —Cj,
a 0 0 0O
wegetdet(A):% b-2 c—2%
4 b2-4 -4
:Eb—Z c—25
[b2—4 c2—4j
_ b-2 c—2
b -2(b+2) (c-2)(c+2)
1 1
_(b—z)(c—2)§b+2 c+2§

[taking common (b - 2) from C; and
(¢=2) from C,)

=(b -2)(c -2)(c -b)

Since, 2, b and ¢ are in AP, if assume common difference

of AP is d, then
b=2+dandc=2+2d
So, | Al = d@d)d =2d° 0O[2,16]
O d® 01,8 O dO[L,2]
O 2+2d 032+ 2,2+ 4]
=[4,6] O cO[M4,6]
o1 sin® 1 0O

. Given matrix A = E—Sine 1 sin GB

H-1 -sin6 1 {
1 sin @ 1
O det(A) =| A|=|-sinB 1 sin©
-1 -sin® 1
=1(1 +sin?0) —sin B(—sin 6 +sin B) +1(sin® O +1)
O]Al=2 (1 +sin0)
As we know that, for 6 O éﬂzﬂ , %TQ

sin @ DD i LD
H 2’720

[given]

...



0 sin%0 D@,% 0 1+sin20 D@)+1,1+ 1@
2 2
30

0 1+sin?0 Dé,gg

O 2(1+sin%) 0[2,3) 0 |AIO[2,3) 0

&kl

0
, 3
i

a-b-c 2a 2a
Let A= 2b b-c-a 2b
2¢ 2¢ c-a-b

Applying R, - R, + Ry + R, , we get
a+b+c a+b+c a+b+c

A= 2b b-c-a 2b
2c 2¢ c—-a-b
1 1 1
=(@+b+c¢)|2b b-c-a 2b
2c 2¢ c—a-b

(taking common (a + b +¢)fromR))

Applying Cy - C,—Cjand Cy3 — Cy —C;, we get
1 0 0
A=(@+b+c)| 20 —a +b +c¢) 0
2¢ 0 —(a+b+c)

Now, expanding along R;, we get
A=(@+b+c)1{a+b+0*-0}
=(@+b+0® =(a+b +o)(x +a +b +c)* (given)
O x+a+b+0?=( +b +¢)?
ad x+a+b+c=x(a +b +¢
ad x=-2(a +b +c¢)

log, ajay

[+ x#0]

r_k

IOge agaé IOge (13614

Given, | log, aja’ log, atal log,aka’|=0

r k r_k k
log, ajag log,agag log, asay;

On applying elementary operations

C, - Cy—C;and C3 - Cy = Cy, we get
IOge alrag 1Oge a2a3 IOge alag
log, abal log, a5 aG loge ajak
log, a3a4 log, ajaj
log, a6a7 log, ajal |=0
k
log, a9a10 log, ajag
r_k r k
log, ala¥ log 2% log 3d4p
o “Taja0  ‘TajalD
rak rak 0O
O |log,alal log,0-2=60 log, O-6-70|=0
T ‘Talal0  *OajaltD
r_k r k
A 8%9 9910
log, ajal log, ook 0 log, Dalak E

B' log, m —log, n =log, %@ﬁ
n

[-a,aq,ag....... , 0y are in GP, therefore put
a; =a,ay =ak, ag =aR?, . Qg :aRg]

10.

11.
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r+ er+2k|]
1OgeD o Rk S

r+kpdr+5sk
R g
logeblﬂ

Eklr+ kR3r+4k[|

r+ kpir+ 8k
R a
loge%ﬂ

r+ kR6r+7kD

log E r+kR2r+3kH
9|:| ar+kRk 0

r+ kR5r+ 6k
IOg“’l:k1r+ kR3r+4k% =0

r+ kR8r+ 9k[]

log, a”* *RF

0O log ar+kR3r+4k
e

loge al‘+ kR6r+7k

IOgeDar+ kR6r+7kS

log,(@ " *R*) log, R"** log, R¥* %

O | log, a’* "R * 4 log, R"** log, R¥* % |=0

log, a" " *RS"* "™ log, R"** log, RZ* %
log,(@" " *R") log, R"*"*2log, R"**

0 | log, (@ * *B"* %) log, R"* #21og, R"** |=0

log,(a" " *R®"* ™) log, R"* *21og, R"**

[ logm" = n logm and here

10ge R2r+ 2k _ loge R1r+ k) =9 loge R’ +k]
~» Column C, and Cy are proportional,

So, value of determinant will be zero for any value of
(r,k), r, Rk ON.
O Set ‘S’ has infinitely many elements.

2 b 10
Given matrix, A=h 6°+1 b5b>0
B o 2
2 b 1
So, det (A) =|Al=|b b%+1 b
1 b 2
=2 [2(b% +1) -b?] -b(©2b -b)
+1(6% -b%-1)
=2[2b% +2 -b?] -b% -1
=2b2+4-b>-1=0%+3
2
. det(4) _b*+3 _, .3
b b

Now, by AM = GM we get

b + —
é‘b (- b>0}
0 b+ E 2243
So, minimum value of det (4) _ 2/3
Given,
B—Z 4+d (sin®) -2 0O
A=Z1 (sin®) +2 d O

O
B5 (@sin@)-d (-sinb)+2 +2d{
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12.

13.

-2 4+d (sinB) -2
O JAl=|1 (sinB)+2 d
5 @2sinB)-d (-sinB)+2 +2d
-2 4+d (sinB) -2
=1 (sinB) +2 d
1 0 0

(B3 — Ry —2R, + Ry)
=1[4 + d)d —(sinB +2) (sin® -2)]
(expanding along R;)

=(d? + 4d -sin?8 +4)

=(d”® + 4d +4) —-sin”0

=(d +2)* -sin?6
Note that| Al will be minimum ifsin®6is maximum i.e. if
sin?0 takes value 1.

Al =8,
(d+2)?%-1=8
O (d+2)?%=9
a d+2=+3
O d=1,-5

Given,
x-4 2x 2x [
Uox x-4 2xU=(A+ Bx)(x - A)?
O d
02x 2x  x—4
O ApplyC, - C, + Cy + C,4
bx—-4 2x 2x [
E5x—4 x-4 2 B: (A + Bx)(x — A)*
Bx—-4 2x x-47

Taking common (5x - 4) from C,, we get
o 2x 2x [
Gx - 4%1 x-4 2 E: (A + Bx)(x - A)?
Ol 2x  x-4Qg
Apply Ry - Ry~ R, and R; - R; — R,
s 2x 0 0O
O Gx 4)%0 -x 4 0 B: (A + Bx)(x - A)?
o 0 -x -4
Expanding along C;, we get

Gx - 4)(x +4)? = (A + Bx)(x - A)*
Equating, we get, A=-4and B=5

therefore

Given, 2w +1 =z

g 2w +1 =4 -3

O @=2L¥y8i
2

Since, wis cube root of unity.

5 —-1-43i
W =—
2

[+ z=4/-3]

O and W’ =1

1 1 1
Now,|1 -w?-1 o’|=3k

1 w? o

14.

15.

|
=
[V

1 1
w o|=3k
[ )
[+1+w+w =0andw’ = ()* 0= d
On applying R, - R, + R, + R;, we get

3 1+w+w 1+w+ o
1 w o’ =3k
1 w? ®
3 0 0
O 1 o =3k
1 o w
O 3W? -w') =3k
O @-w=k
0 keI H1+NBIH g,
o 2 00 2

PLAN Use the property that, two determinants can be multiplied
column-to-row or row-to-column, to write the given
determinant as the product of two determinants and then
expand.

Given, f(n)=a" +B", f(1)=a +B, f@)=a” +p%
f@=a®+p, f@)=a* +p*

3 1+f1) 1+£@)
Let A=[1+f(1) 1+f@ 1+f@)
1+f@ 1+fB) 1+f@)
3 1+a+B 1+a?+p?
O A= | 1+a+B 1+a?+p? 1 +a® +p°
1+a?+B* 1+0® +p® 1 +a*+p*
10+10+10 10+1G+10B
= 10+10+1B 10+o0d +BB
10+10%+1B% 10+a@ +B2P

10+1@2%+1B2
10+a@?+pR?
1D.+G2m2 +BZ[I32

2

1 1 1 1 1 1 1 1 1
=1 a BT a BI=l1 a B
1 a® B%| |1 a® B2 |1 a? B2

On expanding, we get A = (1 —a)%1 -B)%@ —B)?

But given, A=K(@1-0)’0 B)*a )
Hence, K (1 -a)*(1 -B)*@ -B)*= (1 ~a)*(1 -B)*@ -PB)
O K=1
PLAN It is a simple question on scalar multiplication, i.e.

kay ka, kag a; a, as

by b, bs|=k|by b, bs

Cy Cp Cg Cy Cp Cg

Description of Situation  Construction of matrix,
‘ . a; ap a0
ie. ifa=[ajlsxg=08y axn axl

Has ap as{



Ua;;  a;p a3 U
Here, P=[a;l3.3=Uay a9 agl
Q31 Q3zz  Agzg
Oby by b0
Q=1[bjl3xs = U by by byl
51 by bag H
where, b; =2""/ a;
4a,; 8ayy 16ag;
O |Q|=|8ay 16ay 32ay
6ag; 32ag9 64as,
a1 Q12 13
=4 x8x16|2ay; 209 2ay
4ay; 4agy 4ag
9 a1 Qg g3
=27 X2x41 ay Gy Ay
Q31 Qg Aszg
—gl2 mp‘ —9l2[y =913
16. We know, [A" =] A"
Since, |A%1=125 O |AP =125
0 D0 20.5 g 2-4=5 Qo=+ 3
02 ag
Osinx cosx cos x[]
17. Given,(jcosx sinx cos x[=0
[Jjcos x cosx sin x[]

Applying C; - C; + Cy + C,
[sin x + 2 cos x
=[Jsin x + 2 cos x
Jsin x + 2 cos x

cos X
sin x
cos x

cos x[]
cos x[J
sin x[]

01 cosx

=@Qcosx+sinx)J1 sinx
0l cosx

Applying R, - R, - R, Ry - Ry - R,
o cos X cos x O

0 Qcosx+sinx)J0 sin x —cos x 0 0=0
0o 0 sin x — cos x[]

cos x[J
cos x[=0
sin x[]

18. Given,

O (2 cos x + sin %) (sin x — cos x)% =0
O 2cosx+sinx=0or sinx—cosx=0
O 2 cos x = —sin x or sin x = cos x
O cot x=-1/2 gives no solution in —Estf
and sinx=cosx 0 tanx=1 0O x=T1/4

0 1 x x+1 0
fx)=g0 2x x(x—1) x+1)x 0O

1Bx(x—-1) x(x-1)(x-2)

Applying C3 - C5 = (C; +Cy)
0 1 X 0g
=0 2x x(x—1) 0=0
MBx(x—-1) x@-1x-2) 0O

O f@)=0 O f(@100)=0

(x+1)x(x-1)Q

19.

20.

21.

22.

23.
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O 1 a a? O
Let A=Hcos (p—d)x cos px cos (p+d)xH
(sin (p—d)x sin px sin (p + d) x[J

Applying C; - C; +Cy

1+ qa? a a?

OA=|cos(p—d)x+cos(p+d)x cos px cos (p+ d)x
sin(p—d) x+sin(p +d) x

2 2
1+a a a

2 cospxcosdx cospx cos (p+d)x
2sinpx cosdx sinpx sin (p +d) x

sin px sin (p + d)x

A=

Applying C; - C; —2cosdx C,

O + a? -2a cos dx a a? O
OA= H 0 cos px cos (p + d) xH
0 0 sin px sin (p + d) x
OA= & a? 2acosdx) [sin (0 d)x cos px
—sin px cos (p + d) x]
OA= & a% 2acosdx)sin dx
which is independent of p.

xp+y X y
Given,|yp+z y z |=0
0 xp+ty yptz
Applying C; - C; = (pCy + Cy)

0 X y
a 0 y z =0
~@p*+yp+yp+z) ap+y yp +z
O - (p* 2yp 2@z y¥F O
a Either xp? + 2yp + z =0 or y* = xz

O «x,y,zarein GP.
Since, A is the determinant of order 3 with entries 0 or
1 only.

Also, B is the subset of A consisting of all
determinants with value 1.

[since, if we interchange any two rows or columns,
then among themself sign changes]

Given, C is the subset having determinant with
value -1.

0 Bhas as many elements as C.

For a matrix to be square of other matrix its
determinant should be positive.
(a) and (¢) - Correct
(b) and (d) - Incorrect
Given determinant could be expressed as product of two
determinants.
1+a)? @1+20)2 (1+30)°
ife. |@+0a)? @+20)2 ©2+3)%=-648a
B+a)® @+2a)* @B+3)
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24.

25.

26.

1 +60 +9a 2

4 +120 +9a ?
2

1+20 +a? 1+40 +40?2
0 |4+40 +a? 4 +8a +4a?
9+60+02 9+12a +402 9 +18 +9a

=-648 a
1 o a?l]1 11
O (4 20 o?|02 4 6|=-648a
9 30 a?l|1 4 9
11 1|1 11
O a4 2 1|02 4 6/=-648a
9 3 1/[1 4 9
O - 8at - 648a
O a -8 =0 Do o 2-81)=0
O a= & 9
PLAN () If A and B are two non-zero matrices and AB = BA, then

(A-B)(A+B) = A% -B°.
(i) The determinant of the product of the matrices is equal to
product of their individual determinants, i.e.|AB|=|A[| B|.

Given, M>=N* O M?-N*=0

0 (M-N%» (M+N?=0 [as MN = NM]
Also, M#N?

0 M+N?=0

O det (M +N? =0

Also, det (M?+ MN?) = (det M) (det M + N?)
=(det M) 0)=0
As, det (M%*+ MN?) =0

Thus, there exists a non-zero matrix U such that
(M?*+ MNHU =0

0 a b aa + b

o o ¢ ba+c=0

Oaa +b ba +c 0 O

ApplyingC; - C3 — (@ C; +Cy)

Given,

O a b 0 O
b c 0 H=0
ao +b ba +c¢ —(ga?+2ba +0)p
O - (a0} 2bot+ ¢ (ae b*F O
O aa?+2ba +c=0or b =ac

0 x-—ais a factor of ax® + 2bx + cor a, b, care in GP.

a b g
Let Det (P)=|ay by ¢
a; by g

= ay(byy — bycy) —ag (b —bye) + az (bycy —byay)
Now, maximum value of Det (P) =6
Ifa, =1,a,=-1,a3 =1, bye; = bc; = bycy =1
and bscy = by = by = -1
But it is not possible as
(bye3) (b3cy) (byey) ==1 and (b)) (byey) (o) =1
le., bbobscieoc; =1 and - 1

27,

28.

29.

Similar contradiction occurs when
a; =1l,ay=1,a3 =1, bye; = b3¢; =bjcy =1

and bycy = byoy =bycy = -1
Now, for value to be 5 one of the terms must be zero but
that will make 2 terms zero which means answer
cannot be 5

1 11
Now, | -1 1 1|=4
1 -1 1

Hence, maximum value is 4.
1 log, y log, z

Let A= log, x 1 log, z

log, x log, y 1
1 logy logz
logx logx
_| logx 1 logz
log y log y

logx logy 1

logz logz

On dividing and multiplying R;, R,, R; by log x,
log v, log z, respectively.

L logx logy logz

=—— |logx logy logz|=0
log xlog ylog z

logx logy logz
1 a a’-bc 1 a o 1 a be
1 b b2-cal|=|1 b b*|-|1 b ca
1 ¢ P-ab 1 ¢ ¢ 1 ¢ ab
1 a be 1 a a® abe
Now, 1 b ca =—b b b® abe
1 ¢ ab| ¢ & abe
Applying R, - aR,,R;, - bRy, R; — cR,
1 a a® 1 1 a a?
=—b@zbcb b2 1]=[1 b b2
ane c &1 1 ¢ &
1 a a’-be
0 1 b b’-cal=0
1 ¢ *-ab
x 3 7
Given, |2 «x 2 |=0
7 6 «x
Applying R, - R, + Ry + Ry
x+9 x+9 x+9 1 11
O 2 x 2 =0 O (x+9)]2 x 2|=0
7 6 X 7T 6 x

Applying Cy - Cy-C; and C5 - C5 —C;



30.

31.

32.

33.

34.

1 0 0
Ox+9 (2 x-2 0
7T -1 x-T7

=00 x+9)(x-2)(x-7) =0

O x=-9,2, 7 are the roots.
0 Other two roots are 2 and 7.

1 4 20
Given,| 1 -2 5 |=0

1 2x 5x°
0 1(-10x%-10x) -4 (5x* -5)+ 20 2x +2) =0
O - 30x% 30% 66 0
O x-2)(x+1)=0
g x=2,-1
Hence, the solution set is {-1, 2}.

AP+30 A-1 A+3
Given,| A +1 -2\ A-4

A-3 A+4 3\

=pAt+ gA® + A2+ N+ ¢
Thus, the value of ¢ is obtained by putting A = 0.

0o -1 3
a 1 0 -4|=t
-3 4 0
a t=0
[ determinants of odd order skew-symmetric matrix
is zero]
0l a beQ a a® abe
LetA=Hl b caE:% b b? abe
0l ¢ abg acc Z  abe
Applying R, - aR,, R, - bRy, Ry - cR,
a a1 1 a o
=L wbelb 2 1]=[1 b 82
abe c &1 1 ¢ o
a be 1 a a®
O 1 ca|=|1 b b
c ab 1 e
Hence, statement is false.
Since, M'M =Tand | M |=1
O [|IM-I|=|IM-M"M| [ IM = M)

O IM-11=1d-M")M|=|d -M)' |1M|=11-M]|
=(-1° M -I|[-I-M is a3 x3matrix]

=—|M -1|
0 2|M-11=0
0 IM-1]1=0

Qax—-by -c¢ bx + ay cx+a [
Given, 0 bx+ay -—ax+by-c cy+t+b [FO

0 cx+a cy+b —-ax - by +c]
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2

a“x - aby —ac bx + ay cx+a
0=| abx+a’y -ax + by —c cy+b =0
acx + o cy+b  —ax-by+c

Applying C; - C; + bCy + cCq

O@*+b” + ) x ay + bx ex+a U
O —E(a2+b2+c2)y by-c—-ax b+cy =0

a

GD aZ+ b2+ 2 b+cy c—aac—byE|

1 0% ay + bx cx+a [
O —0Oy by-c-ax b+cy =0
am b+cy c—ax—byQ

[ a?+ b%+* =1]

Applying Cy - C4 —bC, and Cy —» C5 - ¢C;

0% ay a 0O
O —0Oy -c-ax b 0=0
anm cy -ax — by
) 2 axy ax
O —|ly -c¢c-ax b =0
ax
1 cy —ax—by
Applying Ry — R, + yR, + Ry
1 Ox? + yz +1 0 0 a
O —H y -c—ax b H=0
ax 1 c —ax—b
O Y |

O i [ + y* + 1) {(—c —ax)(—ax —by) —b(cy)}] =0

O 1 [+ y? + 1) (acx + bey + a®x? +abxy —bey)] =0
ax

O N [+ y? + 1) (acx + a®2 + abxy)] =0
ax
O 1 [ax(x? + y2 +1)(c+ax +by)] =0
ax
O (2 + y% + 1)(ax + by +¢) =0
O ax+ by +c¢=0
which represents a straight line.
sin 6 cos 0 sin 20

. 21 2ng . 4n]
sin %—— cos @——E sin %B——E
3 3 3

Applying R, - Ry + R,

sin O cos 0 sin 20
2Tt 4m
s1n@+?§ cos@+—@ sin @6+—
. 2T 2T 41t
+s1n@——@ +cos@——@ +sm§29——
3 3 3
sin @ _ 2y cos @ _ 2y sin @6 _ 4y
3 B 3 H 3 B
Now, sin % + 2—T[D+ sin @ —EE
3 3
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%+Zj+e_2jg +2j_e+2jm
=2 sin 3 3 Oeos O 30
0 2 0 0 2 O
0 O 0 a

=2 sinecos%-[=2sinecos @n—g@

=-2sin0 cosg =-sin B

and cos@ os@ 2 Q
3

B+ 2o -2 Hh+ 2T -0+ 2

=2cos 3 3 3 [ cos O 3 O

ad 2 ad 0 2 O

O ad 0 O

1
=2 cos 0 cos %Q 2 c059§~2§=—cos9

and sin @6+—H+ sin @9—41
3

o+ +20-"1H Do+ -20+ 700

=2sin 3 Ocos [3 3 O

O 2 o 0O 2 0

ad ad ] ]

=2 sinZBCos% =2 sin29005@1+g§

= -2 sin 20 cos g = —sin 20

a 0
U sin@ cos 0 sin20 U
0 A=0 -sin@ -cos @ -sin20 [=0
Hsin @ —2—]—[@ cos @ —2—71% sin @9 —4—]1@
ad 3 3 3 0
[since, R, and R, are proportional]
2ax 2ax—1 2ax+b+1
36. Given, f ' (x)= b b+1 -1
2(ax+b) 2ax+2b+1 2ax+b
Applying Ry - Ry - R, —2R,, we get
MRax 2ax-1 2ax+b+1[
f'x)=0 b b+1 -10
0o 0 10
=S2zx 21(:31 11 B=S2zx }E} [Cy— Cy-Ci]
O f'(x)=2ax+ b
On integrating, we get f (x) = ax® + bx + ¢,
where ¢ 1s an arbitrary constant.
Since, f has maximum at x=5/2.
O f'6/2)=0 O 5a+b=0 ..()
Also, fO0)=2 0 ¢c=2and f(1)=1
O a+b+c=1 ...(>1)
On solving Egs. (i) and (ii) for a, b, we get
a= i ,b= —Z

37.

38.

Thus, £ @)= i 2

—§x+2
4

Since, a, b, care pth, gth and rth terms of HP.

=

1
are in an AP.

0 =
C

@\»—l

=A+(p-1)Dp
:A+(q—1)D§ ..()
:A+o—nDE

QRS R Q

bec ca ab
Let A=|p q r
1 1 1

[from Eq. ()]

= QoY
s N

A+(p-1)D A+(@-1)D A+(@r -1)D
=abc p q
1 1
Applying R, - R, - (A-D)R; -DR,
0 00
=abclp q r|=0 O |p q r |=0
1 11 1 1 1

bc ca ab

Given, a >0,d >0 and let

1 1

a a(a + d) (a +d)(a+2d)

1 1 1

+d) (a+d)(a+2d) (a+2d)(a+3d)
1 1

—_

A=

(a
1

l(@+2d) (a+2d)(a+3d) (a+3d)(a+4d)
1
ala + d) (a +2d)
1
(a + d)(a +2d)(a +3d)
1
fro
(a +2d) (a +3d)(a +4d)
~ 1
" ala + d)%(a +2d) (a +3d)*a +4d)
O(a+d)(a+2d) (a+2d) a O

O +2d)(@ +3d) (a+3d) (a+d)QO
O(@ +3d)(a +4d) (a+4d) (a+2d)Q

_ 1
" a@ + d)¥a +2d)P (@ +3d)%a +4d)

O+ d)(a+2d) (a+2d) a 0
=0(a +2d)(a +3d) (a+3d) (a+d)Q
O(a +3d)(a +4d) (a+4d) (a+2d)Q

Taking common from R,

from R,,

m R,

where, A

Applying Ry — Ry~ Ry, Ry — B3 — R,
(a@+d)(a+2d) (a+2d) a
O N=| (a+2d)@d) d d
(a +3d) 2d) d d



Applying By — Ry - R,
(a+d)(a+2d) (a+2d) a
(a +2d)2d d d
2d* 0 0
Expanding along R;, we get
s _osla+2d aQ
N =2d 0 d dn
N = 2d)(d)(a +2d - a)=4d*
A= 4d*
ala + d)*(a +2d)* (a +3d)*(a +4d)
cos (A-P) cos(A-Q) cos(A-R)
cos(B-P) cos(B-Q) cos(B-R)
cos (C-P) cos(C-Q) cos(C-R)
cos Acos P+sin Asin P cos (A -Q)
cos Becos P+sin Bsin P cos (B-Q)
cosCcos P+sinCsin P cos (C -Q)
cos (A-R)
cos (B-R)
cos (C - R)
Ocos Acos P cos (A-Q) cos (A-R)[J
O A= gecosBcosP cos(B-Q) cos(B-R)[O
gcosCcos P cos (C-@Q) cos(C-R)O
Osin Asin P cos (A-Q) cos(A-R)[
+0sin Bsin P cos (B-®) cos (B-R)[O
Osin Csin P cos (C-Q) cos (C-R)[
Ocos A cos (A-Q) cos (A-R)[
cos POcos B cos (B-Q) cos (B-R)[O
OcosC cos (C-Q) cos(C-R)[O
cos (A-Q) cos(A-R)[O
+sin POsin B cos (B-Q) cos (B-R)O
0sinC  cos (C-Q) cos(C-R)[O

Applying Cy -~ Cy—C;cosQ,C; - C5 —C, cos Rin
first determinant and C, —» C,—C; sin @ and in
second determinant

N =

39. Let A=

o A=

o A=

[sin A

sin Asin@ sin Asin R

cos P|cos B sin Bsin® sin Bsin R

cos A
O A=
cosC sinCsin@ sinCsin R

cos A cos R[J
cos Bcos R
cos C cos R

Osin A cos A cos @
+sin POsin B cos B cos @
gsin C  cos C cos @

[Jcos A sin A
A =cos Psin @ sin Rjcos B sin B
fcos C sin C

sin A[J
sin B[]
sinC [

Osin A cos A cos A
+sin P cos @ cos ROsin B cos B cos B[]
OsinC cosC cosC[

A=0+0=0

O n!
40. Given, D =(0(n +1)!
O +2)!

(n+1)!
(n+2)!
(n +3)!

(n+2)!0

(n+3)!0

(n+4)'0

Taking n!, (n + 1)!and (n + 2)! common from R,, R,
and R;, respectively.

41.

42,
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01 (n+1) (m+1)(n+2)0

O D=n!(n+1)!n+2)!\01 m+2) ®+2)(n+3)Q
01 (n+3) (+3)(n+4)0

Applying Ry -~ R, — R, and Ry - R; — R,, we get
0l (n+1) (r+1)®+2)0
D=nln+1)!(n +2)!00 1 2n+4 O
0 1 2n+6 O

Expanding along C;, we get
D=nNn+1)!n +2)![@n +6) —@2n +4)]
D=n)n+1)!n +2)! 2]

On dividing both side by (n!)?

D _(mhnDHn+1DnHn + 1) +2)2

- (n!y’ (nY
D
O W =2(n +)(n +1)(n +2)
0 (['))3 =2(n® +4n? +5n +2) =2n (n? +4n +5) +4
n.
0 (I’))B -4 =2n (n? +4n +5)
n.

which shows that L 4%{5 divisible by n.
SCD .
p b
LetA=|a ¢
a b

c
c
r
Applying R, - Ry — R, and R; - R; - R, we get
p b c
A=la-p g-b 0
a-p 0 r—c
a-p qg-b

+ p—
a-p 0 (r-o

p b
a-p qg-b
=-c(a-p)(@~-b) +(r —o [p(g —b) ~bla -p)]
=-c(a-p)(g-b) +p(r -0 (@ —-b)-b(r-ola -p)
Since, A =0

O- c@ plg@ b pi- (@ b)-b(r-c(a-p)=0
c p b

0 + + =0
r-c p-a q-b
[on dividing both sides by (a — p)(q — b)(r —¢)]
O P, b +1+ ¢ +1=2
p-a q- r—c
0 P4 9 4+ T -9
p-a q-b r-c

We know, A28 =A4 x100 +2 x10 +8

3B9=3x100 + B x10 +9
and 62C =6 x100 +2 x10 +C
Since, A28,3B9 and 62 C are divisible by &, therefore
there exist positive integers m,, my and mgy such that,
100 x A +10 x2 +8 =m;k,100 x3 +10 xB +9 =myk
and 100x6+10 x2 +C =mgk ... )
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3

B
6

100 x6 +10 x2 +C

2

[from Eq. (1)]

A 3 6

=\lmk mok mgk|=k|m; m, mg

2 B 2

A 3 6
O A=18 9 C
2 B 2
Applying R, —» 100R; + 10R; + R,
A
0O A={100A+2 x10+8 100 x3 +10 xB +9
2
A 3 6
=| A28 3B9 62C
2 B 2
A 3 6
2 B 2
ad A= mk

Hence, determinant is divisible by k.

Oa-1
43. Given, A, =H(a - 1)2

n
2n?

I:ln
DZ (a—l) n

a=1
n D n

a=1 a=1

On

0y (@-1? 3n® 3n”-3n

Ua=1

nn-1)

2
_n(n-1)@2n -1)

ni(n -1)>?

4

1
_ n(n-1)| @n -1)

6

d

4n -2
1y 3 2 _ B
O(a -1)° 3n° 3n“-3nQ

0 a:gz (@-1? 2n% 4n-2

2n?

3n’

2

:n3(n—1)

12

Applying C3 - C3 —6C,

_n’(n-1)
12

3

nn-1)
2

1
2n -1
n-1

1
2n -1
n-1

1
6n
6n

6n
6n

6

2n

Oooooogoo

o]

4n -2

3n2-3n

6
4n -2

3n? 3n?-3n

6
12n -6
6n —6

[c=0,1.e. constant]

44, LetA=SyC, ’C,,, ’C

45.

46.

Dxcr xCr+1 xCr+ ZD

|:|ZCr zCr+1 zCr+2|:|

Applying C3 — C3 + C,
Oxc, *Criy *ric,, ,0
A:Syc, ve,,, **lC
0C *Cy *7Cap
[-"C, +"C,_
Applying C, -~ C, + C;
D’CC, x+lcr+1 x+1Cr+2[|
A:Dycr y+lcr+1 ytic
0.
DCV Z+1Cr+1 z+lcr+2[|
Applying C3 - C5 +C,
Dxcr x+lcr+1 x+ZCr+2|:|
0A= Dycr e, y+20r+2g Hence proved.
chr Z+lcr+1 Z+ZCr+2|:|

Since, a 1s repeated root of f(x) =0.

O f(x)=a (x-a)? a Oconstant£ 0)
0Akx B Cw O
Let o(x) 0 A@) B@) C@)nO
0A'@) B @) C @0
To show @ (x) is divisible by (x - a)?, it is sufficient to
show that (@) and @' (@) =0.
0A@) B@) C@)QO
O ¢ @F 0A@) B@) C@) QO
A" @) B @) C @)D
=0 [ R, and R, are identical]
0A'(x) B'(x C'(x)DO
Again, ¢'(x)=0 A@) B@) C@)QO
nA"@) B'@) C'@)pQ
0A"@) B'@) C'@)0
¢'@) =0 A@) B@) C@)0O
0A'@) B'@) C'@)n
=0 [ R, and R, are identical]
Thus, a is a repeated root of @ (x) =0.
Hence, @ (x) is divisible by f(x).

O &%+ x x+1  x-2
LetA=U222+3x-1 3x 3x-3
0 2+2+3 2x-1 2x-1

Applying Ry — R, = (R, + R;), we get
0O «*+x x+1 x-20
A=H -4 0 0
Ox?+2x+3 2x-1 2x-1p
2
Applying R, - R, + ZRZ

2
and Ry - R +xZR2,we get



417,

48.

0o x x+1 x-2

A=B -4 0 0

2x+3 2x—-1 2x—1
Ox+0 x+1 x-20

Applying R, -~ R, —2R, =04 0 0O
0 3 -3 3 0

0 x x xO0 Qg O 1 -2Q0
= 4 0 oo+t 4 0 0g
o 3 -3 3o0g 3 -3 30

o 1 1 100 O 1 -20
=x 4 0 ogtp—4 0 0g
o 3 -3 3pQg 3 -3 30

O A= Ax B

o 1 1 10
where, A =[] -4 0 0np
0o 3 -3 30

o o 1 -20
and B=Q—4 0 0g
3 -3 30

Oa b c
Let A=Gb ¢ a
gc a b
Applying C; - C; + Cy + C,
OQa+b+c b cO 01
A=Qa+b+c ¢ aF(a+bdb+oHl
Oa+b+c a bQ 0l
Applying Ry, - Ry — R, and R; - R; — R, we get
m)! b c 0
=(a+b+0o0 c-b a-cQ
00 a-b b-c
=(@+b+0[~(c-b)®-(a ~b) (@ 0]

=—(a+b+0) (@?+b%+ -ab -bc —ca)

Qo o
SR o

= —% (@ +b+0) 2a? +2b% +2¢% —2ab —2bc —2ca)

:—%m +b+0la -b)? +(b -0 +(c -a)?]

which is always negative.
x & 1+

Given, |2x 4x® 1+8¥ [=10
3x 9x* 1+274

11 1+4

0O «x3%2 4 1+8¢ |=10
3 9 1+274

Apply Ry - Ry, -2R, and R; -~ R; —3R,, we get
11 1+

£10 2 -1+64 |=10
0 6 -2+244°

2 64 -1

xs#es 245" -2
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2> (482 -4 -36x> +6) =10
12x% +24% =10
6x° + 2% -5 =0
#2201
6
3

x=%g ,—1

Hence, the number of real solutions is 2.

Topic3 Adjoint and Inverse of a Matrix

1. Given matrix Bis the inverse matrix of 3 x 3 matrix A,

B 20 10
where B = %) 2 1 S
B 3 -1H
We know that,
det(4)= — L D det(a =1 D
det(B) H det(A)H
Since,  det(A)+1=0 (given)
1
det@ 0
ad det(B) =-1
d 5-2-3)-200-a)+10-2a)=-1
0 - 25 20% 2=- 1
O 20% - 200 —24 =0
0 a ‘& -12=0
O @-4)@ +3)=0
a a=-3,4
So, required sum of all values of a is4 -3 =1
e e 'cost e 'sint
. |Al=le" —elcost—e'sint —e 'sint +e” cost
e 2 ' sin t -2 ' cost
1 cos t sin ¢

=) (|1 —cost-sint —-sint +cost

1 2sin ¢ - 2cost

(taking common from each column)
Aplying Ry -~ R, - R, and R; - R; — R,, we get
[rel™t=¢ =1]
1 cos t sin ¢
=¢ |0 -2cost-sint -2sint +cost

0 2sint—-cost —2cost—-sint

=¢ ! (Qcos ¢ +sin ¢)% + @sin ¢t —cos t)?)
(expanding along column 1)
=¢ ! (B5cos’t +5sin?¢)
=5e ! (rcos® ¢ +sin®t =1)
OlA|=5e %0 forallt OR
O Ais invertible for all t OR
[-If| A| #0,then Aisinvertible]
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3. Given, | ABAT| =8

0 |A|IBIIAT|=8 [ IXY | =]1XIIY ]
0 |A*|B|=8 LG 1A =141
Also, we have |AB™Y =80 |A||B‘1|—
| Al 1 .10
0 Alog L@ Eal=At =L
| B a | AlH

On multiplying Egs. (1) and (i1), we get

|A|3:8[8=43
[A]=
0 |B| = |A| é:l
8 8 2
_ 1 MmA1 mE_ 1
Now, |BA'BY|=|B|—|B| =0~ F0=—
ow, | [=] ||A|I I BEHiEE 16
0 -sinB
. We have, A—E‘:OS s E
%mS cosO ]
O | A| = cos?0 +sin?0 =1
0 in©
and adj A = Bcos sin EJ
[Tsin® cosGD
e bO . d -b
[IfA=[ Ethen adj A= a
o dp ¢ ap
0 A_lzgco.se sineg I:J'_ A—I:adeD
[Tsin® cosB[ O [A] O
Note that, A% = (471)>°
Now, AZ=AHi™

_y _[Ocos® sinBJcos® sinB0
DA™ =p . M 0
[Tsin® cosOTsin® cosbO[

0 cos®0 -sin?6 cos Osin 8 + sin Bcos &

- [T cos0sin B — cos Bsin 6 -sin?@ + cos?’0 [
_Ocos26 sin2 00
_%-sinQB cosZGE
Also, A% =(A7H(A™)
3 _ Dc0s29 sin2600cos®  sin 60
D—sm29 cosZBE%—sinG COSGE
_Ocos36  sin360
_%-sinBG cosSGE
Similarly, A = Scos 500 sin 509[|
[Tsin506 cos509[|

0O 25 25 [
:DCOSEH Sln—T[D D henezlm
0 95 95 U 7" 120

Brsin—T1 cos — TJ
0 6 0

O T T[
' cos Ccos[ATT + cos —
[jcos — 6 sin — DD Bﬁ% 54 E 6
=0 T
%—sm— cos —D%nd sin g;@ sm@(&n + EQ sin —
15 1
=02 2
Tl V3

Ha 2

0
0
0
Q0
6H

w

O
O
O
O
B

02 -30
5. We have =0 0
r4 10

02 -3002 -30

O A=A = 0 oo 0

T4 1074 10
A+12 -6-30

"Hs-4 1241
016 -90
“Hi2 13H

016 -90 02 -30

Now, 38A4%2+12A= 3%12 13% 12|:|4 1%
048 -270 024 -360
“Hss s9H Has 12 H
072 -630
"Hss 51(
B1 630

O adj BAZ+124)= %4 725

Ba -b0

. Given, A=[j pand A adj A = AAT
3 2

0
Clearly, A@adj A)=| A | I,

[+ if A is square matrix of order n,
then A(adj A) = (adj A) (A =| A |I,]

5a -b
= 5 9 I,=(10a + 3b) I,
OEI
=(10a + 3b) %)

00a + 3b 0 0 .
=0 0 (@)
O O 10a + 3b(

-b 3

and  AAT=2¢ ~bEDe 80
03 2 I:JI:T b 20

@5q2 + b2 15a -2b0

= D |:|

ml5a - 2b 13

A(adj A) = AAT

00a + 3b 0 O_[B5a®+b* 15a —2bg

0 =0
H o 10a+3bH msa-26 13

...(i1)

[using Egs. (1) and (i1)]

0 15a -2b =0
ad a =% ...(111)
and 10a + 3b =13 ...(1v)

On substituting the value of ‘a’ from Eq. (ii1) in

Eq. (iv), we get
10 E%g@+ 3b=13

0 20b+45b:13
15
0 65b ~13
15
g b=3



10.

11.

Now, substituting the value of b in Eq. (iii), we get
5a =2

Hence, 5a+b=2+3=5

PLAN Use the following properties of transpose
(ABY =BTAT (ATY = A and A™'A =/ and simplify. If A is
non-singular matrix, then| A | # 0.

Given, AAT =ATA and B=A7'AT
BBY = (A—IAT)(A—IAT)T
=A7ATAA™Y [ (AB)T = B'AT)
= A7 AAT (AT [ 44T = AT 4]
=J1AT (A [+ ATA=1]
= AT (A = (A A
[- (AB)T = BT AT]
=I'=1
O a 30
Given, P = a 3 3%
B 4 4
O |P1=112-12) -a (4 -6) +3 4 -6)=20a -6
P =adj (4) [given]
0 |Pl=ladj AlI=|A* =16 [ladj Al=]A" ™)
0 20-6=16
0 20 =22
O a= 11
Given, P'=2P+1 )
o @EH'=@er+D" =2pP" +1
O P=2P" +7]
O P=2@QP+1)+1
a P=4P+31 or 3P=-31
O PX=-IX=-X
1 a b
|Al#0, as non-singular| w 1 ¢|#0
®w o1
0O 1l-cw)-a(@-cw) +b (5 - B) #
0 1-cow-aw+ace #0
0 (-c)@-aw#0 0 azt, ezt
w W
0O a=w c=wandb Hw, o’} 0 2 solutions
Given, M" =-M,N" =-N and MN = NM @)

O M2N2MTNY Y (MN ™"

0 M2N2N—1(MT)—1(N—1)TWT

O M?NWONYHYE-MTWND (-M)

O M2NICMY(-N)Y'(-M)

O- M?2NM''N'M

O- M MNM'N*M=-MNMM'N'M
O0- MNW(NMYWYN?'M=-MONNNHYM 0O- M?

NOTE Here, non-singular word should not be used, since there

is no non-singular 3 x 3 skew-symmetric matrix.

12.

13.
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Every square matrix satisfied its characteristic
equation,
1-A 0 0
ie. |A-AN|=0 O 0 1-A 1 |=0
0 -2 4-A

O A-M{d-A)@-\) +2} =0

0 ANEP-% 2+ -6=0

O A® -6A*+11A-61=0  ...4)

Given, 6471 = A% + cA + dI, multiplying both sides by
A, we get

6I=A% +cA?+dA O A® +cA’+dA-61=0 ..(i)
On comparing Egs. (i) and (ii), we get
c=-6andd =11
B -1 -20
Here, P=% 0 «a B
B -5 00
Now, |P|=36Ga) +1(-3a) —2(-10)
=120 +20 ...(0)
0501 2 -1000
0 adj (P) = 10 6 12 J
Ha -Gx+4 25
050 -10  -a O
=Hea 6 -3 -47 ...(id)
F10 12 2 B
As, PQ = kI
O [P1QI=|EI|
O IPIQ|=F
O |P|5’125=k3 %iven,l({”:k—zm
020 0 20
O |P| =2k ...(ii)
PQ=kI
O Q=kp I
Zkﬂ :M [from Eq. (iii)]
| P| 2k
. ba -10 -a 0
:gzé%a 6 -3 —4%
F10 12 2
0 q23=—3a -4 D.Ven, ngz_@D
2 & 8H
0 _Ga+d_ _k
2 8
a Ba+4)yx4=F
O 120 + 16 =k ..(iv)
From Eq. (iii), | Pl=2Fk
ad 120 + 20 =2k [from Eq. @] ...(v)

On solving Egs. (iv) and (v), we get

oa=-landk =4
a 40 - k+8=-4-4+8 =0
O Option (b) is correct.

...(vi)
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14.

15.

16.

Now, [P adj(@)|=1Plladj@l
2 15 ol0
—opdit 2K 2
020d 2 2
O Option (c) is correct.

PLAN A square matrix M is invertible, iff dem (M) or| M| # 0.

b
Let M:El E
b ]
EARN I
(@ Given, (= H a=b=c=a [let]
%’D o

o aQd . . .
o M= OO IM|=0 O M is non-invertible.
R ad
(b) Given, [bc] = [a b]
O a=b=c=a [let]
Again, | M| =0
O M is non-invertible.

. e 001
(c) Asgiven M = 2 I Ml=ac#0
0 cH

[ @ and ¢ are non-zero]
0 M is invertible.

b
(d) M:m D[I |M|=ac-b>#0
B o

 acis not equal to square of an integer.

M is invertible.

PLAN If|A,, .| = A then|adjA| = A"~

0 4 40
: g
Here, adj B .5 :% 174
H 1 30
0 ladj P|=|P[*
1 4 4
O  JadjPl=|2 1 7|=1@-7)-46-7) +4Q -1)
11 3

=—-4+4+4=4 0O |P|=%2
|Al=@k+1),1B|=0

But det (adj A) + det (adj B) =10°
0 @k+1)°=10°

0 =2 0 [k]=4
D

Topic4 Solving System of Equations

1.

Given system of linear equations is
[sinB] x + [-cosB] ¥y =0 ...Q0)
and [cotB] x+ y =0 ...(11)
where, [x] denotes the greatest integer < x.
[sinB] [ cos 0]

Here, A=
[cot 8] 1

OA= [sin6}f - cos 0] [cot 0]

When 0 D%,%’”@

sin O DEII\/E ,1%
02 0O
a [sinB] =0 ...(ii1)
10
—cos 00 @), 5%
ad [ cos 8] =0 ...(Av)
g1 0
and cot O DE ﬁ,OH
ad [cotB] =-1 ..(V)
So, A = [sin 0] = [- cos 0] [cot 6]
-0 x(-1)) =0 [from Egs. (iii), (iv) and (v)]

Thus, for 6 O % , %T@ the given system have infinitely

many solutions.

When 0 D@'l,%@ sin D% %,o@

ad [sinB] =-1
0
—cos B DEI.@,lﬂﬂ [cos6F O
02 0O
and cot® 03w X [cot®]=n,n ON.
So, A=-1-0xn) =-1

g

O . .
Thus, for 8 OOt,—0O th tem h
us, for gt 5 H the given system has a unique

solution.

. Given, system of linear equations

x+y+2z=6 ... @)
4x+ Ay —Az =\ -2 ...>11)
and 3x+2y-4z=-5 ...(>111)
has infinitely many solutions, then A =0
11 1
Ol4 A -A|=0
3 2 -4

0 1(-4\ +2)\) —1(=16 +3\) + 18- 30) =0
- 8% 24 0 OA= 3

From, the option A =3, satisfy the quadratic equation
A -\ -6 =0.

. Given system of linear equations

x+y+z=5 ...Q0)
x+2y+2z=6 ...(11)
x+3y+Az = ...(111)
N OR)

The above given system has infinitely many solutions,
then the plane represented by these equations
intersect each other at a line, means (x +3y + Az — 1)
=px+y+z-5)+q(x +2y +2z —6)

= +@x+(p +29)y +(p +2¢9)z -6Gp +6q)



&

On comparing, we get
p+tqg=1,p+2q9=3, p+2q=A
and 5p+6q =
So, P, 9=(-1,2)
O A= 3andp=7
ad A+p= 3 F 10
Given system of linear equations
2x+ 3y —z =0,
x+ ky -2z =0
and 2x — y + z =0 has a non-trivial solution (x, y, 2).
2 3 -10
Da= 00H & -2H=0
2 -1 10
2(k -2) —3(1 +4) —1(-1 -2k) =0
O 2k-4-15+1+2k =0
a 4k=180 k :g
2
So, system of linear equations is
2x+3y -2z =0 ...(0)
2x+9y -4z =0 ...(i1)
and 2x—y+2z=0 ...(i11)
From Egs. (1) and (i1), we get
1

Y
6y-3z=0,~==
Y z 2

From Egs. (1) and (iii), we get
1

4x+2y:0Df:—5

<

zZ_ D-l:
D;— 4 BZ

Df+z+7+k:—l+ -4 +
y z X 2

DO |

Given system of linear equations

x—2y+kz=1 ...(0)
2x+y+z=2 ...Qa1)
3x—-y—-—kz=3 ...(ii1)
has a solution (x, y, z), z Z0.

and

On adding Eqgs. (1) and (ii1), we get
x—2y+hkz+3x -y —kz =1 +3
4x -3y =4
a 4x -3y -4 =0
This is the required equation of the straight line in
which point (x, y) lies.

Key Idea A homogeneous system of linear equations have
non-trivial solutions iff A = 0

Given system of linear equations is
x—cy—cz =0,
cx—y+cz=0
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and cx+cy—z=0
We know that a homogeneous system of linear

equations have non-trivial solutions iff

A=0
o -c -c

a - 0=

0 ¢ 1 cq 0
e c -1

O 10-&) + (- —c(@ +0) =0

0 1-2-2-¢ =& -2 =0

O - 2@ 3% E O

O 28 +3c¢2-1=0

O (c+ D2 + ¢ -1] =0

O (c+ D2 +2¢-c—1] =0

ad (c+1)@c-1)(c+1) =0

0 c:—lorl
2

Clearly, the greatest value of cis %

. The given system of linear equations is

x—2y -2z =A\x
x+2y+z=ANy
-x—y—-Az =0,
which can be rewritten as
A-MNx-2y-2z=0
ad x+@2-A)y+z=0
x+y+Az =0
Now, for non-trivial solution, we should have
1-A -2 -2
1 2-A 1 [=0
1 1 A
[+ Ifax+ by + ¢z =0; axx+ byy + ciz =0
asx+ by + ¢z =0]
a b ¢ 0
has a non-trivial solution, then |a, by ¢y = OB

a; by g E
O @-MN[Q-MA -1]+2 ]\ -1]- 2[1- 2+ A]=
O A-DRA%2-2n +1+2-2] =0
O \N-1?®=0
O A= 1

0

Given system of linear equations,
Q+a)x+By+2z=2
ox+ (1 +B)y +z =3
ax +By +2z =2
has a unique solution, if
1+a B 1
a @a+p) 1(#£0

a B 2
Apply R, - R, -Ryand Ry, - Ry, - R,
1 0 -1
01 -1]#0
a B 2
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O 12+B)-00+a)-10 -a) 20
a a+B+ Z 0 ... (1)
Note that, only (2, 4) satisfy the Eq. (1).
. We know that, if the system of equations
ax+by+tgz=d;
ag+ byy + ¢z =d,
agx + byy + gz =dy

has more than one solution, then D=0 and
D, =D, =Dy =0. In the given problem,
a 2 3
D, =00/b -1 5|=0
c -3 2

O a(=2+15) -2@b —=5¢) +3(-3b +¢) =0
O 13a —4b +10c —9b6 + 3¢ =0

O 13a —13b +13¢ =0

O a-b+c=00b-a-c=0

10. We know that,

the system of linear equations
a;x+by+tcgz=0
agx+ byy+cz =0
asx+byy+cz =0
has a non-trivial solution, if
a b ¢
as by ¢ |=0
ag by ¢
Now, if the given system of linear equations
x+3y+7z=0
—x+4y+ 7z =0,
and (sin 38)x + (cos 20)y + 2z =0
has non-trivial solution, then
1 3 7
-1 4 71=0
sin30 cos26 2
0 18 —-"7cos20) -3 (-2 —7sin 30)
+ 7(-cos20 -4sin 360) =0
0 8-7cos20+6+21sin36
- T7cos260-28sin36 =0
0- 7sin36 14cos268 14 0
O- 7@sin® 4sin® 6 14 (1-2sin?6) +14 =0
[-sin3A4 =3sin A —4sin® A and
cos 24 =1 -2sin? A]
0 28sin® @ +28sin”0-21sin —14 +14 =0
0 7sin® [4sin®0+4sinB-3] =0
0 sinB [4sin0 + 6sin 6 -2sin 6 —3] =0
0 sinB[2sinB @sin 8+ 3)—-1 2sin 6 +3)] =0
0 (sinB) @sinB-1) 2sin 6 +3) =0

Now, either sin 6 =0 or %

U gine#z-2as—1<sin6<1"
H 2 H

11.

12.

13

In given interval (0, 1),

sin @ =

5

6’6
Hence, 2 solutions in (0, )

=

0 6= [-sin8#0,0 00, 1]

Since, the system of equations has infinitely many
solution, therefore D = D, =D, =Dy =0

Here,
111
D=1 2 3/=1Qx -9)-1@ -3) +1(3 -2)
1 3 a
=a -5
115
and D; =1 2 9|=1@B-27)-1B -9) +53 -2)
1 3B
=B-13
Now, D=0
g a- 5 0 Ua= 5
and D,=0 OB- 1% 0
ad B= 13
O B-a= 13 5 8
1 -4 7
(a) Here, D=| 0 3 -5
-2 5 -9
=1(-27 +25) +4(0 -10) +7(0 +6)
[expanding along R, ]
=-2-40 +42 =0

OThe system of linear equations have infinite many
solutions.

[ system is consistent and does not have unique
solution as D =0]

0 D =D,=D, =0

g -4 7
Now, D, =00|h 3 -5|=0
k5 -9

0 g(-27 +25) +4(-9h +5k) + TGh —3k) =0
- 2g 36K 20k 35k 21k O
O 2¢ B k 002g+h+k=0

According to Cramer’s rule, here

11 1 10 0
D=[2 3 2 |=[2 1 0
2 3 a®-1| (2 1 a*-3

(ApplyingCy -~ Cy -C, and C3 - Cy - C)
(Expanding along R;)
2 1 1 2 1 0
andD;=| 5 3 2 |=| 5 3 -1
a+1 3 a*-1 |a+1 3 a®*-1-3

(Applying C3 - C3 =Cy)

=a”-3



14.

15.

2 0 0
=l 5 3-2 -1
2
a+1 3-@*D 2y _3
2
. 1
(Applying Cy - Cy D) (&)
2 0 0
= 5 l -1
2
a+1 5_a a’-4
2 2

a. o b al .
=2 a”—4) + -— Expanding along R,
B ( ) 55 HH [Exp g g R]
2 0
—of 9B 0 4is gmatoa 1
02 2 20
Clearly, when a =4, then D =13 #0 O unique solution
and
when |a| =+/3, then D =0 and D, #0.
0 When |a|=+/3, then the system has no solution i.e.
system is inconsistent.
We have,
x+ ky+3z2=0;3x+ ky -2z =0;2x+ 4y -3z =0
System of equation has non-zero solution, if

0l k 30
a -9 =
53k -4=0
02 4 -3
0 (=3k +8) — k(-9 +4) +3(12 -2k) =0
g - 3k & 9k 4k 36- 6 0
g - 4k 44 00 k=11
Let z =M\, then we get
x+11y+3\ =0 ...(0)
3x+11y—-2A =0 ...(>11)
and 2x+4y-3\ =0 ...(i11)
Solving Eqgs. (1) and (i1), we get
_ 2
x:ﬂ,y=—)\,z=)\ d 2__ 5N =10
2 2

2
"ol
2
Given, system of linear equation is
x+Ay—-2=0; Ax—-y-2z=0;x+y-Az=0

Note that, given system will have a non-trivial solution
only if determinant of coefficient matrix is zero,

1 A -1
ie. A -1 -1/=0
1 1 -A

O T +1)-AM=-A2+1) -1 +1) =0
O A +1x X X -1=0
O A3x =0 %-1)=0
O

A= OorA=%1

16.

17.

Matrices and Determinants 155

Hence, given system of linear equation has a non-trivial
solution for exactly three values of A.

Given system of linear equations
200 = 2x5 + 263 = Ay ...(d)

O @M —2x + x5 =0 ...(>1)

2%, = 3y + 200 = Ay ...(ii1)
O 2x —(3+AN)xy +2x% =0

- X + 2x5 = Ay
0 - x 2x5 AxE O
Since, the system has non-trivial solution.
2-A -2 10

0O g2 -B+A) 25=0
g-1 2 AR

O @-MNGA +A2-4) +2(2\ +2) +1@ -3) A) =0
@-MNA2+3\ —4) +4(1 -A) +(1 -\ ) =0
@-MQ +4)Q -1) +5(1 -\) =0
A -DIE-A)A +4) 5] =0
A -1DOZ+22-3)=0
A =DIA -DA +8)] =0
A -1\ +3) =0
A= 1,1 3

Hence, A contains two elements.

O 0O0o0ooggogdg

Given equations can be written in matrix form
AX=B

_k+1 8 [y _ kO _ 4k
where, A—a & k"'gaX_B;EandB_Sk—l
For no solution, |A|=0 and (adj A) B#0

_k+1 8 [O_
Now, |4 =g k k_'_BB—O
0 (E*+1)(k +3) -8k =0
E*+ 4k +3 -8k =0
0 kE2-4kx3 =0
0 (k-1)(k-3) =0
O k=1,k=3,
. k+3 -8
Now adJA=é_k k+1§
. _Ok+3 -8 04k O
Now, (ad]A)B_Q—k k+1EH 3k+1H
0 (k+3)@k) -8Bk -1)0
“H -4+ +1)Bk-1) H
_ur*-12k+8 O
H-r?+2k-1H
Put k=1

. 4-12+8
(adj A) B =§_1 e % %Enot true
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Put k=3

. (36 36+8|:|_@
(adj A) B= 9+ 6 15—5_451 0 true

Hence, required value of & is 3.
Alternate Solution

Condition for the system of equations has no solution
is

a_b q
as by ¢
0 k+1: 8 + 4k
k k+3 3k-1
Take k+1: 8
k k+3

O E*+4k+3=8k

0 k:-4k+3

O (k-1)(k-3) =0
k=1,3

Ifk -1, theniig , false
1+3 2

And, if & =3, the

Therefore, k=3
Hence, only one value of k exist.
kO 00
18. Since, A %’B: %)Bis linear equation in three variables

BEH BB

and that could have only unique, no solution or
infinitely many solution.

01t is not possible to have two solutions.
Hence, number of matrices A is zero.
19. Since, given system has no solution.

(A= 0and any one amongst A, A, A, is non-zero.

02 -1 2Qg 02 -1 2g
Letgl -2 103=0 andA, =gl -2 -40=6%0
m)! 1 AQ ol 1 4pg
O A= 1

20. For infinitely many solutions, we must have
k+1 _ 8 _ 4k 0 k=1
k k+3 3k-1

21. Given equations x+ ay=0,az + y =0,ax +z =0 has
infinite solutions.

0l a 00O
0 o0 1 apg=0
ga 0 10

a 1+a®>=0o0or a=-1

22. Since, the given system has non-zero solution.
ol -k -10
0 ok -1 -10=0
mt 1 -1

Applying C; - C, -C,,Cy - Cy +C4
Ol+k -k-1 -10
Onl+k -2 -1=0
g o 0 -10
0 2k +1) - (k +1)2 =0
O kR+1D@2-k-1)=0 O k==1
NOTE There is a golden rule in determinant thatn one’s O

(n = 1) zero’s or n (constant) O (n — 1) zero’s for all
constant should be in a single row or a single column.

23. The given system of equations can be expressed as
o1 -2 SDDCEI 410

0 0.0

ol -3 4IZI o olo

1 1 203 HEE

Applying Ry — Ry—R, ,Ry - B3 + R,
0 -2 30@0 O-10

0.0 50

~@) -1 155/ 29

£

-1 1HEH @B 1@

Applyingl% R, -R,
-2 300 O -10

B

B 0 OHEH @e 3@

When % # 3, the given system of equations has no
solution.

0 Statement I is true. Clearly, Statement II is also
true as it is rearrangement of rows and columns of

o1 -2 30

01 -3 4§

Bl 1 -20
24. We have,

-x+2y+5z=b
2x—4y +3z = by
x=2y+2z = by

has at least one solution.
-1 2 5
a D= 2 -4 3
1 -2 2
and D, =D, =D, =0
b, 2 5
O D =|b, -4 3
by -2 2
=—-2b, —14b, +26b; =0
O b, +7by,=13b, ...(1)
1 2 3
(@) D=|0 4 5|=1@24 -10) +1(10 -12)
1 2 6
=14 -2 =12 #0

Here, D#0 O unique solution for any b;, by, bs.



25.

26.

1 1 3
() D=| 5 2 6
-2 -1 -3

=1(-6 +6) =1 (=15 +12)+ 3 (=5 +4) =0
For atleast one solution

D, =D, =D; =0
b 1 3
Now, D, =| b, 2 6
by -1 -3
=b (-6 +6)—by(-3 +3)+ by (6 —6)
=0
1 b 3
D,=| 5 b, 6
-2 by -3

==b,(-15 +12) +by(-3 +6)— by (6 —15)
=3b; +3b,+9b; =00 b; + by +3by =0
not satisfies the Eq. (i)
It has no solution.

-1 2 -5
@©D=| 2 -4 10
1 -2 5
= -1(-20 +20) -2(10 —10) -5(-4 +4)
=0

Here, b, = —2b, and by = - b, satisfies the Eq. (1)
Planes are parallel.

12 5
(D=2 0 3 |=10-12)-2(-10 -3) +5 8 -0)
14 -5
=54
D#0

It has unique solution for any b,, by, b;.

Given system Ax+ y+ z=0,—x+ Ay +z=0

and -x—-y+A=0
will have non-zero solution, if
A1 1
-1 A 1]=0
-1 -1 A
OAMAM#2 B HA+ 13 1A 3 O
0 ANEAX+A- F EA= O
0 AE B=0
O AN+ 3 0 ON=0
Since, AX =U has infinitely many solutions.
a 0 1
OlAl=0 O |1 ¢ b|=0
1 d b

O a(bc=bd)+1(d-¢) =0 0O
0 ab=1 or

(d-c)ab-1) =0
d=c

27.
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a 0 f
Again, |A5l=|1 ¢ g|=0 O g=h
1 d h
a [ 1
O [AjJ=|1 g b|=0 O g=h
1 K b
f 0 1
and |[Ajl=|lg ¢ b|=0 O g=h
h d b
0 g=h,c=dandab=1 ...(0)
Now, BX=V
a 1 1
|Bl=|0 d c¢|=0 [from Eq. ()]
f g8 h
[since, Cy, and Cy are equal]
| BX =V has no solution.
a® 1 1
[B;|=10 d c¢|=0 [from Eq. ()]
0 g h
[since, c=d and g = h]
a a® 1
[Byl=|0 O c|=a%f =a%df [ ec=d]
f 0 h
Since, adf 20 O |By#0
[Bl=0 and |[|By#0
] BX =V has no solution.

Given, Ax + (sina ) y + (cosa ) z =0
x+ (cosa) y + (sina) z =0

and —x + (sina) y — (cosa) z =0 has non-trivial
solution.

0 A= 0
A sina  cosd
O 1 cosa sina |[=0
-1 sina -cosa
O A (-cosf ~—simf )-sim (-cos +sin )
+ cosd (sina + cosa) =0
O - M sina cosa+ sing coso— sin®+ costi= 0
O A =cosR +sinR
S" —-Ja?+ b2 <asin® + bcosb <q/a? + bZE
O -J2 <A <42 ..0)
Again, when A =1, cos2a +sin20 =1
1 1 . 1
a —cos20 + —sIin20 =—
85 85 85

d cos (20 —1/4) =cos /4

0 20 —1/4=2n % W4

O 20 =2n1 —1/4 + /4 or 20 =2nTt + /4 + T/4
O

o =m ornf +T/4
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28.

29.

30.

Since, a,,0 5 are the roots of ax®+ bx + ¢ =0.

b c .
O oa;+tay=—-— and 00,=— ...
a a

Also, B, , B, are the roots of px®+ gx+ r =0.
r "
0 B +By=-L and BR,=— ..(ii)
p p

Given system of equations
O, y+ay2=0

and B; y + B,z =0, has non-trivial solution.
a; ay o B
B By oy By
Applying componendo-dividendo, R P w

170y By =B
0@ +ay) By =By =@, —0y) 61 +By)
0 @, +a9)*{B; +By)* —4BsBy}

=@, +B™(0, +ay)? 4o}
From Egs. (1) and (i1), we get
b Eﬂ 4rH_ ¢’ Dbz _4cH

p D p (o all
b%g? _4bZr _b%? _4qzc
a2p2 azp - a2p2 ?

2 2 2
o brogen b
a p q~ pr

t =0 O

aDp

O

The system of equations has non-trivial solution, if A =0.
sin30 -1 1
O cos20 4 3|=0
2 7 7

Expanding along C;, we get
sin 30 (28 —21) —cos20 (-7 =7) +2 (3 —4) =0
7sin30 + 14 cos20 —14 =0
sin30 +2c0s260 -2 =0
3sin® -4sin® 6 +2 1 -2sin%6) -2 =0
sin® (4sin?0 + 4sin 6 - 3) =0
sin® @2sin®-1) 2sin 0 +3) =0

sin® =0,sin O :%

O oogg dg

[neglecting sin® = -3/2]
O 6:nn,nn+(—1)”g,n 0z

The given system of equations
3x—y+4z =3
x+2y—-3z=-2

6x+5y+Az=-3

has atleast one solution, if A #0.

3 -1 4
O A=|1 2 =3|#0
6 5 A

31.

32.

33.

0 3@\+15)+1(\ +18) +4 (5 —12) 20

O TA+5)20
O ANz- 5
Let z = — k, then equations become

3x—y=3-4k
and x+2y=3k -2
On solving, we get

4 -5k 13k -9
x= , ¥ = ,z2=k
7 7

Given system of equations are
3x+my=m and 2x-5y=20

3 m
Here, A= =-15-2m
2 -5
m m
and A, = =-25m
20 -5
3 m
A = =60 -2m
Y12 20

If A= 0, then system is inconsistent, i.e. it has no
solution.

. 1 . .
IfA#£0,ie.m# ?5 ,the system has a unique solution

for any fixed value of m.

We have, «x= A = ~25m = 25m
A -15-2m 15+2m
_ A, 60-2m _ 2m-60
and y=—= =
A -15-2m 15+ 2m
For x>0,257m>0
15 +2m
O m>0
15 .
or m<-— ...Q
2 @
andy>0,w>0 O m>300rm<—E ...(>11)
2m + 15 2

From Egs. (1) and (i1), we get m < - 12—5 or m >30

Since, the given system of equations posses non-trivial

0 1 -2
solution,if [0 -3 1 |=0 O k=0
kR -5 4

On solving the equations x =y =z = A [say]

O For k=0, the system has infinite solutions of A OR.

Given systems of equations can be rewritten as
—x+cy+by=0cx—y+az=0 and bx+ ay -z =0
Above system of equations are homogeneous equation.

Since, x, y and z are not all zero, so it has non-trivial
solution.



Therefore, the coefficient of determinant must be zero.

-1 ¢ b
g c -1 a|=0
b a -1
O- 1®& &% o e aby b(cat br 0
O a®+ b% + ¢ +2abc -1 =0
ad a’+ b+ & +2abe =1
a a?
34. la 1 a|=0
a? a 1
Oa *-@ *+1=0
0 a =1
a a=* 1
But o =1 not possible [Not satisfying equation]
O a=-1
Hence, 1+a +a?=1
o, a, az0
35. Let  M=tb b, by
B o of

Download Chapter Test
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0 G100, —a,0 O 10
00,00, _, 0-0 0
°:0- 0 20 200 1o

B H 535501-025 B8

[, +ay, +az0 000
b+ 2+ b 0
Hat+te+g B H2H

O ay=-1,by=2,c
b, -by,=1,¢

O a,+ag+ta; =0,b; +by +b; =0

qtete =12

=3,a; —ay =1,
—cp=-1

O a; =0,b,=2,¢ =7
O Sum of diagonal elements =0+2 +7 =9

or Ok



Functions

Topic1 Classification of Functions, Domain and
Range and Even, Odd Functions

Objective Questions I (Only one correct option)

1.

The domain of the definition of the function

1 .
fx) = . +log; (@ —x)is
@CL)0@G20 & ) (b 2,-H0< L00 (& )
© ¢-Lo0@20 & ) () 120w )

Let f(x)=a®(a >0) be written as f(x) = f, (@) + fo(x),
where fi(x) is an even function and f,(x) is an odd
function. Then f; (x + y) + f; (x — y) equals

(2019 Main, 8 April II)

(@) 2f, (x + y) Uplx — ¥) (b) 2f, (x + ) [ (x — ¥)
© 2f @) (d) 2/ ()0 )

Domain of definition of the function

Y T :
[ (x)=./sin"" Qx) + 5 for real valued x, is (2003, 2M)

(2019 Main, 9 April II)

01 10 01 10
(a)ﬁ 4’ 28 (b)ﬁ 2" 28
11 o1l 10
11 P L
(C)Q_z’sa@ ()E 4" 4f
2
Range of the function f (x) = xZ+7x+2 ;x OR1is
¥Hatl (2003, 2M)
(a) (1, o) (b) (1, 11/7)
(c) (1, 7/3] (d) (1, 7/5)

Let f ()= +0b%)a%+2bx+1 and let m (b) be the
minimum value of f (x). As b varies, the range of m (b)is

(2001, 1M)
10
b -
@ [0, 1] OE%E=
o .0
=1 d) (0, 1
(© 5 5 (d) (0,1
The domain of definition of f (x) = M is
x“+3x+2
(2001, 1M)
@R/{-1 -2
(®) (= 2, )

©R/{-1,-2,-3}
d) (=3,0)/{-1,-2

7. The domain of definition of the function y (x) is given by

the equation2” + 2” =2, 1is (2000, 1M)
(a)0<x<1 (b)0<sx<1
(c)—w<x<0 (d) —o<x<1

8. Let f (®)=sin 0 (sin 6 +sin 3 6). Then, f ®) (2000, 1M)

(a) 2 0, only when 6= 0
(c)= 0, for all real ®

(b) < 0, for all real 6
(d) <0, only when8< 0

9. The domain of definition of the function
y=————— + Jx+21s
log;y (1 — x) (1983, 1M)
(a) (- 3, — 2) excluding —2.5 (b) [0, 1] excluding 0.5
(c) (-2, 1) excluding 0 (d) None of these
Match the Columns

Match the conditions/expressions in Column I with
statement in Column II.

2
-6x+
10. Let f (=2 %%
x°—-5x+6 (2007, 6M)
Column | Column Il
A If =1 < & <1 then f(x) satisfies p. 0<f(x)<1
B. If1< x <2, then f(x) satisfies q. f(x)< 0
C. If 3< x < 5 then f(x) satisfies r. f(x)>0
D. If x > 5, then f(x) satisfies S. flx)<A1
Objective Question II
(One or more than one correct option)
11. If S is the set of all real x such that % is
2% +3x% + x
positive, then S contains (1986, 2M)

o o3
o4

wf: -]

&) % ]

Download More Books: www.crackjee.xyz



Fill in the Blanks

12

13.

14.

U /g a
If f(x) =sin log D\/:g, then the domain of
f(x)1is.. (1985, 2M)

K20,
The domain of the function f(x) =sin* I:log2 —D is
given by ... 20

02 .0
The values of f(x) =3 sin 6 ng lie in the

interval...

(1984, 2M)

(1983, 2M)

Topic2 Composite of Functions

Objective Questions I (Only one correct option)

1.

fx) =x, g(x) =tan x

For x [ @), §§ let

h(x) = If 0 = ((hof)0g)(x), then @ %Eis equal to
(2019Main, 12 April 1)
T 11m
tan — tan ———
(a) tan T (b) tan o
m 5Tt
tan — d) tan
(c) tan 5 (d) tan 1
Let f(x)=x%x0OR For any AOR, define

g(A)={x0OR: f(x)J A}. If S =10,4], then which one of
the following statements is not true?
(2019 Main, 10 April I)

(@) f(g(S) =S (b) gfSH#S
© g(f(S) = 2(S) (d) f(g(S) # f(S)
10

Let Z fla + k) =16@2'" -1), where the function f
=

satisfies f(x + y) = f(x) f(y) for all natural numbers x, y
and f(1) =2. Then, the natural number ‘a’ is

(2019 Main, 9 April )
(@) 2
(© 3

(b) 4
(d) 16

01 -0 0 2x O,
If f(x) = log, BITxB’ |x] <1, then fElTxZElS equal to

(2019 Main, 8 April 1)
(b) 2f (%)
(d) —2f(x)

f@= =1

(a) 2f(x)
© (f@)*

For x0OR {0,1}, let and

f () =

satlsfles (f2° Jo fi)(x) = f5 (x), then J (x) is equal to
(2019 Main, 9 Jan 1)

be three given functions. If a function, J/ (x)

(a) f,(x)
© f®) (d)

®) £, @
L@
X

17. Let
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True/False
15. If f(x)and f,(x) are defined on domains D; and D,

respectively, then f (x) + f,(x) is defined on D; n D,

(1988, 1M)
Analytical & Descriptive Questions
16. Find the range of values of ¢ for which
_ 2
2 sir1t=71 22x+5x , tl:l—D E,ED
3x°—2x -1 H2 28 (2005, 2M)

_ [@+1) & -3)
@-2)

Find all the real values of x for which y takes real
values. (1980, 2M)

6. Let a,b,cOR If f(x)=ax™ bx+c be such that

ad+ b+c 3 and f(x+ y)=f(x) + f(y) +xy, Ox, yOd R,
an

then z f(n)is equal to

n=1 (2017 Main)

(a) 330 (b) 165 (©) 190 (d) 255

7. Let f(x) = x*and g(x) = sin xfor all x OR. Then, the set of
all x satisfying (fogogof)(x) = (gogof)(x), where
(fog)(x) = f(g(x)), is (2011)

(@) £/nm,n0{0,1,2,...}
(M) +Jnmn0{,2,...}

() W2+ 2ntn0{.5 2~ 1,0,1,2,...}
(d) 2nm,n0{..;- 2~ 1,0,1,2,...}

8. Let f(x)= x(}+x ,x# — 1. Then, for what value of a is
fIf @] =x? (2001, 1M)
()2 (b) -2 (©1 (d)-1

+1, x<O0
9. Letg(®)=1+x-[x] and f(x) = EO, x=0, then for all
Hi, x>0
x, f [g (x)] is equal to (2001, 1M)
(a) x (M) 1
©f (d) g ()

10. If g{f @)} =Isin x| and f{g (x)} = (sin Vx)?, then

(1998, 2M)
(@) f (x) =sin®x, g () =Jx
(®) f (x) =sinx, g (x) = x|
) f %) =42, g (x) = sin Jx
(d) f and g cannot be determined

11. If f(x) = cos(log x), then f(x)f(y) —% E‘% + f(xy)E
has the value (1983, 1M)
@ -1 OF
(-2 (d) None of these
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12. Let f (x) =|x—1]. Then,

@f @) =i @)}

®) flx+ y) =f(x) + ()
@Ff UxD=1f @]

(d) None of the above

(1983, 1M)

Objective Questions II
(One or more than one correct option)

13. Let f(x)=sin%sin§§sinx§§ for all xOR and

g(x) = g sin x for all x OR. Let (fog)(x) denotes f{g(x)}
and (gof) () denotes g{f (x)}. Then, which of the

following is/are true? (2015 Adv.)
.01 10 .01 10

a) Range of fis == =, = b) Range of fogis == =, =

() gf@22ﬂ() gfgE22E

(© lim [®) = T
v~ 0g(x) 6
(d) There is an x 0 R such that (gof) (x) =1
14. If f (x) = cos [T%] x + cos [~ TC] x, where [x] stands for the
greatest integer function, then (1991, 2m)
@f (m/2)=-1 (b)f (m =1
©fm=0 @f (/4 =1
15. Let g (x) be a function defined on [~ 1, 1]. If the area of
the equilateral triangle with two of its vertices at (0, 0)
and [x, g (¥)] is v/3 /4, then the function g (¥)is
(1989, 2M)

Topic3 Types of Functions

Objective Questions I (Only one correct option)

1. If the function f:R-{1,-1} - A defined by
2

f(x) = x72 ,1s surjective, then A is equal to
1-x (2019 Main, 9 April 1)
@R-{-1
() [0, )
() R-[-1,0)
(d R-(-10)
2. Let a function f:(0,0) 0- @,

f(x)= . Then, fis

) be defined by

o1
X

(2019 Main, 11 Jan II)
(a) injective only

(b) both injective as well as surjective

(¢) not injective but it is surjective

(d) neither injective nor surjective

3. The number of functions f from {1, 2, 3, ..., 20} onto {1,
2,3, ..., 20} such that f(k)is a multiple of 3, whenever k
is a multiple of 4, is (2019 Main, 11 Jan II)
(a) (15)!x 6!
() 5° x15
(c) 5!x 6!
@ 6 x (15)!

(@) g @W=2%1-%"
() g (¥) = —y1-27

(b) g (x) =1-x"
16. Tfy=f(@=""2

) g (x) =1+ 2"
, then
1

- (1984, 3M)
(@ x=1 () =3

(c) y increases with x for x <1
(d) fis a rational function of x

Fill in the Blanks

X
X

17. If f(x):sin2x+sin2§c+§§+cosxcos@c+§r@ and

=1,th = ...
# %Q en 8o (1996, 2M)

True/False

18. If f(x) = (a —x™)V", where ¢ >0 and n is a positive

integer, then f [f(x)] = x. (1983, 1M)
Analytical & Descriptive Questions
19. Find the natural number a for which
i f@a+k) =16 2" -1),
=1
where the function f satisfies the relation

fx+y)=f(x) f (y) for all natural numbers x,y and
further f (1) =2. (1992, 6M)

4. Let f: R — Rbe defined by f(x) = IL
+

B
x2

x0R. Then, the range of fis (2019 Main, 11 Jan )

(a) E—é, ég ®) (-11) - {0}
© R-31 10 ) R-[-11]

H 2 28

5. Let N be the set of natural numbers and two functions f
and gbe defined as f, g: N - N such that
n+1

0 ; if nis odd
fy=0 2

U —; if niseven

02

and g(n) =n - (-1)". Then, fogis (2019 Main, 10 Jan II)
(a) one-one but not onto (b) onto but not one-one
(c) both one-one and onto (d) neither one-one nor onto

6. Let A={xUR:x is not a positive integer}. Define a

function f: A - Ras f(x) = 2 , then fis
x-1 (2019 Main, 9 Jan I1)
(a) injective but not surjective
(b) not injective
(c) surjective but not injective
(d) neither injective nor surjective
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7. The function f: R - E— % , %Edefined as f(x) = 1 -:ng is CodAes B C D
(2017 Main) @r p s gq
(a) invertible ) p r s q
(b) injective but not surjective ©r p q s
(c) surjective but not injective dp r q s
(d) neither injective nor surjective 14. Let the functions defined in Column I have domain
8. The function f: [0,3] - [1,29], defined by (-T2, T2) and range (-, ©) (1992, 2M)
f(x) =22 —15x%+ 36x + 1, is (2012) Column | Column i
(a) one-one and onto (b) onto but not one-one A 1+2x p. onto but not one-one
(c) one-one but not onto (d) neither one-one nor onto B. tanx g.  one-one but not onto
9. f(n)= %c, '1f x‘ls’ ratl(')nal g = o, .1f x'ls’ ratl?nal . one-one and onto
, if xis irrational [x, if xisirrational s neither one-one nor onto
Then, f - gis (2005, 1M)
(a) one-one and into (b) neither one-one nor onto ObjeCtive Question II
(c) many one and onto  (d) one-one and onto (One or more than one correct option)
x .
10. If f:[0,00) - [0, ) and f (x) = e % then f1s(2003’ o 15. Let f: @_g - Rbe given by
(a) one-one and onto (b) one-one but not onto f(x) = [log(secx + tan x)]3. Then,
(c) onto but not one-one (d) neither one-one nor onto (a) f(%)is an odd function
11. Let function f: R — R be defined by f(x) = 2x +sin x (b) f(x)is a one-one function
for x OR . Then, fis (2002, 1M) (©) f(x) i‘s an onto functipn
(a) one-to-one and onto (b) one-to-one but not onto (d) f(x)is an even function

(c) onto but not one-to-one (d) neither one-to-one nor onto Fill in the Blanks
12. Let E ={1,2,3,4} and F ={1,2}. Then, the number of

onto functions from E to Fis (2001, 1M) 16. There are exactly two distinct linear functions, ...,

(a) 14 () 16 and... which map {- 1, 1} onto {0, 2}. (1989, 2M)
12 d) 8
© @ True/False
2
Match the Columns 17. The function f(x) = w is not one-to-one.
Match the conditions/expressions in Column I with x"—8x+18 (1983, 1M)
statement in Column II.
13. Letf:R — R, f,:[0,] - R,f,:R — Rand Analytical & Descriptive Question
fs:R - [0,%) be defined by (2014 Adv.) 18. A function f:IR - IR, where IR, is the set of real
Oxl, ifx<0 ) Binx, if x<0 e ax® + 6x -8
x) = ; x) =x°; X) = numbers, is defined b X)=—"->=.
A Eex, ifx=0 f-) @) % x, ifx=0 I o + 6x —8x”
0 flA®], ifx<0 Find the interval of values of a for which is onto. Is the
and  f,=0 | the interva  of o for »
Talfi@] -1, ifx20 functions one-to-one for a = 3 ? Justify your answer.
(1996, 5M)
Column | Column i 19. Let A and B be two sets each with a finite number of
f, is p.  onto but not one-one elements. Assume that there is an injective mapping
) ) ) from A to B and that there is an injective mapping
fyis g. neither continuous nor one-one

from B to A. Prove that there is a bijective mapping
f,0f, is r.  differentiable but not one-one from A to B. (1981, 2M)

olo|lm|»

fois s.  continuous and one-one
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Topic4 Inverse and Periodic Functions

Objective Questions I (Only one correct option)

1.

If X and Y are two non-empty sets where f: X - Y, is

function is defined such that
f(C)={f(x):20C}for C 0X and

F YD) ={x: f(x) OD}for DOY,

for any A Y and BJ Y, then

@A) =A

®) fTHf(A)} = A, only if f(X) =Y

© f{f*(B)} = B, only if B 0 f(x)

@ fif By =B

If f(x)=sinx+cosx, g () =a®>-1, then g{f (x)} is

(2005, 1M)

invertible in the domain (2004, 1M)
i} 0o m 1
a L T T
SEST R
O mn m™j
c) o — ,— d)[0, 1T
()Q 2’ 28 @fo, m

Suppose f (x) = (x + 1) for x = — 1. If g (x) is the function

whose graph is reflection of the graph of f (x) with
respect to the line y = x, then g (x) equals

(2002, 1M)
1

) ——
(x+ 1
(DVx-1,x20

If f:[1,0) 5 [2,00)1is given by f (x) =x + 1, then f1(x)
x

(@-Jx-1x20

x>-1

©Jx+1,x=2-1

equals (2001, 1M)
2 _
(@ X TV¥ 4 o) -~
2 1+ a2
_ 2 _
© xi;‘“ () 1+ a2 -4
If the function f:[l,0) - [1,0) is defined by
f () =2"""Y then f (x)is (1999, 2M)
1f ey 1
() %g b+ JT+ dlog, x)
© é (- T+ 4log,x)  (d) not defined
If f (x) = 3x =5, then f ' (x) (1998, 2M)

(a) is given by

3x -5
(b) is given by L35
(c) does not exist because fis not one-one
(d) does not exist because fis not onto

7. Which of the following functions is periodic? (1983, 1M)

(a) f (x) = x — [x], where [x] denotes the greatest integer
less than or equal to the real number x

(b) f (x) =sin (1/x) for x 0, f (0) =0

(c) f(x) = xcosx

(d) None of the above

Objective Question II
(One or more than one correct option)

8. Letf:(0,1) - Rbedefined by f(x) =

b-x , where bis a
1-bx

constant such that 0 < b <1. Then, (2011)

(a) fis not invertible on (0, 1)
®) f£fon(0,1) and f'(b) =

)
1
1'(0)

(d) f7!is differentiable on (0, 1)

© f=f"on(0,1)and /" (b)=

Assertion and Reason

For the following questions, choose the correct answer

from the codes (a), (b), (c) and (d) defined as follows.

(a) Statement I is true, Statement II is also true;
Statement II is the correct explanation of Statement I.

(b) Statement I is true, Statement II is also true;
Statement II is not the correct explanation of
Statement 1.

(c) Statement I is true; Statement II is false.

(d) Statement I is false; Statement II is true.

Let F (x) be an indefinite integral of sin .
Statement I The function F'(x) satisfies
F (x+ m =F (x) for all real x.
Because
Statement IT sin®(x+ ) =sin?x, for all real x.
(2007, 3M)

Analytical & Descriptive Question

10. Let f be a one-one function with domain {x, v, z} and

1.

range {1,2,3}. It is given that exactly one of the

following statements is true and the remaining two

are false f(x) =1, f(y) 21, f(2) 22 determine f1(1).
(1982, 2M)

If f is an even function defined on the interval (-5, 5),
then four real values of x satisfying the equation

f)=f Sl%ﬁare .......... .

(1996, 1M)
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Answers

Topic 1 Topic 3

L (c) 2. (d) 3. (a) 4. () 1. (o) 2. (d) 3. (a) 4. (a)

5. (d) 6. (d) 7. d) 8. (¢) 5. (b) 6. (a) 7. () 8. (b)

9. (o) 10. A~ p;B-qC—qD-p 9. (d) 10. (b) 11. (a) 12. (a)
11. (ad) 12. (-2,1) 13. (d) 4. A-gB-r

. 3 [ 15. (a, b, c) 16. y=x+1landy =—-x +1
13. Domain Of 27 1]J [1,2] 14. ,EE 15. True 11, True 18. 2<a <14 No
16. tD—E g,%ém E%T’EE 17. xOF 1,20 [8 ) Topic 4
] 1. (o) 2. (b) 3. (d) 4. (a)

Topic 2 5. (b) 6. (b) 7. () 8. (b)

1. (b) 2. (c) 3. (0) 4. (a) 9 (@

5. (b) 6. (a) 7. (b) 8. (d) ) [k 3+ 50

9. (b) 10. (a) 11. (d) 12. (d) 10. fla)y=y 11 -0

13. (abic) 14. (a, ¢) 15. (b, ¢) 16. (a, d) o2 0

17. 1 18. True 19. (@ =3)

Hints & Solutions

Topic1 Classification of Functions, _1 an . i@@y L1
Domain and Range 2 a* @’

. . 1 x -x y -y
1. fi = + 1 — _ +a N +a |:|_
Given function f(x) e 0810 o -x) =9 Eﬂl 5 E@a 5 H_ 2£,(0) T, (9)
For domain of f(x) -
4-x2" 200 x#+2 (@) 3. Here, f (x)=,[sin”' @x) + —, to find domain we must
and & -x>0 6
0 x(x-1)(x +1) >0 have,
.1 s T . 0
From Wavy curve method, sin™ Qx)+ — =0 %ut -—<sin 'O <—
6 2 2H
m / - gin? ©@x) <
. _ 1 oo 6 2
- U =~
/ singj <2r<sin 2t O —ls2xsl
6 2 2 2
x0€ 1,00 (& ) ...(11) insl
From Eqgs. (1) and (i1), we get the domain of f(x) as 4 2
LODM20 @& ). »031 10
2. Given, function f(x) = a”*, @ >0 is written as sum of an 402
. . 2
even and odd funxctlon_sx fi () and f2(x)xrespt_eftlvely. 4 Lety=f(@) = xz +x+2 x0OR
_a ta _a -a x"+x+1
Clearly, f; (x) = —y and fy(x) = 5 : .- JE IR
So, f,(x+ y) + f,(x - y) P+ x+1
=l[ax+y+a—(x+y)]+l[ax—y +q® —y)] y:1+% [ie y>1 ..@4)
2 2 x“+x+1
O x yO 2 _.2
=1|}1xay+ 1 +i+il] g , yx“+ yx+y=x +x +2
20 aa” o a'p O x*(y-1)+x(y-1)+(y-2) =0, UxO R
_lmx%y 1 +i%1+ay§|] Since, xis real, D =0 ,
S o s 0 (-1 -4 (y=1) (y-2) 20

g -Di{y-1)-4(y-2)} 20
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ad (y-1)(=3y +7)=0 Alf-1<x<10 €& f(x 1
3 C.If3<x<5 O f(x O
From Egs. (i) and (i1), Range O @l ,gg D.Ifx>5 O & f(x 1
o 9 11. Since, 2t >0
5. Given, f (x) = (1 + b%) x® +2bx +1 24% + 3% + x
O b b? O _@x-)
_ 2 -
—(1+b)%bc+1+b2g+1 T 2@x + 3x + 1)
.. 1. . 0 N ek VN
m (b) = minimum value of f (x)= T+ 52 is positive x@x+1)(x+1)
and m (b) varies from 1 to 0, so range = (0,1] + } — + 4 +
- -1 -1/2 0 1/2 *
6. Given. f (x)= loZg2 (x+3) _ log, (x + 3)
(" +3x+2) (@+1)(x+2) Hence, the solution set is,
For numerator, x + 3 >0 xOfc0 - 10-( 12,0 @14, )
O x>-3 ...(1) Hence, (a) and (d) are the correct options.
and for denominator, (x + 1) (x +2) £0 0/y - 20
. . -x
0 x#-1,-2 ... (i) 12. Given, f(x) =sin log é‘g%
From Egs. (1) and (ii),
Domain is (-3 , ) /{-1, -2} N >
> ’ For domain, >0,4-x">0and1-x#0
7. Given,2°+2' =2, Ox,y0 R 1-x
But 2x,2y>0,Dx,3DR O (1—x)>0 and 4—x2>0
Therefore, 2 =2 -2 <2 0 & 2% 2 . x<l and [x[<2 O- % x 1
Taking log on both sides with base 2, we get Thus, domain [ 2,1).
2
logy 0 <logy 2" <logy2 0 -w< = 1 13. Given, f (x) =sin™" Hogz x—%
8. Itis given, . 20
. . . 2
f®)=sin 8 (sin 8 +5in 3 6) For domain, -1< 1og2x— <1
=(sin® + 3sin O -4 sin® 6) sin O 2
=(@sinB® -4sin® B)sin 8 =sin?6 (@ -4sin?90) 0 lsxjsz
=4sin?0 cos? B = 2 sin O cos 6)? 2 2
= (sin26)? 20 O 1<x*<4
which is true for all 6. o 1<|x|<2
9. For domain of y, a Domain O+ 25 10 [1,2]
_ _ 2
1-x>0,1-x#1 and x+2>0 14. deen,f(x)=3sin,T[——x2
a x<1,x%20 and x>-2 16
a - & x 1lexcluding0 0 Domain |]_I] T T
O x0¢ 2,1 {0} H4 48
. _(x=1)(x-b) ) a _
10. Given, / (x) = (x-2) (x-3) O Forrange, f' (x) =3 cos % - xZQBI(QA =0
T 2
The graph of f (x) is shown as : 16 X

Y O[r2 d
Where, cos H/— -x*H=0 or x=0
16
y=1 O Oz O O
Y [heglecting cos T ¥*H=0 O ﬁ— e jD
X’ X O 16 16 40

a 2 .
? K- 3i, never possible H
16

Y O x=0



15.

16.

17.

.m_ 3
Thus, 0)=3sin— =—
f©) s1n4 7

and f@»%@zf@f@zo
Hence, range [] E),%E

Since, domains of f; (x) and f,(x) are D, and D,, .
Thus, domain of [f; (x) + fo(x)]is D; n D, .
Hence, given statement is true.
_ 2
2sint Sl Sy 22x+5x ,t D—D
3x"—2x -1 H
Put 2sint=y O- & £ 2
_1-2x+5x"
3x® -2x -1
0 @y-5)x"-2x(y-1) ~(y +1) =0
Since, x DR~ {17 1/3}
[as,3x2 -2x -1 20 0 (x 1)( 1/3¢ 0]

Given, nm
2 2

0
H

O

ad D=0
O 4(y-1)2 +4@By -5) (y +1) 20
O y2-y-120
: .
2 4
0O 1 00 1 460
0 -— =200y -=+—020
%y 2 ZDEIy 2 20
1-5
O <
Y 2
or y>1+\/5
T2
a 25int$1_\/g
2
or 25int21+\/g
2
0 sintSsin@lg
10
or sin ¢t = sin Q
0
u t<-1X  or t23—n
10 10

Hence, rangeoftlsDT[ _nmop3n i

H2’ 108 Ho’ 28

Since, y = @+ -3 takes all real values only
(x-2)

when @+ @=3)

(x-2)

- ) + o= +

- -1 2 3 *
0 - kK £ 2 or «x23
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Topic2 Composite of Functions and

Even, Odd Functions

1. Given, for x 0(0, 3/2), functions

f) =/x (D)
g(x)=tanx ... (i)
2
and h(x) = i - j‘CQ ... (iid)
Also given, @(x) = ((hof)og)(x) = (hof) (g(x))
= h(f(g)))
= h(f(tan x))
_ _1-(tanx)?
= h(/tan x) WAy Wianx)?
—tanx _

1 +tanx

tantfy -
Now, (p%§= tan@Z - gr@
T 0 70
= - tan@%g= tan Jt —%Q
- nffiT8

2. Given, functions f(x) = x%,x OR

and g(A) ={x0OR: f(xd A}; A R
Now, for S = [0, 4]
8E)={xOR: f(xJ 8 [0,4]}
={x OR:x10 [0,4]}
={x OR: «0-[ 2,2]}
u g81)=1[-2,2]
So, f(g(S)=1[0,4] =
Now, f(S)={x*:x08= [0,4]= [0,16]
and g(f(S)) ={x OR: f(xJ (S [0,16]}
={x OR: f(x)0 [0,16]}
={x OR: 20 [0,16]}
={x OR:«0-[ 4,48 - 4 4]
From above, it is clear that g(f(S)) = g(S).

. Given, f@x+y)=f@T(®)
Let ) =N [where A > 0]
f(1)=2 (given)
OA= 2

10 10 10
So, I fla+k)= 3 A\**=xHs A’ﬁ
k=1 k=1 =

=292t +22 + 2% +..... . 1210]

2@ -1)0
g
02-1 ¢
[by using formula of sum of n-terms of a GP having
first term ‘@’ and common ratio 7, is
n_ a
S, :M,wherer>l|:|
r-1 0

=9
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O 29 @°%-1)=16 2 -1) (given)
O 291 =16=2"0a+1=40 a =3

4. Given, f(x) =log, Sli_'_;xﬁ |x| <1, then
x

.
2 O
2x _D=1log, o l*+xp B_H< 1D
0 + 220 %14_ 2x O |j+x2|:|
1+x25
0 2 _9,0
1+ x 22x
—log, B 1*¥ D_j, gl oa - x)
0y + 42 + 220 65(1 )2[I FH
O 1+« O
_ Dl_x[l . m _
_210gem5 [ log,| A" =mlog,| Al]
U 01 — x0
=2f(x cfx)=lo
fx) Hf() geElf+xHB
5. We have,

@=L £ =1-rand )= ——
X 1-x
Also, we have (f,0J o f;)(x) = f5 (x)

U fo((J 0 f1)(®)) = f5 (x)
O folJ (i () = f3 ()
0 L= (@) = -
[ i@ =1 ~zand (9= -]
-x
_ 1 .. _1
0 1—J%Q—1_x [ At ="]
.1
- J%Q_l 1-x
_1-x-1_ —x
To1-x  1-x
Now, putl:X, then
x
-1
)= X 0.,_10
T g " xB
X
-1 _ 1
TX-1 1-X
O JX)=fX) or J(x)=f5(x)
6. We have, f(x)=ax?+ bx +¢
Now, f(x+y) =/ +f(y) +xy
Put y=00 f(x)=f@x)+ f0)+0
O f0)=0
O c=0
Again, put y=-«x
O fO)=f@) + f(-x) -«

a 0=ax?+ bx + ax® —bx —x>

O 2a?-22=0
0 a=

[N

Also, a+b+c¢=3
1 5
d —+b+0=30 b=—
2 2

2
x” + bx
O fx)=
Now, f(n)= 25n—7n2+7n
10 10 5 10
O f)==Sn2+ZSn
n=1 n=1 2n:1
_1E}O><11><21 5 _10x11
== + 2 x
2 6 2 2
:@4-@:@:330
2 2 2

f(x) =% g(x) =sin x
(gof)(x) =sin «*
go(gof) (x) =sin (sin x%)
(fogogof) (x) = (sin (sin x%))?
Again, (gof) (x) =sin x*
(gogof) (x) =sin (sin x?)
Given,  (fogogof) (x) = (gogof) (x)
0 (sin (sin x%))? = sin (sin &%)
O sin (sin x?) {sin (sin 2%) =1} =0

0 sin (sin %) =0 or sin (sin 2% =1

a Zx=a( +1)a+x
x[a?-@ +1)x-1] =0
x@ + 1@ -1 -x) =0
a- ¥ 0 and a+1=0
a=- 1
But a =1 does not satisfy the Eq. (i).

OoOoOooo

..(@)

..(ii)

(@)

d sinx>=0 or sinx2=g
] x% = nm
[sinx2=gis not possible as -1 <sin 6 <1]
x=xVnm
. Given, f (x)=2%
x+1
Oax O
ax O _ +1
FUF@)=fE0= o
+1
x+1
a e
= v+l o = x [given]
ax+(x+1) @+1)x+1 g -
x+1



9.

10.

11.

12.

13.

g (x) = 1+ x —[x]is greater than 1

since x — [x] >0

flg )] =1, since f(x)=1forall x>0

Let f (x) =sin?xand g (x) =x

Now,  fog @ =f[g@]=f(x)=sin®x

and  gof (=g [f (] = g (sin®x) =/sin’ x =|sin x|

Again, let f (x) =sin x, g (x) =| x|

fog @) =flg @] =f(x])
=sin | x| # (sin Vx)?

When f ) =x% g =sinx
fog @) = f [g @] = f (sin v/x) = (sin Vx)?
and  (gof) @) = g [f (9] = g () =sin V2>

=sin | x|#|sin x|

Given, f(x) = cos (logx)
10 kO a
O f&®I©) _55( %HJ' f(xy)E

= cos (log x) [¢os(log ) —é [cos (log x —log y)

+ cos(log x + log y)]
= cos (log x) [¢os (log y) — % [@ cos (log x) Céos (log v)]

= cos (log x) [¢os (log y) — cos (log x) [dos (log y) =0

Given, f(x)=|x-1]
0 feP) =1 -1
and  {f(®)}" = (x - 1)
a F(&®) # (f(x))2, hence (a) is false.
Also, f(x+ y)=lx+y-1]
and fe)=lx-1l,
fy=ly-1l
ad f(x+ y) £ f(x) + f(¥), hence (b) is false.
fCxl)=lxl -
and  |[f@)|=llx-1l=]x-1]
O f(lxl) £ f(x) |, hence (c) is false.

(a) f(x) =sin %sin %[sin x@é,x OR
= sin %smeg 0 IZI—D E

0 T[ D T .
=sina, a 0 —,—_,where 0 =—sin 0
He6 6H 6

i-[there 0= Esin x
20 2

01 10
f()Dﬁz 28
01 10

Hence, range of f(x) Og —, =
g f(x) H 328

O

So, option (a) is correct.

Oomn ng

01 10
(b) flg@)}= f(t),tDE 2 ZHD f@) O

H 2 28

O Option (b) is correct.

14.

15.

16.
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R | T . [
s1n sin sin
(c) lim 0%- lim % Q@H

*-0 (s1n X)

T . T .
sin %sm %smx@ gsm %smx@
—sm %sm x@ %sin x@

6 2

=1 ><E x1 :I[
6 6

OOption (c) is correct.

d) gif@i=1

0 gsin (F@r=1

u sin {f(0)} = 3 .0
Bat  f@OR 3 QED‘EQ o8

0 sm{f(x)}l]E ; ;E ..(ii)

O sin{f(x)} # %, [from Eqgs. (1) and (i1)]

i.e. No solution.
0 Option (d) is not correct.
F () = cos [11?] x + cos [-T2]
a f(x) =cos (9) x + cos (-10) x
[using [%] =9 and [-1t?] = —10]

Since,

O f%@zcosg?n+cos5n=—l

fM=cos9m+cos10Mm=-1 +1 =0
f(= T[)—cos9T[+cos 10mm=-1 +1 =0

f%@ cos—+co M % 0=%

Hence, (a) and (c) are correct options.

V3

Since, area of equilateral triangle = R

B _\3
O 7_7[u

(BC)?

+g°W]0 g2 =1-%"
A

B C
(0.0) (x.9(x))

a g() =41 -2 or —y1 -2

Hence, (b) and (c) are the correct options.

Given , y=f(x)=x 2
x—1
yx—y=x+2 0O x(y-1)=y+2
+2
=2 O x=/(©)
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17.

18.

19.

Here, f(1) does not exist, so domain OR- {1}
dy _(x-1D)0-@x+2)0
dx (x—1)

_ 3

(x-1)*

O f(x)1is decreasing for all x OR- {1}.

Also, fis rational function of x.

Hence, (a) and (d) are correct options.

f(x) =sin?x + sin%(x + T/3) + cos x cos (x + T1/3)
O f(x) =sin®x + (sin x cos T1/3 + cos xsin T/3)2

+ cos x cos (x + T1/3)
x. 30

g

2 g

+ cos x (cos x cos Tt/3 —sin xsin T1/3)
.2 2
sin x+300s x+2E{/§

4 4

0 f)=sin®x + é{smzxﬂ 4 cos

0 f() =sin®x + sin xcos x

cost
+

— cos xsin x D2—3

sinx  8cos®x cos’x
+ +
4 4 2

5 . 5 o _5b
=—sin“x+—cos"x=—
4 4 4

=sin®x +

and gof(x) = g{f(x)} =g6/4) =1
Alternate Solution
f(x) =sin®x + sin?(x + 11/3) + cos x cos (x + T/3)
O f'(x)=2sin x cos x+ 2sin (x + 11/3) cos (x + T/3)
—sin x cos (x + 11/3) —cos xsin (x + T/3)
= sin 2x + sin 2x +211/3) —[sin (x +x + T1/3)]

—9sin Fx + 2x2+ 21-[/3@[&:% Fx —2x2—2ﬂ/3g

—sin Qx + 11/3)
=2 [sin 2x + 11/3) [dos T/3] —sin 2x + TU3)

=9 %in @x + T1/3) %E— sin @x + ggzo

O f(x) =c where cis a constant.
But f(0) =sin0 + sin*(1/3) + cos 0 cos T/3

_BBE L 18,15
020 2 4 2 4
Therefore, (gof) (x) = g[f (x)]=gb/4) =1
Given, F@) = (a - 2"
O fIf@]=[a —{@ -2 = "' =«
o flf@]=x

Hence, given statement is true.

Let f (n) =2" for all positive integers n.
Now, forn=1, f (1) =2=2!

O Itis true for n = 1.

Again, let f (k) is true.

ad f(k):2k, for some k OON.

Again, f (k+1)=f (k) F (1) [by definition]
=2 [from induction assumption]
—gh+1

Therefore, the result is true for n =k + 1. Hence, by
principle of mathematical induction,

f(m)y=2", Ond N

Now, S f@+k=5f@f®=f@ Y2
k=1 k=1 k=1

=202 Q" -1)=2%*1 @" -1)

n

But S fla+k)=16@"-1) =2 @" -1)
k=1

Therefore, a+1=4 0 a=3

Topic3 Types of Functions

1. Given, function f:R —{1,-1} — A defined as
2
X

x) = = let

f@=r"g=y (let)
ad x% = y(1 - [ a?#1]
0 2ZA+y=y

2= [provided y # —1]

1+y

220
0 Y200 yOtw - 10 [& )

1+y

Since, for surjective function, range of f = codomain
00 Set A should be R-[-1,0).

_ , if0<x<1

2. Wehave,f(x)zlx 1|:E x—xl

0 , ifx>1

0 «x

D1, if0<xs<1

— Hx
a-=-, ifx>1
0o x

Now, let us draw the graph of y = f(x)
Note that when x - 0, then f(x) - o, when x =1, then
f(x) =0, and when x — oo, then f(x) - 1




Clearly, f(x)is not injective because if f(x) <1, then f is
many one, as shown in figure.

Also, f(x)1is not surjective because range of f(x)is [0, oo
and but in problem co-domain is (0, ), which is wrong.

O f (x) is neither injective nor surjective

According to given information, we have if
k 0{4, 8, 12, 16, 20}
Then, f(k) 0{3, 6,9, 12, 15, 18}
[ Codomain (f) ={1, 2, 3, ..., 20}]
Now, we need to assign the value of f(k) for

k {4, 8, 12, 16, 20} this can be done in 6C5 B! ways
=6[H!=6!and remaining 15 element can be associated

by 15! ways.
OTotal number of onto functions = =15!6!
. We have, f(x) :%,x OR
1+x

Ist Method f(x)is an odd function and maximum
occur at x =1

Y
(1,1/2) 1
fffffffffffffffffffff Ty—?
-1 »/’ § B —
_— o X
i/ 1
(-1,1/2) Y72

From the graph it is clear that range of f(x)is

01 10
H 2 2H
IInd Method f(x) = —

X+ =
X

If x >0, then by AM = GM, wegetx+122
x

1

1
x+ =

ad

<

1

DO |

x
If x <0, then by AM = GM, Wegetx+ls—2

x
ad 112—l D—lsf(x)<0
A 2 2
X
If x=0,then f(x) = 0 =0
’ 1+0
1 1
Thus, -—<flx)s=
5 fx) 5
01 10
Hence, f(x) 7 —,=
A H 2 2H
IIIrd Method
Let y= x2Dyx2—x+y:0
1+x
 x0OR,s0o D=0

O  1-4y*20

7.
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01 10
O a-2yy0+2y)200 yz —,—
1-2y) 1 +2y) yOg 338
- + 1 _
‘—1/2 1)2
So, range is & — 10
’ He2 26
21 it s odd

Given, f(n) = |:|n2
[+, if n is even,
2

g(n) =n _(_l)n ={ n+1 N if n‘is odd

and n—1,if n is even

Now, 7(g0) ={ fin 21 i, 5ol

h+1

05— if nisodd
“h=1+1 _n .. .
F— =—,if niseven
=f()

[ if nis odd, then (n +1)is even and
if n is even, then (n —1) is odd]
Clearly, function is not one-one as f2) = f(1) =1
But it is onto function.
[ If m ON (codomain) is odd, then 2m ON (domain)

such that f@m) =m and
if m ON codomain is even, then

2m —1 ON (domain) such that f@m —1) =m]
0 Function is onto but not one-one

We have a function f: A - R defined as, f(x) = 2—x1
x—
One-one Let x;, x5 0 A such that
fq) =1 (x)
0 2%, _ 2%,
x -1 x-1

O 2xxy —2x =2x%5 —2x,
a X =Xy
Thus, f(x;) = f(x,) has only one solution, x; = x,

O f(x)is one-one (injective)

Onto Let x =2, then /‘(2):2 X2 _

=4
2-1

But x =2 is not in the domain, and f(x) is one-one
function
0 f (x) can never be 4.

Similarly, f(x) can not take many values.
Hence, f(x)is into (not surjective).

0 f (x) 1s injective but not surjective.

x
We h =
e have, f(x) Tt
L3
O = X = x =
e e
2
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O f%@ =f@)or f%@ = f(3)and so on.

So, f(x)is many-one function.

Again,let  y=f( 0 y=—y
1+x
a y+x2y=x[l yxz—x+y=0
As, xOR
O -1” -4 (»() 20
1-4y220
1 10
O,=
Y H2 28
-1 10

O Range = Codomain =

H2 "2H
So, f(x)1is surjective.
Hence, f(x) is surjective but not injective.

PLAN To check nature of function.
() One-one To check one-one, we must check whether
f'(x)>0orf'(x)<0in given domain.
(i) Onto To check onto, we must check
Range = Codomain
Description of Situation To find range in given
domain [a,b], put f'(x)=0 and find x=0,, 0y ...,
a, O[a,b]
NOW; find{f(a)vf(a1)7 f ((x 2)7 ,f @ n)vf(b}
its greatest and least values gives you range.
Now, f:[0,3] - [1,29]
f(x) =22 —15x% +36x +1
0 f' (%) = 6x* -30x+36 =6 (x* ~5x +6)
=6 (x-2)(x-3)
+ - F
1 1
2 3

For given domain [0, 3], f(x) is increasing as well as
decreasing [0 many-one

Now, put f (x)=0
g x=2,3
Thus, for range f(0) =1, f©2) =29, f(3) =28
a Range 0[1, 29]
O Onto but not one-one.
Let g = /() ~g=0"
ox, x0Q
Now, to check one-one.
Take any straight line parallel to X-axis which will
intersect @(x) only at one point.
p (x)is one-one.
To check onto
As flx) = Ex, *0e , which shows
o, x0Q

y=x and y=-x forrational and irrational values

0 s

real numbers.

10.

11.

12.

13.

O Range = Codomain [ onto

Thus, f — gis one-one and onto.
Given, [ : [0, ©) - [0, »)
Here, domain is [0, ) and codomain is [0, ). Thus, to

check one-one

Since, [ (x) = X

, _ 1
o f (96)—7(1er)2>0,ﬂxD @& )

1+x

O f (x)is increasing in its domain. Thus, f (x)is one-one
in its domain. To check onto (we find range)

Again, y=f@=—
1+x
a y+yx=x
0 x=—2_ 0 2 >0
1-y 1-y

Since, x =0, therefore0 < y <1

i.e. Range # Codomain
O f (x) is one-one but not onto.
f (x) =2x+sin x

a f'(x)=2+cosx O f'(x)>0,0:0 R
which shows f(x)is one-one, as f(x)is strictly increasing.
Since, f (x)is increasing for every x R,

Given,

O f (x) takes all intermediate values between (—co, ).
Range of f (x) OR.
Hence, f (x) is one-to-one and onto.

The number of onto functions from
E ={1,2,3,4} to F ={1,2}
=Total number of functions which map E to F'
— Number of functions for which map f (x) =1 and
f)=2 forallx JE= 2% 2= 14

PLAN

(i) For such questions, we need to properly define the
functions and then we draw their graphs.

(i) From the graphs, we can examine the function for continuity,
differentiability, one-one and onto.

trx, x<0
=0 a0

falx) = %%, x20
Binx, x<0

fo () = B x20
o
Now, [y = E:j" i
H fi= @:i -1, i:g
As f,(x) is continuous, f', () = g:?x iig



14.

15.

f4(%)

ol

Graph for f,(x)
f4' 0)is not defined. Its range is [0, o).
Thus, range = codomain = [0, ), thus f, is onto.
Also, horizontal line (drawn parallel to X-axis) meets
the curve more than once, thus function is not one-one.
y =1 + 2x1is linear function, therefore it is one-one and
its range is (-7t + 1, 11+ 1). Therefore, (1 +2x) is one-one
but not onto so (A) - (q). Again, see the figure.

Y

y=1+2x

\
N

yr

It is clear from the graph that y = tan xis one-one and
onto, therefore (B) - (r).

PLAN

(i) If f'(x)> 0,040 (a,b),then f(x)is an increasing function in
(a,b)and thus f(x) is one-one function in (a,b) .
(ii) If range of f(x) = codomain of f(x), then f(x) is an onto
function.
(iii) A function f(x) is said to be an odd function, if
f(=x) = —f(x), IxO R, i.e.
f(=x)+f(x) =0, OxO R

f(x) = [In (secx + tan %)

frws=2

[In (secx + tan x)]? (secx tan x + sec %)

(secx + tan x)
f' (%)= 3 secx [In (secx + tan x)]? >0, O] Q_Z—n,;g

f(x)is an increasing function.

O f(x)1is an one-one function.

(secx + tanx):tan%+§@ asxl]% E,— then
2 2 2

0< tan% +§§<oo
2

0 <secx+tanx <o

ad —o0< In (sect tanx¥ oo
- w < [In (secx + tan )]> < o
O —0 < f(ak o

Range of f(x) is R and thus f(x) is an ont function.
o 1 o
(1]
O

f(-=x) =[In (secx —tan x)]° = %n Hecx + tan

16.

17.

18.
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f(-x) = - [In (secx + tan x)]’
f@)+ f(=x) =0
O f(x)is an odd function.
Let y=ax + band y = cx + d be two linear functions.

When x=-1,y=0andx=1,y=2, then

0=-a+b and a+b=2 0 a=b=1
ad y=x+1 ...(0)
Again, when x=-1, y =2and x =1, y =0, then
-c+d=2 and c¢+d=0
ad d=1 and c=-1
O y=-x+1 ...(11)

Hence, two linear functions are y=x+land y=-x+1

2+ 4x + 30

Given, f(x) =

f@) x%—8x +18
O (x® - 8x +18) @x +4) O
O 2 O
- (x" +4x +30)@2x -8

0 =D )@x-8)

(a® - 8x + 18)?

_2(-6x" —12x +156) _ -12 (+* + 2x ~26)
(x* - 8x + 18)? (® - 8x + 18)?

which shows f' (x) is positive and negative both.

O f(x)is many one.

Hence, given statement is true.

ax? + 6x -8
Lety—a + 6x —8x°
g a y+6xy —8x2ya= x% +6x -8
O - ax® 8x% 6xy 63 ay & 0
O o x?+8x%y —6xy +6xet y -8 =0
O «2@+8y) +6x(1 -y —@® +ay) =0
Since, x is real.
0 B%-4AC =0
O 36 (1-y)?2+4@ +8y) @ +ay) =0
O 9@1-2y+yH)+[8a + B4 +a?) y+8ay? =0
O Y2 O+81)+y@6+ad) +9 +& =0  ...(d)
O A>0,D<0, O 9+8a>0
and @6+0?)?-409 +81)? <0
0 o >-9/8
and [46 +aZ-2 9 +81)]46 +a2 +2 (© +& )] <0
a a>- 9/8
and (@%-160 +28) @2 +161 +64) <0
a a>- 9/8
and [@ -2)@ -14)] @ +8)% <0
0 a>- 9/8
and @ -2)@ -14) <0 [ @+ 8)2=0]
a a>- 9/8
and 2<0 <14
O 2<0 <14
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19.

Topic4

1.

4.

ax? +6x -8

Thus, > will be onto, if2<a <14
- 8x2

f()—

Again, whena =3

3x2+6x-8 . .
= , in this case f(x) =0
f @)= 3+ 6x -8 f(x)
0 3x% + 6x -8 =0
-6+,36+96 - N
0 a=2E = 6+613 1(3+F)

This shows that

0
f%(3+\/ﬁﬁ— %(3 \/373)E—0

Therefore, fis not one-to-one.

Since, there is an injective mapping from A to B, each
element of A has unique image in B.

Similarly, there is also an injective mapping from B to
A, each element of B has unique image in A or in other
words there is one to one onto mapping from A to B.

Thus, there is bijective mapping from A to B.

Inverse and Periodic Functions
Since, only (c) satisfy given definition

ie. fif*Br=B

Only, if B O f(x)

By definition of composition of function,

g (f () = (sin x + cos x)? -1, is invertible

(i.e. bijective)

0O g{f (x) } =sin 2x is bijective.

We know, sin x is bijective, only when x D—D I ED
B2 28
Thus, g{f (x) }is bijective, if — — <2x <

0 -—<x<

M:IN"Z'
"’k‘:I [\'J\:l

It is only to find the inverse.

Let y=f@=@+1)% forx>-1
y=x+1, «x=2-1
Jy=x+1 0 2 0% B O
x:\/;—l

frm=yy-1

ff@=vx-1 O

_x2+1

T ox

O oog

Let y:ac+l a
x
g xy:x2+1

- _ _yxqyi-4
2

x“—xy+1=0 0O «x=

[2_
I

x* \/x2 -4
2

Since, the range of the inverse function is [1, o), then

f—l (x)=JC+1x2—4

0 =

we take

2

2
-2 -4

If we consider f7* (x) = %, then f7! (x) >1
This is possible only if (x — 2)? > & -4
a W+ 4 —dx>x -4
g 8>4x
a x <2, wherex >2

Therefore, (a) is the answer.

Let y=2%"1

,where y>lasx=>1
Taking log, on both sides, we get

log, y = log, A

ad logy y=x(x—1)
a xz—x—logzyIO
1+,1+41
0 = . 089 Y

For y21, log, y20 0 4log, y200 1+41log,y=1

ad J1+4logy,y 21
d -Jl+4logyy <-1

ad 1-,1+4logyy <0
But x=1

So, x=1-,/1 +4 log, y is not possible.
1
Therefore, we take x = 3 1 +41 +41logyy)

0 f10)=] A+ T+ilog,y)
O £ @ :% (1 + 1 +4log, )

Given, [ (x) =3x -5 [given]
Let y=fx)=3x-5 0O y+5=3x
0 _y*5
3
- +
=2
R

Clearly, f (x) = x - [x] ={x}
which has period 1.

.1 .. .
And sin —, x cos x are non-periodic functions.
x

Here, f(x)zlb_x,where 0<b<1,0<x<1
- bx

For function to be invertible, it should be one-one onto.
0 Check Range :



10.

b-x
Let = 0 =
e f@)=y Y= T on
y=bxy=b-x O x(A-by)=b-y
O x:b_y,whereO<x<1
1-by
0<2"Y <1 b=V 50 and 27Y <1
1-by 1-by 1-by
o y<b or y>% ..()
(b-1)(y+1) 1 ..
— I <0-1<y<—
1= by Y <y (i1)

From Egs. (1) and (i1), we get
y D% 1, %Q O Codomain

Given, F(x) = [sin”xdx = [ PCTde

F(x)= i @2x-sin2x) +C

Since, F'(x + m) # F(x)
Hence, Statement I is false.

2

But Statement I is true as sin” xis periodic with

period TL

It gives three cases

Casel When f(x) =11is true.

In this case, remaining two are false.

O f(y)=1 and f(z) =2

This means x and y have the same image, so f(x) is not
an injective, which is a contradiction.

Case II When f(y) #11s true.

If f(y) #1 is true, then the remaining statements are
false.

ad fx)#1 and f(z)=2

i.e. both x and y are not mapped to 1. So, either both
associate to 2 or 3. Thus, it is not injective.

11.
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Case III When f(z) #2is true.
If f(2) #21s true, then remaining statements are false.

O If f()#1land f(y)=1
But f is injective.
f@=2,f(y)=1land f(z) =3
=y
Since, f1is an even function,
then f(-x) = f(x), Oa—~( 5,5)

g .
fo=rfn )
x+10
x+2

Thus, we have

Hence,

Given ,

0 fx) =

O-x+10

. f@ =B

Taking f ! on both sides, we get

[ /%)= f)]

_—x+1
-x+2
O - a4 28— 1
a 22 -3x+1=0
. x_311/9—4_3i\/5
2 2
. k+10
A =
gain, fx) meB
_ L k+10 o
O f( x)—fﬂma [~ fC%) =[]
Taking f~' on both sides, we get
_ :x+1
x+2
a 2 +3x+1=0
. -3+./9-4 -3+.5
x= =
2 2
Therefore, four values of x are * 3; Jg

040
or &



Limit, Continuity
and Differentiability

Topic 1 0 and = Form
0 00

Objective Questions I (Only one correct option)
. x+2sinx .
1. lim is
x-0 \/x2 +2sinx +1 —\/sin2x -x +1

(2019 Main, 12 April II)

(a) 6 (b) 2 (©3 (d1
2 _
2. If lim roaxrb 5, then a + b is equal to
-1 x- (2019 Main, 10 April 1)
(@) -4 (b)) 1 () -7 d 5
4 _ _ 13
3 Iflim S L= tim © ~® then kis
el x=l x-kx'—k (2019 Main, 10 April I)
4 3 3 8
a) — — c) — d) =
(@) 3 () 5 (0) 5 (d) 3
22
4. lim— Y cquals (2019 Main, 8 April I
x~0~/§—1/1 +cosx a
(a) 4/2 ®) V2
(©) 22 @ 4
5. lim cot’® x —tan x is
' T I (2019 Main, 12 Jan I)
*= 74 cos @c+ —@
4
(2) 42 (b) 4 (c) 8 (d) 8V2
6. lim % is equal to (2019 Main, 11 Jan Il
x - 0sin” x cot(2x)
(@ 0 (b 1 (c) 4 (d 2
V1+41+y" =2
7. hn(l) 4y (2019 Main, 9 Jan I)
y- y
. 1
a) exists and equals ——
(@) q N
(b) does not exist
. 1
c) exists and equals ——
(0 q e
. 1
d) exists and equals ———
(d) q X TACES)

8.

10.

1.

12,

13.

14,

15.

cot x—cosx

1111[/2 (-2 equals (2017 Main)
x - m—2x

1 1
a) — =
(@ o4 (b) T

1 1
c) = d) =
(©) S (d) 1

: 2
lim %czosx) is equal to (2014 Main)
x- 0 X
@ ®) 1 (© - (@ m
Jim (L= 08208+ €08 ) 5 - val to (2013 Main)
x-0 xtan4x
1
(a) 4 () 3 ()2 (d) 5
2 O
If lim M —ax — blJ=4, then
sl 2+l u (2012)

(a) a=1,b=4 (b) a=1,b=-4
() a=2,b=-3 d a=2,b=3

lim [ @R 2+ 1% - @)
heo f(h=h*+1)-f@)’
fray=4,

(a) does not exist (b) is equal to —3/2
(c) is equal to 3/2 (d) is equal to 3
{(a = n) nx —tan x} sin nx

given that f'(@)=6 and

(2003, 2M)

If lim0 3 =0, where n is non-zero

x - X
real number, then a is equal to (2003, 2M)
(@0 ®»" @n @n+t

n n
_ — X
The integer n for which lim (cosx~1) ELCOS x-e) is a
x - X

finite non-zero number, is (2002, 2M)
(@1 () 2
(©3 (d) 4
lim x tan 2x — 2x tan xis (1999, 2M)
x-0 (1= cos2x)?
(a) 2 (b) -2

1 1
¢) = d)-=
(©) 5 ( 5

Download More Books: www.crackjee.xyz



16.

17.

18.

19.

20.

21.

. 41=cos2(x-1)
Iim~+——«——=
x—1
(a) exists and it equals V2
(b) exists and it equals —+/2
(c) does not exist because x =1 - 0

(1998, 2M)

x -1

(d) does not exist because left hand limit is not equal to
right hand limit

,%(1—cos2x).

The value of lim0 T (1991, 2M)
x - x
(@1 (M) -1
()0 (d) None of these
in[x] [
, [x1#0
Iff=0 [x] 20
g o,
where, [x] denotes the greatest integer less than or
equal to x, then lim f(x) equals (1985, 2M)
(a) 1 o () 0
() -1 (d) None of these
d O
lim 5172 + 2 5 ot n ;Uis equal to (1984, 2M)
n- ol -n 1-n 1-n"0
1
a) 0 b) - =
(@ (b) 5
(c) é (d) None of these

If fl@)=2,f"(a)=1,8()=-1,8"(@)=2,
gw) fla)-g(@) f() .

then the value of lim 1s (1983, 1M)
x-a x—a
1
a)— 5 b) =
(@) () s
(OF) (d) None of these

IfG (x) = —/25 — &%, then lim Mhas the value

x-1 x—1

(1983, 1M)
1 1
(c) — /24 (d) None of these

Objective Question II
(One or more than one correct option)

22,

For any positive integer n, define f,:(0,0) - R as

n _4 g 0

f,(x) = Z tan o ,1 - 0 for all xO@Og ).
j=1 O+ (x+ ) x+j-1O

(Here, the inverse trigonometric function tan™'x

assumes values in %g,gg ). Then, which of the

following statement(s) is (are) TRUE?
(@) Y’ _ tan’(f;(0) =55
(b) zi°:1(1+ f':(0)) sec? (f;(0)) = 10

(2018 Adv.)

(c) For any fixed positive integer n, lim tan(f, (x))= L
X - n

(d) For any fixed positive integer n, xl{ngo sec®(f, (x)) =1

Limit, Continuity and Differentiability 177

2

a— \/02 —x2 _xf
23. Let L =1lim —44, a >0.If L is finite, then
x-0 X
(a) a=2
(b) a=1 (2009)
1
c) L=—
(© 61
1
d L=—
(d) 39
Fill in the Blanks
24. lim 080 +20) _22 logd +h) _ (1997€C, 2M)
) h
25. If f(x) =®inx, xZnm,n =0, £1, *2, %
B 2, otherwise ]
02 +1,x 20, 20
andg (=0 4, x=0 [thenlim g [f()]is .or.....
O _ O x-0
oo x=2pq (1996, 2M)

26.

ABC'is an isosceles triangle inscribed in a circle of radius
r.If AB = AC and A is the altitude from A to BC, then the

AABC has perimeter P =2(/2hr — h? +~/2hr) and area

A=....Also, 21%? =... (1989, 2M)
N 4 . QDD
af sm @+ X HD
27. lim 5 L= ...
x--—o 0 (1+]x]|%) ad
(1987, 2M)
—Ha® + 2% - 16x +20)/ (x -2)7,if x #2
28. Let f(x) @ fx72
If f(x) is continuous for all x, then 2 = ... . (1981, 2m)
29. lim(1-x) tan X = .
x-1 2 (1978, 2M)
True/False
30. If lim [f(x)g(x)] exists, then both lim f(x) and
X - a X - a
lim g (x) exist. (1981, 2m)
Analytical & Descriptive Questions
a® -1 (1983, 3M)
31. Use the formula lim0 = log, a, to find
x— X
. 2 -1
hm PN PR
x-0(1+x)"" -1 (1982, 2M)
2 _ 2
32. Evaluate lim (@+h)’sin(@+h) -a’sina (1980, 3M)
) h
33. Evaluate lim m
220\ x+ cosZx (1979, 3M)
. x-1
34. Evaluate lim @227@ (1978, 3M)
x-1 Py =Tx+5
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Integer Type Questions

x%sin (Bx) _

35. Let a,B OR be such that lim =1 . Then,

x- 00x—sinx
6 (@ + ) equals (2016 Adv)

Topic2 1° Form, RHL and LHL

Objective Questions I (Only one correct option)
1. Let f:R - R be a differentiable function satisfying

L+ f@+x) — f(S)Dx

f @)+ f 2)=0. Then l1rn 0 1is equal
+f@-x)-f@0
to (2019 Main, 8 April 11)
(a) e ) e’ © € @1
2. lim Jm-2sinta ——— " isequalto
relm Y1 (2019 Main, 12 Jan I1)

@ \f ®) \f © v @

3. Let [x] denote the greatest integer less than or equal to

X. Then,

lim tan(rtsin®x) + (x| —sin(x[x]))*

x-0 X (2019 Main, 11 Jan I)
(a) equals T (b) equals T+1

(c) equals O (d) does not exist

4. Foreacht R, let [t]be the greatest integer less than or
equal to ¢. Then,

1 -|x|+sin|l —xl)sin% [1 —x]@

lim
¥l [1-x|[1-x] (2019 Main, 10 Jan )
(a) equals 0 (b) does not exist

(c) equals -1 (d) equals1

5. For each x OR,let [x] be the greatest integer less than or
equal to x. Then,
x([x] + [x|) sin [x]

lim is equal to
x- 0 x| (2019 Main, 9 Jan 1)
(@) 0 (b) sin 1

(¢c)—sin 1 (d1

6. Foreacht OR, let [¢] be the greatest integer less than or
equal to ¢. Then,

llm . D EP.D DS
B B;B H; (2018 Main)
(a)is equal to 0 (b) is equal to 15
(c) 1s equal to 120 (d) does not exist (in R)
- - a ad
7. Let f(x):1 r(d+] xl)cos[} L O
1-x] O - xO

for x # 1 Then

(a) limx% 1 f(x)=0

(b) limxﬂ - f (x) does not exist
(c) limxﬁ - flx)=0

(d) limxa 1+ f (x) does not exist

36.

Let m and n be two positive integers greater than 1. If
cos (@) _ 0

lim & ~€0=— %@, then the value of . is

a=0 E a™ H n

(2015 Adv.)

8. Letp= hm (1 + tan®vx)%, then log pis equal to
(2016 Main)
(a) 2 () 1 (C) = (d) =
2 4
9. Let a(a) and B(a) be the roots of the equation
Ghi+a-Da2-(1+a -1)x+ @1 +a -1) =0, where
a > —1. Then, hm o (a)and hm B (a) are (2012)
a- 0" a-0"*
1
-2and 1 - Land-1
(a) 5 an (b) 5 an
7 9
- ~and 2 d) -Zand3
(c) 2an (d) 2an
1
10. If lirn0 1+ xlog (1 +b?)]* =2bsin?6, b >0
and 6 O¢ T, 1, then the value of 0 is (2011)
£+ T + L + 1t d) £+
(a) 1 (b) 3 (0) 6 (d) B
0 in x 0
11. Forx>0,lim [(sin x)’* + %g Cis (2006, 3M)
x-0
O O
(@) 0 () -1 (©1 (d) 2
12. Letf:R - Rbesuchthat f (1) =3 and f' (1) =6. Then,
Fa+rt
lim equals (2002, 2M)
«oH fa) H
1
(@)1 (b) e2 © e @ ¢’
13. ForxOR, lim Ebc—?’ Elxls equal to
voolk+20 (2000, 2M)
(@e b) e ©e” @’
Fill in the Blanks
o
14. lim M
-0 [ +32°0 (1996, 1M)
+ 4
15, 1im 50 o
- @i+ 10 (1991, 2M)

Analytical & Descriptive Question

16.

Find hm %;an % xJé 0 .
(1993, 2M)

Integer Answer Type Question

17.

The largest value of the non- negatlve integer a for

which lim 2 O-ax+sin(x—1) +a I_(
x~1|] x+sin(x-1) -1

is (2014 Adv)
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Topic 3 Squeeze, Newton-Leibnitz’s Theorem and Limit Based on
Converting infinite Series into Definite Integrals

Objective Questions I (Only one correct option) Objective Questions II
1. Ifa and B are the roots of the equation (One more than one correct option)
375x% = 25x =2 =0, then lim o + lim § B"is equal 0 |:,},E
"R nﬂmzl o nn(x+n)§c+ﬁ Q""E@ 0
to (2019 Main, 12 April 1) 4. Letf(x)= lim O 2 n J
n el U n?0 O n20d’
@ 2L b 29 Ch!(®+ n® O + —0... O + =00
346 358 5 O 40 0 n’09
(c) 1—12 (d) 1716 for all x=0. Then (2016 Adv.)
1 1
@/ F 70 o) s R
£(t) dt : ,
2. lim -]’272 equals ©f (<0 @ '3 1@
B2 T 3 [
1 2007, 3M .
6 (2007.3W " Numerical Value
@27 @
I 5. For each positive integer n, let .
2 il
® 27 @) v =L () (n+2)... (n + ).
n
() Ef %@ For x OR, let [x] be the greatest integer less than or
n equal to x. If lim y, =L, then the value of [L] is
@4f©@ . e (2018 Adv.)
3 lim L 22” " oual (1999, 20) Fill in the Blank
. lIim — ——— equals )
n-o o /.2 2 xZ
TR J’ cos’t dt
@1+ 5 b V5-1 6. lim=> = .
() -1+ 2 @1+ 2 ¥-0  xsmnx (1997C, 2M)
Topic4 Continuity at a Point
Objective Questions I (Only one correct option) 3. Let [] denotes the greatest integer function and
f (x) = [tan? «], then (1993, 1M)

1. If the function f defined on % , g@by
V2 cosx - 1

(a) ling f (x) does not exist

T (b) f (x)is continuous at x =0
B m s X# 4. . (¢) f (x)is not differentiable at x = 0
fx)=0 o is continuous, @ f =1
U k, x=— _
B 4 4. The function f(x)=[x]cos g%lgn,[[]] denotes the
theri kis equal to (2019 Main, 9 April ) greatest integer function, is discontinuous at
(@) 5 (b) 2 (a) all x (1993, 1M)
1 (b) all integer points
(©1 (d) W (c) no x
(d) x which is not an integer
2. The function f (%) = [x]? - [x?] (where, [x] is the greatest 5. If f (1) =« (\/; +m, then (1985, 2M)
integer less than or equal to x), is discontinuous at (8) f (x) is continuous but not differentiable at x = 0 !
(2) all ¥ntegers (1999, 2M) (b) f (x) is differentiable at x = 0
(b) all integers except 0 and 1 (© f (¥)is not differentiable at x = 0
(c) all integers except 0 (d) None of the above

(d) all integers except 1
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6. The function f (x) =

log 1 + ax) —log (1 — bx)

x
is not defined at x=0. The value which should be
assigned to f at x =0, so that it is continuous at x =0, is
(@) a->b (b)a+b (1983, 1M)
(c) loga + logb (d) None of these

Objective Questions II
(One or more than one correct option)

7. Let [x] be the greatest integer less than or equals to x.

Then, at which of the following point(s) the function
f(x) = x cos (Ti(x + [x])) 1s discontinuous ? (2017 Adv.)
(@x=-1 b)yx=1
©x=0 dx=2
For every pair of continuous function f, g : [0,1] - R
such that max {f(x):x O[0,1]F max{g(x):x O[0,1]}.
The correct statement(s) is (are) (2014 Adv.)
@) [f(F + 3f(c) =[g()]* + 3g(c) for some ¢ [0,1]
®) [f(OF +f(0) =[g(F + 3g(c) for some ¢ O[0,1]
© [fOF +3f(0) = [g(F + g(c) for some ¢ O[0,1]
@) [f(©F = [g(0)] for some ¢ 0[0,1]
For every integer n, let a, and b, be real numbers. Let
function f: R - Rbe given by
o, +sin e, forx O[2n,2nt+ 1]
flo) = ;

, tcos e, forx O@n— 1,2n)

for all integers n.
If fis continuous, then which of the following hold(s) for
alln? (2012)
@ay,4 -b,,=0
© @y~ b,y =1

) a, -b, =1
@a, ;-b=-1

Fill in the Blank

10.

A discontinuous function y = f(x) satisfying 2 + y? =4is

given by f(x) =.... . (1982, 2M)

Analytical & Descriptive Questions

1.

12.

Tt

1+ [sinx}¥Fn*l 0 Z<x <0
Let f(x) = b, x=0
0 etaan/tanSx’ 0 <x<g

Determine a and b such that f(x) is continuous at x =0.

(1994, 4M)
O
0 1—cgs4x, <0
H X
Let f(x) = a, x=0
O
E#, x>0
E16 +Vx -4

Determine the value of a if possible, so that the function
is continuous at x =0. (1990, 4M)

13.

14.

Find the values of a and b so that the function  (1989)
0 x+ a2 sin x, O<sx<m/4
f(x):E 2x cot x + b, /4 <x<T/2
%}wost—bsinx, M/2<x<T

is continuous for 0 < x < L.

Let g (x) be a polynomial of degree one and f (x) be

0 g ), x<0
defined by f () =111 + 0 0
2+
Find the continuous function f (x) satisfying
frO=fE. (1987, 6M)

15. Determine the values q, b, ¢, for which the function
O .
Dsm (a + 1)x+s1nx, for x <0
0 X
f@=0c for x=0
0 + ha2) V2 _ 12
gilﬁﬁ@r—f*,ﬁrx>0
is continuous at x =0. (1982, 3M)
Match the Columns
16. Letf,:R- R fy: %g,g - R f :(-1,¢"%2-2) - Rand

fi:R - Rbe functions defined by
@) f, (@) = sin(1-¢ ),

|sinx| .
.. 17 z .
(1) f,(0)= Ctan ™! x if x 0, where the inverse
H 1 ifx=0
trigonometric function tan ! x assumes values in
2 28

% 22

(iii) f; (x) = [sin(log, (x + 2))], where for tOR, [¢] denotes the
greatest integer less than or equal to ¢,

o . [l .
(iv) f4(x)=§x sin %% ifx#0
B o0 if x=0

List-1 List-11

P. Thefunction fiis 1. NOT continuous atx=0

continuous at x=0 and

Q. Thefunctionfy,is 2. NOT differentiable at

x=0
. differentiable at x=0
R. i’I;he function f; 3. and its derivative 1is
NOT continuous at x=0
. differentiable at x=0
S. The function f, 4. and its derivative 1is

18 .
continuous at x=0

The correct option is

aP-2,Q-3;R-1;S-14
b)P-4,Q-1,R-2;,S-3
e©P-4Q-2,R-1;S-3
@dDP-2,Q-1;R-4,S-3



Topic5 Continuity ina Domain

Objective Question I (Only one correct option)
1. Let f: R - Rbe a continuously differentiable
function such that f2) =6 and [ 2)= é If

If 4 dt = (x ~2)g(x), then lim g (x) is equal to
6 x -2 (2019 Main, 12 April I)

(a) 18 (b) 24
(c) 12 (d) 36
%in(p+1)x+sinx
0 »x <0
2. If f(x) =1 q, =0
g \lx+x2 -Jx x>0

0 xS/Z ’

is continuous at x =0, then the ordered pair (p, q) is
equal to (2019 Main, 10 April 1)

whi- oRsH
(0 @gé% ) %gé%
3. If the function f(x) = Cz[m-ad+1, x <5

Elblx—nl+3,x >5
(2019 Main, 9 April 11)

is continuous at

x =5, then the value of a —b is

-2 2
b
® T+ 5 ®) m+5
2
d) =2
(0) - (d) -

4. If f(x)=[x] - %éx OR where [x] denotes the greatest
integer function, then (2019 Main, 9 April 11)
(a) liIZl f (x) exists but liril f (x) does not exist
(b) f is continuous at x =4
(c) Both lil’il f(x) and lirin f (x) exist but are not equal

(d) liril f (x) exists but liT f (x) does not exist
X— 44— x4+

5. Let f:[-1,3] — Rbe defined as

Oxl+ [x], -1<x<1
f@=Hx+lxl, 1sx<2
He+ [x], 2s<x<3, (2019 Main, 8 April I1)

where, [t] denotes the greatest integer less than or
equal to ¢. Then, f is discontinuous at

(b) only two points

(d) only one point

(a) four or more points
(¢) only three points
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6. Let f: R — Rbe a function defined as
0 b5, if  x<1
Ez +bx, if 1<x<3

X =
/@ Ep+5x, if 3<x<5
H 30, if  x=25
Then, fis (2019 Main, 9 Jan I)
(a) continuousifa =-5and b=10

(b) continuousifa =5and b=5
(c) continuousifa=0and b=5
(d) not continuous for any values of @ and b

7. If f (x) = % x —1, then on the interval [0, TT] (1989, 2M)

(a) tan [f (x)]and 1/f (x) are both continuous

(b) tan [f (x)]and 1/f (x) are both discontinuous

(c) tan [f (x)]and f~! (x) are both continuous

(d) tan [f (x)]is continuous but 1/f (x) is not continuous

Objective Questions II
(One or more than one correct option)

8. The following functions are continuous on (0, )

(b)Ix t sin 1 dt
0 t (1991, 2M)
1, 0<x<31/4 sin x, 0<x < T0/2

(C)%singx, an<x<n (d)DEsin(T[+x),E<x<n
97 4 B2 2

(a) tan x

9. Let [x] denotes the greatest integer less than or equal to
x. If f(x) = [xsin Tre], then f(x) is (1986, 2M)
(a) continuous at x = 0 (b) continuous in (-1, 0)
(c) differentiable at x =1  (d) differentiable in (-1, 1)

Fill in the Blank
.0 O
10. Let f(x)=[x]sin &—— , where [J denotes the
Ol + 110
greatest integer function. The domain of f is...... and
the points of discontinuity of fin the domain are...... .

(1996, 2M)

Analytical & Descriptive Question

g x°
o <, 0<x<1
11. Let f(x) =0 2

B’ -3x+2, 1<x<2
a 2

Discuss the continuity of f, f'and f'' on [0, 2].
(1983, 2M)



182 Limit, Continuity and Differentiability

Topic 6 Continuity for Composition and Function

Objective Question II
(One or more than one correct option)

1. For the function f (x) = xcos 1 ,x21,

x (2009)
(a) for atleast one x in the interval
[1, ), f(x+2) = f(x) <2

() lim f'(x) =1
(c) for all x in the interval [1, o), f(x+ 2) —f (x) > 2
(d) f'(x)is strictly decreasing in the interval [1, )

Analytical & Descriptive Questions
Ox+a, ifx<0
2. Let = ’ d
© @ Hx—ll, if x>0 an
x+1, if x <0

@=1
8 = Ly 12+ b, ifx=0

Topic 7 Differentiability at a Point

Objective Questions I (Only one correct option)
1. Let f:R - R be differentiable at ¢cOR and f(c) =0. If
gx)=lf®) |, thenatx=¢, gis (2019 Main, 10 April I)
(a) not differentiable
(b) differentiable if f'(c) # 0
(c) not differentiable if f'(c) = 0
(d) differentiable if f'(c)= 0

2. If f: R - Ris a differentiable function and

: f(x)
/@) =6, then ™ [ 2tdt ;o
=24 (-2 (2019 Main, 9 April 11)
(a) 12f"(2) (®) 0
(c) 24f'(2) ) 2f' (2

3. Let f(x)=15 —\x —10|; x OR. Then, the set of all values
of x, at which the function, g(x)=/f(f(x)) is not

differentiable, is (2019 Main, 9 April 1)
(a) {5, 10,15, 20} (b) {5, 10, 15}
(c) {10} (d) {10, 15}

4. Let S be the set of all points in (- 1, ™ at which the

function, f(x) =min {sin x, cosx} is not differentiable.
Then, S is a subset of which of the following?
(2019 Main, 12 Jan )

b T M T
Mo T p T,
®F 304 L i
of T.-300 @ -5
4 4 4 4 4 2 2 4
5. Let K be the set of all real values of x, where the function
f(x)=sin|x| =] x| +2(x —1)cos| x| is not differentiable.

Then, the set K is equal to (2019 Main, 11 Jan 11)
(a) {0} () @(an empty set)
(© {m (@ {0, 10

10.

where, a and b are non-negative real numbers.
Determine the compositie function gof. If (gof) (x) is
continuous for all real x determine the values of @ and b.
Further, for these values of a and b, is gof differentiable
at x =0 ? Justify your answer. (2002, 5M)
Let f (x) be a continuous and g (x) be a discontinuous

function. Prove that f (x)+ g (x) is a discontinuous
function. (1987, 2M)

d+x, 0<sx<2
%3 -x, 2<x<3
Determine the form of g (x) = f [f (x)] and hence find the
points of discontinuity of g, if any (1983, 2M)
Let f(x+ y) = f(x) + f(y)for all x and y. If the function f(x)

is continuous at x =0, then show that f (x) is continuous
at all x. (1981, 2M)

Let f (x) =

-1, -2<x<0

9 an
-1, 0<x<2

Let f(9)=1]
[¥x

gx)=1f®) |+ f(lx]). Then, in the interval (-2,2), gis

(2019 Main, 11 Jan I)

(a) not differentiable at one point

(b) not differentiable at two points

(c) differentiable at all points

(d) not continuous

Let f:(-1,1) & R be a function defined by
f(x) =max H x|, =/1 —a2}.If K be the set of all points at

which f is not differentiable, then K has exactly
(2019 Main, 10 Jan II)

(a) three elements (b) five elements

(c) two elements (d) one element
2 <

Let f(x) = dnaxilxl, o3, lal<2

0 8-2lxl, 2<|x|<4
Let S be the set of points in the interval (-4, 4) at which f

is not differentiable. Then, S (2019 Main, 10 Jan I)
(a) equals {-2,-1,0,1,2} (b) equals {-2, 2
(c) is an empty set (d) equals {-2,-1,1, 2

Let f be a differentiable function from R to R such that
3

|f(x)—f(y)|s2|x—y|§, for all x, y OR. If f(0) =1, then

1
I £2(x) dxis equal to (2019 Main, 9 Jan I1)

0 1
(@2 (b) 5 ©1 (o

Let S=(¢OR:f(x) =|x-m|*¥ -1)sin|x| is not
differentiable at ¢}.Then, the set S is equal to (2018 Main)
(a) ¢(an empty set) () {0}

(0) {15 (d) {0,



11.

12

13.

14.

15.

16.

17.

18.

19.

20.

For x OR, f(x) =|log 2 —sin & and g(x) = f(f (x)), then

(a) g is not differentiable at x = 0 (2016 Main)

() g'(0) = cos (log 2)

(c) &' (0) = = cos (log 2)

(d) g is differentiable at x = 0and g'(0) = - sin (log 2)

If f and g are differentiable functions in (0, 1) satisfying
f0)=2=g1), g0)=0 and f(1)=6, then for some

cJo, 1 (2014 Main)
(@) 2f' (0= g'(0) () 2f'(c) = 3g'(¢)

() f'(e) = g'(0) (d f'(e) = 2g'(0)

Let f(x) = %)CZ cosg ,x#0,x0R, then f is (2012)

go, x=0
(a) differentiable both at x = 0and at x = 2
(b) differentiable at x = 0 but not differentiable at x = 2
(¢) not differentiable at x = 0 but differentiable at x = 2
(d) differentiable neither at x = Onor at x = 2
(x-1)"
log cos™ (x—1)
integers, m#0, n >0 and let p be the left hand
derivative of |[x—1| at x=1. If lirri g2(x)=p,then
x-1

Let g(x) = ;0<x<2, m and n are

@n=1,m=1 byn=1,m=-1 (2008, 3M)
en=2,m=2 dn>2,m=n
If f is a differentiable function satisfying
f%@zo,D n=1,n 0I,then (2005, 2M)

(a) f(x) =0,20(0,1]

®) f'(0)=0=f(0)

(c) £(0) = Obut f ' (0) not necessarily zero

@If(x) <1, 20(0,1]

Let f(x)=llx|-1], then points where, f(x) is not

differentiable is/are (2005, 2M)
(@0,%1 (b)+1
(©0 (@1
The domain of the derivative of the functions
tan'x, if|x|<1

= 1 2002, 2M
/@ %(m—m, if]x]>1° ( )
(a) R - {0} b)) R-1{1
©R-{-1 (R-{-11

Which of the following functions is differentiable
atx=07? (2001, 2Mm)

(a) cos (| x|) + ] x| (b) cos (| x]) -1 x|

(¢) sin (1 x[) + x| (d) sin (lx1) =1 x|

The left hand derivative of f (x) =[x] sin (Ttx) atx =k, k

is an integer, is (2001, 2m)

@ D" (k-1 O R-D T

© (D" kmt @ (""" km

Let f : R — Rbe a function defined by f (x) = max {x, 2> }.

The set of all points, where f (x)is not differentiable, is

(a) {-1,1} (b) {-1,0} (2001, 2m)

(0) {0,1} (d) {-1,0,1}

21,

22,

23.

24,

25.
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Let f:R - R be any function. Define g: R - R by
g@=If(@]!,0 x. Then, gis (2000, 2M)
(a) onto if f is onto

(b) one-one if fis one-one

(c) continuous if fis continuous

(d) differentiable if f is differentiable

The function f ()= -1)|x® =3x +2| +cos (| x|) is

not differentiable at (1999, 2M)
(a)-1 ®O0 ©1 (d) 2

The set of all points, where the function f(x) = 1 +x| o is
differentiable, is (1987, 2Mm)
() (= o, ®) (©) [0, )

(©) (=, 0) O (Og0 ) (d) (0, )

There exists a function f(x) satisfying f (0)=1,

ff0)=-1,f(x)>0, 0x and (1982, 2M)

@f" (x<0,0x (b)-1<f" (x)<0,0x

(©-2<f" ()< -1, 0x df" (x)<-2,0x

For a real number y, let [ y] denotes the greatest

integer less than or equal to y. Then, the function

fy = BT ], (1981, 2M)

1+ [«]

(a) discontinuous at some x

(b) continuous at all x, but the derivative f ' (x) does not
exist for some x

(c) f'(x) exists for all x, but the derivative /'’ (x) does not
exist for some x

(d) f'(x) exists for all x

Objective Questions II
(One or more than one correct option)

26.

27.

For every twice differentiable function f:R - [-2,2]

with (f0))%+ (f 0)>=85, which of the following

statement(s) is (are) TRUE ? (2018 Adv.)

(a) There exist r, s R, where r < s, such that f is one-one on
the open interval (r, s)

(b) There exists x, Ot 4, 0) such that |f'(x,) < 1

(¢) im f(x)=1

(d) There exists a O 4, 4) such that f@)+ f"@) =0 and
fr@#0

Let f:(0,m) - RDbe a twice differentiable function such

f(x)sin ¢ — f(¢)sin x

=sin® xfor all x 00, 1)
t—x

that lim

t - x

Iff %Q = —%, then which of the following statement(s)

is (are) TRUE?
Mo T
@rH

() f(x)<% —x% for all x0 (0, Tr)

(2018 Adv.)

(c) There exists a[J(0, M) such that f' (@)= 0

@ f*EPH+ FE =0
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28.

29.

30.

31.

32.

Letf:R- R,g:R -~ Rand h:R - Rbe differentiable
functions such that f(x) =+ +3x +2, g(f(x)) =x and

h (g(g(x))) = xfor all x OR. Then, (2016 Adv.)
@g'@ =1
15
(b) h'(1) = 666
(c) h(0) =16
(d) h(g(3) = 36
Let a,b0R and f:R- R be defined by
f@) =acos (18* —af) +b|adsin (|2® +x|). Then, fis
(2016 Adv.)

(a) differentiable at x = 0,ifa = 0and b =1

(b) differentiable at x =1 ifa=1and b=0

(c) not differentiable at x = 0,if a =land b=0

(d) not differentiable at x =1, ifa=1land b=1

Let f: E— % ,25-» R and g: E—%ﬂg—. R be functions
defined by f(x) = [x* —=3] and g(x) =« f(x) + 4x - 7| f(x),
where [y] denotes the greatest integer less than or equal

to y for y OR. Then, (2016 Adv.)
(a) f is discontinuous exactly at three points in E— é, ZE

(b) f is discontinuous exactly at four points in E— %, ZE

(c) g is not differentiable exactly at four points in %» %, 2%
. . . . . . 1
(d) g is not differentiable exactly at five points in %— 3 2%

Let g: R — Rbe a differentiable function with
£0)=0,g' (0)=0 and g (1) #£0. (2015 Adv.)

x

Let £(x) = Q;' gx), x#0

g o, x=0
and h(x) = &' for all x OR. Let (foh) (x) denotes f{h(x)}
and (hof)(x) denotes A{f(x)}. Then, which of the
following is/are true?
(a) fis differentiable at x = 0
(b) h is differentiable at x = 0
(c) foh is differentiable at x = 0
(d) hof is differentiable at x = 0

Let f, g:[-1,2] - Rbe continuous functions which are
twice differentiable on the interval (-1,2). Let the
values of f and g at the points —1,0 and 2 be as given in
the following table:

1
(e}

x=2
0
-1

x=-1 X
f ) 3
g() 0

In each of the intervals (-1,0) and (0, 2), the function
(f —32)" never vanishes. Then, the correct statement(s)
is/are (2015 Adv.)

= ®

33.

34.

35.

36.

37.

38.

(a) f'(x) - 3g' (x) = Ohas exactly three solutions in
(-1,0) 0 (0, 2)

(b) f'(x) - 3g'(x) = Ohas exactly one solution in (-1, 0)

(¢) f'(x) - 3g'(x) = 0has exactly one solution in (0, 2)

(d) f'(x) - 3g'(x)= 0has exactly two solutions in (-1, 0)
and exactly two solutions in (0, 2)

Let f : [a,b] - [1,0)be a continuous function and

D if

g:R - Rbedefined as g(x) = %’xf(t)dt, if as<x<b.
gb fde, i x>b

(2013)

x<a

Then,

(a) g(x)is continuous but not differentiable at a
(b) g(x)is differentiable on R

(c) g(x)1s continuous but not differentiable at b

(d) g(x)is continuous and differentiable at either a or b
but not both

g—x—g, xs—
If f@) = [k cos, —g <x <0, then
gx—l, O0<x<1
Hnx, x>1 (2011)
IL

(a) f(x)is continuous atx = —

(b) f(x)is not differentiable at x =0
(¢) f(x)is differentiable at x =1
3

(d) f(x)is differentiable at x = — 5

Let f: R - Rbe a function such that

flx+y)=f(@) + f(y), Ox, y OR. If f(x) is differentiable

at x =0, then (2011)

(a) f(x)is differentiable only in a finite interval containing
7ero

(b) f(x)is continuous for all x OR

(c) f'(x)1is constant for all x DR

(d) f(x)is differentiable except at finitely many points

If f(x) =min{1, %, ¥*}, then

(a) f (x) is continuous everywhere

(b) f (x) is continuous and differentiable everywhere
(c) f (x) is not differentiable at two points

(d) f(x) is not differentiable at one point

(2006, 3M)

Let A(x) = min {x, 2%} for every real number of x, then

(a) h is continuous for all x (1998, 2M)
(b) h is differentiable for all x
©h'(x)=1,0x>1

(d) A is not differentiable at two values of x

x—-3], x=>1
The functionf(x)=ng_g+§ £ <1 is (1988, 2M)
B4 2 4~

(b) differentiable at x =1
(d) differentiable at x = 3

(a) continuous at x = 1
(c) discontinuous at x =1



39. The function f (x)=1 +|sin x| is

(a) continuous no where

(b) continuous everywhere

(c) differentiable at x =0

(d) not differentiable at infinite number of points

(1986, 2M)

40. Ifx+|y|=2y, theny asafunctionofxis (1984, 2m)

(b) continuous at x = 0

(d) such that dy _1 forx< 0
dx 3

(a) defined for all real x
(c) differentiable for all x

Assertion and Reason

For the following questions, choose the correct answer

from the codes (a), (b), (¢) and (d) defined as follows.

(a) Statement I is true, Statement II is also true;
Statement II is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true;
Statement II is not the correct explanation of
Statement I

(c) Statement I is true; Statement II is false

(d) Statement I is false; Statement II is true

41. Let f and g be real valued functions defined on interval
(-1, 1) such that g" (x)is continuous, g(0) #0, g 0)=0,
g"(0)#0, and f(x) = g(x)sin x .

Statement I liné [g(x) cos x— g(0) cosec x] = f" (0). and
X
Statement IT /' (0) = g(0). (2008, 3M)

Match the Columns

42. In the following, [x] denotes the greatest integer less
than or equal to x.

Column | Column i
A x| x| p.  continuousin (-1, 1)
B. | x| qg. differentiable in (-1, 1)
C. x + [x] r. strictly increasing (- 1, 1)
D. [x=1|+|x +1], s not differentiable atleast at one

in(=1,1) pointin (-1, 1)

(2007, 6M)

43. Match the conditions/expressions in Column I with

statement in Column II (1992, 2m)
Column | Column |l
A. sin (1T [x]) p. differentiable everywhere
B. sin{rt(x— [x])} g.  no where differentiable
r. not differentiable at 1 and -1
Fill in the Blanks

44. Let F(x) = f(x) g(x) h(x) for all real x, where f(x), g(x)

and hA(x) are differentiable functions. At same point

%o, F' (x9) =21 F(xp), f'(x9) =4 f(x0), 8" (xp)=—Tg(xp)
and h' (xy) = kh(xy),then k= ... . (1997¢C, 2M)
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M, x#0 .

45. For the function f(x) = [ + oV* ;
, x=0

5 0
the derivative from the right, f' (0" )=... and the
derivative from the left, f' 0" )=... . (1983, 2M)
. 1 .
—-1)2 -
46. Let f(x)= %x 1)"sin (x-1) ||, if %1 be a real

51, ifx=1
valued function. Then, the set of points, where f(x) is
not differentiable, is .... . (1981, 2m)

True/False
47. The derivative of an even function is always an odd

function. (1983, 1M)

Analytical & Descriptive Questions

%}sin_1 F@ —l<x<0
2 2
1

— x=0

48. f(x)=

b
eax/2 -1

mooo

O<x<l
2

s

x
If f(x)is differentiable at x =0 and | c| < %, then find the

value of @ and prove that 6456% = @ - ¢?).
49. If f:[-1,1] - Rand f' ©)= lim nf @5@ and f (0) =0.
n —» o

(2004, 4M)

Find the value of lim 2 (n + 1)cos™ %@— n, given that
n - o Tl

0 <a lim cos™ %QE( E.
O

n - o 2
50. Let o OR. Prove that a function f:R- R is

differentiable at a if and only if there is a function
g:R - R which is continuous at o and satisfies
f-f@)=gkx) (x-a), 0x0OR. (2001, 5M)

51. Determine the values of x for which the following
function fails to be continuous or differentiable
o 1-x x <1
[ (x) = E(l -x) 2 —-x), 1<x<2.Justify your answer.

(2004, 2M)

H 3-x x>2 (1997, 5M)
01 .10
0 Hxl "
52. Letf(x)=[xe , x#0
H o , x=0
Test whether
(1) f(x) is continuous at x = 0.
(ii) f (x) is differentiable at x = 0. (1997¢C, 5M)

53. Let f[(x+y)/2] ={f(x) + f()}/2 for all real x and y, if
f' (0) exists and equals =1 and f(0) =1, find f(2).
(1995, 5M)
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54.

55.

56.

57.

58.

59.

A function f:R - R satisfies the equation
f@+y)=f & f(y,0x,yin Rand f (x) #0for any x in
R. Let the function be differentiable at x=0 and
f" (0)=2. Show that f' (x) =2f (x) , O x in R. Hence,
determine f(x). (1990, 4M)
Draw a graph of the function
y=[x] +|1 -x], -1 <x <3.

Determine the points if any, where this function is not
differentiable. (1989, 4M)
Let R be the set of real numbers and f: R - R be such

that for all x and y in R, f(x) = f(») |*< (x — y)*. Prove
that f(x)is a constant. (1988, 2M)

Let f(x) be a function satisfying the condition

f(=x) = f(x), Ox. If f' (0) exists, find its value. (1987, 2M)

Let f (x) be defined in the interval [-2, 2] such that
0-1, 2<x<0

/@ _%c 1, 0<x<2

g@=fUxD)+If @I
Test the differentiability of g (x)in (-2, 2).
Let f () = —a% —x +1
Fmax{f(t);0<t<x},0<x<1

d
an W@ 3 cren

and
(1986, 5M)

Discuss the continuity and differentiability of the
function g (x)in the interval (0, 2). (1985, 5M)

Topic 8 Differentiation

Objective Questions I (Only one correct option)

1.

If 2°C, + @2) 2°C, + 3% 2°C, +..... + 20%)%°C,, = ARP)
, then the ordered pair (A, B)is equal to

(2019 Main, 12 April 11)
(a) (420, 19) (b) (420, 18) (c) (380, 18) (d) (380, 19)

_1 Lkin x - cos x4

The derivative of tan E with respect to g,

Binx + cosx

where ﬁc O @), g%is

2 1
(a) 1 (b) 3 (© 5

(2019 Main, 12 April 11)
(d) 2

If & + xy = ¢, the ordered pair % ,
x

to
@ 5 -5H0 B

2y00
d—zD at x =01s equal
dx*0

(2019 Main, 12 April 1)

ORI wHL-1f

If f@)=1, f@)=3, then the derivative of
FF(F@) + (F@)*at x=11is (2019 Main, 8 April 1)
(a) 12 () 9 (c) 15 (d) 33

If 2y—Dot_1 3(:0sx+sinx%z xl]@ n@ then dy is
= A ity = @y
% [cos x — /3 sin x 2 dx

equal to (2019 Main, 8 April )

60.

D;C;l, when x#1
Find /7 1) if 9 = 2 7%+
u -=, when x =1
g 3 (1979, 3M)

61. If f(x) =x tan ' x, find /' (1) from first principle.

(1978, 3M)

Integer Answer Type Questions

62.

63.

64.

Let f:R - R be a differentiable function such that
f0 =0, fiH=3and f ©)= 1

1

If g(x) :IE [f" (t)cosec t — cot t cosec t f(t)] dt
g .
for x O @), 2B then }le% g(x) = (2017 Adv)
Let f:R - R and g:R - R be respectively given by
f(x) =lx|+1 and g(x) = x* + 1. Define h:R - Rby
hw="1 Omax{f(x), g(x)}, if x<0.
Dmln{f(x) gx)}, ifx>0.

The number of points at which A(x) is not differentiable
18 (2014 Adv.)

Let p(x) be a polynomial of degree 4 having extremum
p(x) O_

atx=1, 2and hm H_ 2.Then, the value of p(@2)
1S veenennnn . (2010)
s T s 1
n_ - n_ d) 2 -1

() g " (®) x g (© 3 (d) 2x 3

For x>1, if @x)* =4¢*~ %, then (1+ 1og82x)2% is
X

(2019 Main, 12 Jan I)
)% log, 2x — log, 2

x x
(c) x log, 2x (d) log, 2x

=4(y >0), then y at x=e is
dx

equal to
@)% log, 2x + log, 2

If xlog,(log, x) - X+ y2

equal to (2019 Main, 11 Jan I)

(a) e (2e © (1+2e) @ 1+ 2e)
Ja+é 2wl4+e Ja+é 24 +é?

Let f:R- R be a function such that

f) =2 +7f (1) +xf" @+ f"@3),xOR.
Then, f(@2) equals (2019 Main, 10 Jan 1)

(a) 30 b -4 () -2 d 8

If x =3tan t and y = 3sec ¢, then the value of% att = g
is (2019 Main, 9 Jan II)
O 07

O35 @5



10.

1.

12.

13.

14.

15.

16.

17.

For x O @), l@ if the derivative of

O
nt Dﬂ[lls Jx Cg(x), then g(x) equals
L - (2017 Main)
@ 2 I g B g 3
1+ 9x 1-9x 1-9x 1+ 9x
If gis the inverse of a function f and /' (x) = ﬁ, then
+
g'(x)is equal to (2015)
(a)1+2° (b) 5x*
) ———— @1+ {g@®)}
1+ {g@))
If y =sec (tan™ ! x), then by at x =11s equal to
dx (2013)
1 1
— = 1 d) V2
(a) 7 (b) 5 (0) (d)

Let g(x) =log f(x), where f(x) is a twice differentiable
positive function on (0, ©) such that f(x+1)=xf(x).

Then, for N =1,2,3,..., ¢" Q\] @ %le equal to

1

(@-4g+= +—+ R 2008, 3M
Dl 25 (2N—1)ZS ( )
1 1 O
)4+ -= Lyl + 1
Dl 9 25 (2N-1)25
(c) = 4D1+ +i+ +71 g
o 9 25 2N +1)’g
(d)451+1+i+,,,+¥g
o 9 25 2N +1°q
d*x
—— equals
dy (2007, 3M)
-1
yO
@ 28 - £ %j}@
Odx? 0 EIde

o By - Emhy

If /" (x) =-f(x), where f(x) is a continuous double
differentiable function and g(x) = f* (x).

If Fx) = @f %@g + Eg %@gand F@) =5,

then FF(10) is (2006, 3M)
(@0 (b) 5 (c) 10 (d) 25

Let f be twice differentiable function satisfying
fA) =1, f@)=4,f@)=9,then (2005, 2M)
@f" =204 (R

(b)f'(x)=5=f"(x),for some x (1, 3)

(c) there exists atleast one x (1, 3) such that f'' (x)= 2

(d) None of the above

If y is a function of x and log (x + y) =2xy, then the value
of ¥ (0)1is (2004, 1M)
(@)1 @o

(b) -1 (2
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18. Ifx®+ y*> =1, then
@ yy' =2 )+1=0
©yy'+ ()= 1=0
¥ sinx cosx
19. Letf(x)=|6 -1 0

(2000, 1M)
(b) yy"+ (¥)*+1=0
@) yy'+ 2(y)*+ 1=0

, where p is constant.

p p D
d3
Then, — f(x)atx =0 1s (1997, 2M)
= f(
@p ®) p+ p°
() p+p° (d) independent of p
20. If y2 =P (x) is a polynomial of degree 3, then
y|:|
Dy ——0equals (1988, 2M)
dx 0 dx?0
(@ P" @)+ P (x) () P" ()0OP"" (x)
() P (x) P"" (x) (d) a constant
Fill in the Blanks
21. Ifxe® =y +sin®x, then atxzo,% =.... . (1996,2M)
x
22. Let f(x) =x|x|. The set of points, where f(x) is twice
differentiable, is ... . (1992, 2M)
23. If f(x)=|x—-2|and g(x)=f[f(x)], then g’ (x)=...... for
x> 2. (1990, 2M)
0 0
24. The derivative of sec ' - 5——Lwith respect to
0 2x*-10
V1 —antx=%is ...... . (1986, 2M)

25. If f(x) =log, (log x), then f' (x) at x=eis ...... -(1985, 2M)

26. If f.(x), g,(x), h,(x),r =1,2, 3 are polynomials in x such

that f,(a) = g, (@) =h,(a),r =1,2,3
L) foto)  f3(x)
& g g,
hi(x) hy(x) hg(x)
then F'' (x)atx=a is...... .

and F(x)=

(1985, 2M)

27. Ify=f B!;Elandf (x) = sin’x, thend— .......
dx (1982, 2m)

Analytical & Descriptive Questions

28. Ify= ax’ N bx +_C 4
s x-a)@-b)(x-0 @E-b)Ex-0 &-0o
Provethaty 1% 9 4 b T EL (1998, 8M)

y xla-x b-x c—x0

29. Find by at x = -1, when
dx

¢! @x) +2% tan In (x + 2) =0.
(1991, 4M)

30. Ifx=secB —cos O andy=sec" 0 — cos"6, then show that

(% + 4) g%yg =n? (y% + 4).
X

X sinE x
(siny) 2 +—se

(1989, 2M)
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31. Ifa be a repeated roots of a quadratic equation f(x) =0 34. Let f be a twice differentiable function such that
1983, 3M
and A(x), B(x) and C(x) be polynomials of degree 3, 4 and = f ). f ()= g @) and ( )
| Aw - Bl O | h=If @1+ g @
5 respectively, then show that| A@@) B@) C@) |is Find A (10), if h 5) =11
A'"@) B o) C 5 :
. . @ @ i 'Q) 35. Lety= xsmxg+(tanx)x, findﬂ
divisible by f(x), where prime denotes the derivatives. dx (1981, 2m)
1984, 4M X
( ) 36. Given, y= _ 5% cos? @x + 1), find == dy
32. Find the derivative with respect to x of the function 341 - x)? dx (1980)
10, sin ) (1 Y +sint B25 Ho
= lo sin x) (log 4, , COs x sin” :
M 8 sin x A+ x Dg Integer Type Questions
n 37. Let f:R - R be a continuous odd function, which
atx=—.
4 (1984, 4M) vanishes exactly at one point and f(1) = %
/x _
33. If (a + bx) &'* =x, then prove that Suppose that F(x):J' lf(t) dt for all xOf 1.2] and
d y g . -
(1983, 3M) G(x) =J' tlf{f(t)} |dt for all «x0Of1,2]. If
im F _ , then the value of f %le
-1G@) 14 (2015 Adv.)
Answers
Topic 1 11. a—gb ¢?12, a= 13.a="p=""
1. (b) 2. (c) 3. (d) 4. (a) 6 12
5. (c) 6. (b) 7. (a) 8. (b) B
9. (d) 10. (c) 11. (b) 12. (d) g@og %@‘ e *=0
13. (d) 14. (o) 15. (0) 16. (o) 4. flx)= . Ix
17. (d) 18 (d) 19. (b) 20. (c) B %+x§ ’
21. (a) 2. (d) 23. (a, c) 24, -1 3 1
2. 1 26. h2hr —h*,—— 27. -1 15 a=—Sc= andb DR 16. (d)
128r
28. 7 29, 2 30. False 31. log, 4 Topic 5
m
2 . 1. (a) 2. (d) 3. (d) 4. (b)
32. a_ 1cosO( + 2asina 33. 0 5. (o) 6. (d) 7. (b) 8. (b, ¢
34, 5 35. (7) 36. (2) 9. (ab,d) 10. x O(e0 ,—-1)J [0, }[ 1,0)
11. fand f"" are continuous and f” is discontinuous at x = {1, 2}.
Topic 2 )
1. @ 2. (b) 3. (d) 4. (a) Topic 6
5. (c) 6. (c) 7. (d) 8. (¢ 1. (b,c,d)
9. (b) 10. (d) 11. (¢ 12. (c) (k+a+1, ifx<-a
13. (¢ 14. ¢ 15. ¢° 16. ¢ Bx+a -1)% ifa <x <c
= 2.
17. a =2 sfek = Dx +b, ifosx<1
Topic 3 Hx-2)"+b, ifx>1
L (o) 2. (a) 3. (b) 4. (bo) a=1b=0
5. (1) 6. 1 gof is differentiable at x = 0
. -x, 2<x<3
Topic4 Sl * ) )
4. g(x)= 5 + x, 0<x <1, discontinuous at x ={1, 2}
1. (a) 2. (b) 3. (b) 4. (c) @ C e l<x<o
5. (c) 6. (b) 7. (a,b,d) 8. (a, d) _ -7 -
9. (bd) 10, f(x) =4 - ° Discontinuity of g at x = {1, 2}

Download More Books: www.crackjee.xyz
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Topic 7 59. g(x)is continuous for all x (0, 2)- {1]and g(x)is
1. (b 2. (@) 3. (b) 4. (c) differentiable for all x 1J(0, 2)- {1}
5. (b) 6. @ 7. () 8. (a) 60. 20 6L % oo 63. (3)
9. (c) 10. (a) 11. (b) 12. (d) 9
13. (b) 14. (c) 15. (b) 16. (a) 64. p(2)=0
17. (d) 18. (d) 19. (a) 20. (d) .
21. (o) 22, (d) 23. (a) 24. (a) Topic 8
25. (d) 26. (a,b,d) 27. (b,c,d) 28. (b,c) 1. (b) 2. (d) 3. (b) 4. (d)
29, (ab) 30. (b,c) 31. (a,d) 32. (b.c) 5. (b) 6. (b) 7. (b) 8. (o)
9. (b) 10. (a) 11. (d) 12. (a)
33. (b, c)d 34. (a,b,c,d) 35. (b, o) 26. (a, d) 15 (o 1 15, (b 16 (o
37. (a,c,d) 38. (a, b) 39. (b, d) 0. (a, b, d) 17. (a) 18. (b) 19. (d) 20. ()
41. (b) 21. 1 22, x OR- {0} 23.1 24, -4
. . . —_ 2 p— p— -_—
42. (A) - p.q1,8B) > p,s;(C) > 1,5 (D) - p,s 95, 1 2. 0 o7, 2(x2 x : 1) E‘kinzng 1 Q
43. (A) > p; B) > r 44, (24) e (x*+1) ke +1
45. f(0") =0, f(07) = 29, > g &, % 33. 11
_ loge* 16+
4. x=0 47. True 48. (a=1)  49. Q—EQ /T -3 o8¢
n 85, e*sin®’ (3x° cosx” +sinx”) +(tan x)*[2x cosec 2x + log (tan x)]
51. (1,2) 52. (i) Yes (ii) No 0o s
2x T —2sin (4x +2),x <1
53. (- 1) 54. e 55. {0,1,2)  57. f(0)=0 36. %(1 - x)? 37. ()
58. g(x)is differentiable for all x ¢ 2,2} {0,1) g.ﬁ 2sin (4x +2), x >1
x—-1
Hints & Solutions
. 0 00 2 _
Topic1 —and —Form 2. Ttis given that lim * % *% _5 @)
0 00 x-1 x—1
1. Let Since, limit exist and equal to 5 and denominator is
x+ 2sin x ) 0 zero at x = 1, so numerator x> — ax + b should be zero at
P =1lim %forma x=1
x - 0 _ )
Vo +2sinx 1= sin’x—x +1 So l-a+b=0 0 a=1+b .. (i)
On rationalization, we get On putting the value of ‘@’ from Eq. (ii) in
P =lim (x+2sin x)2 Eq. (1), we get
105 +2sinx+1 -sin®x +x -1 2 _ 2 _ ) — -
. . lim & (1+b)x+b:5|:|1im(x x) —b(x 1):5
X(\/x +2sinx +1 +\/sm x —x +1) X1 x=1 x-1 x=1
=lim (\/x2+281nx+1 +\/sin2x—x +1) ad hmw:5[l lim (x - b) =5
x- 0 x -1 x—1 x -1
x lim — EALLLE: 0 1-b=5
,‘H x"—sin“x+2sinx +x 0 b=-4 ...
=9 x lim x+2sinx LY formD On putting value of ‘b’ from Eq. (iii) to Eq. (i1), we get
2202 —sinx+2sinx +x ) H a=-3
Now applying the I Hopital’s rule, we get So, a+b=-17
P=2xlim .1 * 2 cos x 3. Given
x-02x-sin2x+2cosx +1 ’ ‘_q B
—g_U*2) [on applying limit] liInlx T dm e
0-0+2+1 pplymg X - X — x- kX
3 @-D+1)E" +1)
=2 x g =92 u i Inl x—1
x+2sin x (x = k) + k% + xk)
O lim =2 =
x*‘ﬂ/x +2s1nx+1—\/sm x—x+1 Xk (x=R)(x+k)



190 Limit, Continuity and Differentiability

2
0 2 x2 =%
2k
O k :§
3
4. Givenlimitislim ——=—— sin’x formD
x-0 f 1+ cosx % E
.2
=limLxx §'1+cosx:2cos2§§
=02 —«Ecosg 2
. sin®x
:hn%ix
* ﬁ@l - cosfg
2
.2
=lim Shx g'l—cosf :2sin2§é
0 /2 x 2sin %@ 2 4
=lim 42 [lim sin x = lim x]

XﬁOZ«/;ggzmz 2.0 £-0

t? t
5. Given, limit = lim cot x~ranx

x - TU/4
CcoSs

1-tan’x 0 1 O
= lim ) X B cotx = E
x-m/a 1 (cos x — sin x) tan® x tan x
- lim (1 - tan?x) » V2@ + tan®x)
x - /4 COS X —Sin X tan® x
cos?x - sin? X f(sec x)

= lim

x- /4 cosx—sinx

cos? xtan® x

2

[ 1+ tan?x =sec?x]

(cos x —sin x) (cos x + sin x) « V2 sect x

= lim -
x - /4 (cos x — sin x) tan® x
[+ @®=-b* =(a -b) (@ +b)]
4
= lim ﬁL;x (cos x + sin x)
x - T/4 tan” x
= [ G2)' g1 LD [on applying limit]
T Be R
020
=42 =8
28
. xcotdx .. x 1  tan®2x
6. lim —3 5— =lim S
x-0sin“xcot“2x -0 tandx sin“x 1

4x x2 tan2 2x

lim
-0 4 (tan 4x) sin?x

L O 4 (tan 4x) Elsln xg Qtan 2xg

u

. X tan x[J
clim—=1= hm
x-0 sin x 0 x B

=7DDDé =1
4 1

7. Clearly,
J1+ 1 +yt =2
lim L y
y —

i \1+ 1+y -2 VL 1+y +/2
y-0 1T+41+y* +42

[rationalising the numerator]
4y _
= lim — UAVIYY) "2 i+ b)(@-b)=a® ~b7
v <J1+\/1+y +42)
= lim “1+y _ “1+y4+1
v 4(\/1+1/1+y +4/2) \/1+y +1

[again, rationalising the numerator]
4

= lim

yﬂoy(\/1+ J1+ o' +42) 1+ +1)
2ﬁx2

(by cancelling y* and then by direct substitution).
1
W2

cotx —cosx _

1 gos x(1 —sin x)

8. lim =i
x- W2 (T = 2x) xarr/28 % xg
sin x[— —
cos h@é—sm% h@g
= lim
QOS
sm%—h@%——+hg
2
_1 lim sinh (1 - coss h)
8h-0 coshlh
sinh@siﬁﬁ@
1.. 2
thmi3
h-0  cos hlh
sinhl}i;in2%§
1..
=7hm37
4h-0  h°cosh
Hhin
:lliméﬁlnh 3 2E|D 1 Bl,:lxl :i
4n00 B Og h g cosh 4 4 4 16
0o O
9. 1lim sin(m cos? x) ~1im sin Ti(1 - sin®x)
’ x-0 x2 x-0 xz
. _ . 2
= lim sin(Tt ;‘[sm x)
x-0 X
. . 2
:hm%‘zmx) [+ sin (T — 6) =sin @
x-0 X
0 .
—lim smT[s12n xx( )%m X He 0. limsmG:lD
x-0 TIsin“x 02 0 Heo 0 H



(1—cos2x)(3 + cos x)

2sin? x(3 + cos x)

10. Wehave, lim =lim
x-0 xtan4x x-0 xxMx@c
4x
_ 2sin?x .. (3+cosx) 1
=lim 3 xlim X
-0 x x-0 4 lim tan4x
x-0 4x
0 ,. sinB tan O
=2 x-x1 = 11 =1 ndhm—:
= - E
=2
11.  puan glzgform
m, ifn<m
n n=1 B itp=m
im dox tax" 4. +a, :[ﬁov
xoo b+ b+ 40y G, ifn>mandaghy> 0
E— oo, ifn>mandagy< 0
Description of Situation As to make degree of
numerator equal to degree of denominator.
24 x4+
0 lim L e p=4
x-o0o[] x+1
2 D NS S
O limx+x+1 ax” —ax —bx b=4
X x+1
21 - —q - -
0 limx(l a)+x(l-a -b) +(1 b):4
X x+1
Here, we make degree of numerator
=degree of denominator
g 1-a =0 0 a=1
and 1mx(1—a—b)+(1—b):4
x - x+1
a l1-a-b=4
d b=-4 [ (1-a)=0]
12. Here, h f@h+ 22+ W) - f @)
0 fth=-h"+1)-f @)
[ f"@)=6 and f' (1)=4, given]
Applying L’Hospital’s rule,
- lim {f' @h+2+ h%}0O2 +2h) -0 _'em
R0 {f' (h-R2+1)}01-2R) -0 f'()0O
6—21 = [using /' @2)=6and f' (1) =4]
13. Given, lim a=-n)nx- ;an 1 sin nx 0
x - 0 X
g lim a—n)n—wmwxnzo
x- 0 X nx
a {(@a=-n)yn-1}n =0
ad (a@a-n)yn=1
1
a=n+-—
n
14. Lim (cos x—1) (cos x — %)
x - 0 x"
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0 xz x4 O O
%2sin2§§ 2! 4! 0 |
2
2 E —E][+x+;+fv+ EE
0 ! ! 0
=1
xI% x"

Above limit is finite, if n =3 =0, i.e. n =3.
x tan 2x — 2x tan x

15. lim 5
x-0  (1-cos2x)
NOTE  In trigonometry try to make all trigonometric functions in
same angle. It is called 3rd Golden rule of trigonometry.
2t
L;C —-2x tanx
. 1-tan“x
= lim 5
x- 0 @2sin”x)
O 1 0
2xtan x -1
= lim % —tan®x H
x-0 4sin x
0 -1+tan?x0
2xtanx G—————5——[J
. 0l-tan®x
= lim —
x -0 4s8in” x
Fan xg 3
2xtan® x

x-02sin? x (1 -tan?x)

an xg
E x 10 1

=llim = ==

i . 4 14 _
2 owg (L —tan?y) 21)*1-0) 2
X

x~02s1n x(1-tan?x)

16. LHL = thz(x_l)
) x - 17 x—1
2 1)
wl sin? (x -2 lim | sin (x 1)
xal x - 17
Put x=1-h,h >0, forx- 1 ,h >0
=«/§lim|sjn(_h)|
ho O -
_\/—1 sin h -—
1- 2(x-1
Again, RHL = lim L")
x-1* x—1
- lim ﬁ|s1n(x—1)|
x-1 x-1
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Put x=1+h,h >0
For x - 1+,h—>0

:hm«/§|smh| = lim 42 s1r}1lh:\/§

h-0 h h-0

O LHL # RHL.

Hence, 2?1 f (x) does not exist.
1. 2
17. lim e = Jim L .[sinxl
: x-0 X x-0 \/5 X
At x=0
. 1 sinh 1
RHL =lim —- =—
=042 A J2
. 1 sinh 1
and LHL =lim ——- =——
ha0+2  —h V2
Here, RHL #LHL
0 Limit does not exist.
in [x]
18. Since, f() =1 [ = 970
g o, [x] =0
n [x]
sl or o1
0 f@=0 g TTELD
0, 0<x<1
At x=0,
RHL= lim 0 =0
x-0"
and LHL= lim S20 _ i, s 0=7]
=00 [x]  h-0 [0-Ah]
=lim L(_l) =sinl
o -1
Since, RHL # LHL
0 Limit does not exist.
0 0
19. lim H 12+ 22+... n2D
n— 0 Bl -n 1-n 1-n°0
_ 1+2+3+...+n _ nn+1)
oo (1-n? new 2 (1 -n)+n)
0 lim—"_=-1

m =
w2 (1-n) 2
20. Given, f(a)=2,f'(a)=1,g(a)=-1,g"'(a) =2
lim £ @ f(@) ~ g (@)f )

X-a xXxX—a

i & @@= g@)f @
x—a 1-0

O

[using I’ Hospital’s rule]
=g (@)f(a) - gl@)f' (a)
=2@-C-H@®)=5
21. Given, G(x) = -25 -2°
lim Gx)-GQA) _ lim G' (x)-0
x-1 x—-1 -1 1-0
[using I Hospital’s rule]

O

1
V24
0O 9y O
E- G =-+25-220 G (x)=———0

2./25 -2 H

=G (1) =

22. We have,

z -4 1 t
=S tan™' for all x0(
R e 1 s A

M L OG+)-G+j-1) 0
SO D

Jj=1
0 f@= [tan @) ~tan @ +j D)
=
O [, (@) = (tan”t(x + 1) —tan "' %)
+ (tan” '(x+2) —tan~ '(x + 1))

+ (tan” '(x+ 3) —tan” '(x + 2))
+...+(ttan '(x+n) —tan"'(x +n -1))
O f,()=tan"'(x+n) - tan”l x
This statement is false as x #0.1.e., x 0O ).
(b) This statement is also false as 0 0 (0 )
() f,(x) = tan"'(x +n) —tan"' x
xlinolo tan(f, (x)) = xhn:o tan(tan™! (x+ n) —tan™! x)
. . o n a
O glnzc tan(f,(x)) = xh}rlo tan%tan Fp———
n

=lim —— =0
2
x-o]l+nx+x

O (c) statement is false.
(d) lim secz(fn(x)) =lim (1 +tan? f,, (%))
B =1+ lim tan?(f,(x))=1+0=1

0 (d) statement is true.
2

a-vVa? - .
23. L:lim—4 ,a>0
x- 0 X
0 1% 1@ a
O 2 5 - 4 o .2
a—aEID—l 2+2 E’%—..D—x—
0o 2 a 2 a 0 4
. E i
=lim 7
x-0 X
2 4 2
00 YE S
:lim2a 8 a4 4
x- 0 X
Since, L is finite
g 2a=4 0 a=2
a L =1lim 13 =i
x- 08 64
24, lim log (1 +2h) ~21og (1 +7) II)formE|
o0 A2 B H

Applying L'Hospital’s 2rule, wg get

. 1+2h 1+h
—llmi
h-0 2h



2+2h -2 -4h
lim
h-0 2h 1 +2h) (1 + h)
-1
Iim —— =
h-0@1+2h) A+ h)
E$1nx X Z N, n=0,£1,%£2,...

EJ 2,  otherwise

Qfey+1 , f)#0,2

25. Given, f (x) =

elf@l=H 4 . fw=0
H 5 . f=2
0 g[f(x)]zgsmzx)"'l,x#,nnzo,tl,.‘.
5, x=nm

Now, lim g[f(x)] = lim (sin®x)+1 =1
x-0 x-0

26. Given, P =2 (J2hr - h% +2hr)

A

Here, BD :\/r2 -(h-r?= \/2hr - h?
0 A:%-ZBD-h:( ohr — 1) h

A h A[2hr - h?
0 lim — — =lim
B0 PP 00 g (Johr — b + 2Ry

_1 h3/2(/2r_ )
-0 8% (J2r —h +2r)’

_1g vero 1
8 (V2r ++2r)y 128 r
Epc4sin1+xg x4sin1+x2
27. lim 0——*——0= lim ——&—

o] 1+]x]? O %= 1-4
0 0

On dividing by 2, we get
sin (1/x) + 1

1 x
lim — % 10
peme 1 0-1
»
2
+x“=-16x+20 .
fx#2
28. f@W=0 (x-2) X
H k Lifx=2

Since, continuous at x = 2.
+x2—16x +
0 f@)= hm;? x% —16x +20
X -

(x-2)? ,[using L'Hospital’s rule]
—
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. 3x%+2x-16 .. 6x+2
= lim = lim =7
x-2 2(x-2) x-2 2

t k=17

29, lim (1 - %) tan?

x -1
Put x-1=y
0 -lim ytanE(y+1)——lim yD cot%y@
y-0 2 y-0 H_ H
0 T [I

a vy
—hmﬂi[l[?f —
yﬁthan— Dn T

2

30. If hm [f(x)g (x)] exists, then both lim f(x) and lim g(x)

X - a X - a

may or may not exist. Hence, it is a false statement.
* - Jl+ax+ 2¥ =11 +x +
31.11m21x1x11 DE1+x+1)
-0 1+x-1 Jl+x+1 x-0 x
= log, @) [©2)
=2log,2 =log, 4

32. Here, lim (a + h)*sin (a + h) —a’sina

) h
2 - s
~1im & [sin (@ + h) —sin a]
h0 h

+ h [2asin (a + h) + hsin (a + h)]
h
a2 cos QJ + ﬁ@@.inﬁ
2 2
) 2&
2

=qg2cosa +2asina

. s 1/2
33, hm P sin x }le%(x sin x)
x+ cos?x liné(x+ cos? x)l/2
X
.. O @ sin x@%ﬂ
lim -—=
_ X 0 g X

T limO+1)"2
x-0

+ Qa + h) sin (a + h)

0-0

=—— =0
1
34. limA— > 1  Helim— 1
-1 Jx-1)@x—-5)0 =x-1 @2x—5)
-1
3
2 .
35. Here, lim * S0 69 _
x - 0 0x—sin x
O 3 5 O
xz%gx_MJ,M_mD
. 3! 5! O
0 lim =1
x- 0 o £ ¥ 0
ox —

-——+—-...00
o 3! 5! H]
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3. 2 5.4 0
x3%B B B -..0
. O
a lim =1
x- 0 _’X,'3 x5
@-1x+=—+=—
31 5v
Limit exists only, whena —1=0
O a= 1 ...Q0)
D 5 4 0
%B B:T 5x ~g
O lin%) 5 3 . o =1
X —
Ao -% - 0
B! 5! O
0 6B=1 ...>11)

From Egs. (1) and (i1), we get
6@ +P) =60 +6p
=6+1=7

cos(a™) _ [
36. Given, lim (b ~¢0- _°
aaoa a™ E 2
cos(a”)-1 _ ny _ _
lime{e I}Dpos((x) 1_-e
a-0  cos@™) -1 a™ 2

d

. ga”
cos(a™) 1_15 -2sin 5
0 lLime 3 Jdim =-e/2
a-0  Fcos(@ -1 Ea o a”

sinzﬁg

. 020 -
ad ex1x(-2) lim 7ZEL:—6
a-0 o 4a™ 2
4
cx2n—m —e
0 ex1x-2x1xlim =
a-0 4 2
For this to be exists, 2n-m =0
O -9
n

Topic2 1% Form, RHL and LHL
1
1. Letl—hmD1+ @+~ [
X |31+f(2 x) - f@)0
10 _1+/3 +x)-f(3)0

lim —

[1% form]

0 =030 1720 (20
M+ f(2-%)-f(2 -1 -f(8 +x) +f(3)0
lim
-0 A1+ f(2-x) /(D)

=e
lim F2-0) /@ +0) +f(3) -f(90

1
e I N C)

On applying L’'Hopital rule, we get
0 —f@-f@B+x O
I=e =@ + f2-x) -]

On applying limit, we get
g -f'@-f@6) E
M=o+ £ -f(2

l=e =" =1

So, limf I+ f@+x) - f(?’)Ebf_1
x~00l + f2 -x) - f@)U

lim f—m

2. LetL=
x - 17 N1-x
L tim JryBein T e 2sinx
x-1 Jlox  Jm+vasmis
[on rationalization]
lim m-2sin'x 1

RS Ji-x Jr++2sin ! x

I m— 2% cos” xg
lim 1
JEESh J1-x \/ﬁ+\/25in_lx
1 g

E' sintx+costx= EH

Iim 2 (3()5_1 x lim

x-1 J1-x x—»l \/7+*/281n x

1 lim 2cos'x lim om0

2\/7x—.1 e qulsm x—§H

Put x = cos B, then as x — 17, therefore 8 - 0*
1 lim 20

Now, L =—— —
2Jm 8 - 0" J1-cos®
1 lim 20 0 . 5,00
=— f———— 5 1—cosB =2sin” —
2T 0 - 0 ﬁm%@ H 28
1 2]
=——Q2 lim ————
2 6-0" sin%@
1 2 0 lim 0 a
:72\/7 :\/i . . =1
PN T x> 0" sinB E

Key Idea lim f(x) exist iff
X -a

Iim+ f(x) = lim f(x)

At x=0,
RHL = lim tan(msin? ) + (| x| —sin(x [x]))?
x- 0" x?
- lim tan(mtsin?x) + (x —sin(x [0))?
x-0" x2
O ~vlxl=xforx>0 O
Eﬁnd [x] =0 for 0 <x <1E
) 2
_ lim+ tan (T[s1r; xX) + X
x-0 X
.9 ) 0
- lim E}tan(nsm x) Tisin®x +1H

x-o0* 0 msin®x % O
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.2 .2
= lim BR@SINTD L, sinx (= h+sin ) sin (- 1)
x- 0" Tsin” x x- 0" X = lim
0 1 tanx_l[l hoot h(—l)
=+l iR (- ld=-1for-1<x<0 andh - 0" [ h. 0
nd lim —==1
Hl x-0 x H = lim_ (= h +sinh) h+smh) @;Q

and LHL ho ot

.2 + o 2 .
- lim tan (Ttsin” x) (2|x| sin (x [x]) - lim Fm h@ hm %Q
x- 0 X oot h
.2 + (= x —gi _ 2 . D
- lim tan (Ttsin” x) (2 x —sin(x (-1)) Fln Q_ hm %Q 1-1=0 sin h
x- 0" X B h - 0 H
vlxl==-xforx<0 [ . .
. ox(x]+lxl)sin [x] _ ;. x([x] —x)sin [x]
Eand = -1 for -1 <x <0H 5. xhnol, %] = xhnol, - .
.9 _an2 .
- lim tan(Trsin® x) +2(x + sin(-x)) (-] x| = - x ifx <0)
-0 x 1 =) qin (=
' . o, = lim XC1Z0sinC) ¢ lim [=-1)
- lim tan(msin® x) + (x —sin x) x- 0 -x x- 0
L0 2 . —x(x+1)sin(-1
v 0 x [+ sin (- 8) = —sin ] = hn(} % hnol (x +1)sin(-1)
. - X - - X -
-5 Ctan(msin?x) + 22 + sin®x —2xsin 20
=, 1“3,5 2 % = (0 + 1) sin (~1) (by direct substitution)
=-sinl (. sin(-0) = —sin B)
.. [kan(msin®w) sin®x  2xsinx0
- xhng_ E 2 +1+ 2 - 2 E Key Idea Use property of greatest integer function [x]= x — {x}.
. Ctan (sin?x) msin®x sinx _ sinx0 o, 2o, .05
= lim O . + 1+ -2 O hm x
x-0 0 Tmsin®x x? % x O H %H 57
- lim tan(msin? x) lim Tsin®x . We know, [x] = x —{x}
v-0  Tsin®x  x.o0 a7 0 oo_1_rg
1+ L sm2 91 sin x BH «
x - 0 X x>0 X

=m+1+1-2 =1
-+ RHL # LHL
0 Limit does not exist

4. Given,

(1- x| +sin |1 —xl)sin% [ —x@
lim
¥ 1t 1-af[1-x]
Put x=1+ h,then
x-1"0h -0

(1 = x| +sin |1 —xl)sin% [ —x@

ad hm
x-1* 1-af[1-x]
A -1h +1] +sin|-h|)sin- [-A]
= lim % @
ho ot |- Al [- A]
A-(h+1)+sinh)sinf- [-hA]
= lim % @
hoo* h[-h]

(cl-hl=hand|lh+1=h+1lash >0)

rd_n

Similarly, aaz n_ %ﬁ
OGiven limit = hm xB; B;E+ 2_ %ﬁ+ ﬁ - Eﬂ5%
x x

X
. _O1m. 2R
ima ez e e Bl B

g 0< %ﬁ 1, therefore
=120 -0 =120 0
[G)Sx%ﬁ<xlj lim x%ﬁzo
D x-0
- +11 - | 0
/’(x):1 M1 +]1 Jd)coslj ! a
[1-x| O - «0
- +1- 0 g
Now, lim f(9= lim - *0+1=9 g1 J
xo1” xo1” 1-x O -x0
d
=lim( - x)cosE)—I] 0
x-1" o -
. . - - O O
and lim f(x) = lim 1-x(1 -1+ cosd ! d
x-17 x-17 x—1 - x0

= hm (x+1) @osgx—g which does not exist.
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8.

9.

10.

11.

1

Given, p= lim @ + tan®x) 2 1% form)
x- 0"
fm f2VE Lo Pran Ve 1
=exﬁ0+ Z :ezx*0+D‘/7 o 6’2
1
O log p =log e2 =
PLAN  To make the quadratic into simple form we should
eliminate radical sign.
Description of Situation As for given equation,
when a - 0 the equation reduces to identity in x.
ie. ax’+ bx+c=0,0x0Rora=b=c -0
Thus, first we should make above equation independent
from coefficients as 0.
Leta +1=t% Thus, whena - 0,¢ - 1.
O -2+ -Dx+(@ -1) =0
O ¢-D{E+Da>+ @2+t +1)x +1} =0,ast — 1
2x% + 3x +1 =0
0 2% +2x +x+1 =0
ad Qx+1)(x+1)=0
Thus, x=-1,-1/2
or lim a(a)=-1/2
~o*
and hm Bla) =
Here, hm {1 + x log a+»s )}]jx [1% form]
hm {x log (1 + b2 ) d
.
= B0 = (1 4 p?) )
Given, hm {1+ xlog 1+ b)* =2bsin?6
g 1+ b?%) =2bsin?6
2
+
O sin2g =170 (i)
2b
b+ L 2
By AM>GM, — 0 > @%@V
b +1
a ...(uy
2b )
From Egs. (i1) and (i11),
sin?0 =1
T[
a 0= 5 as0 0¢ m, 1
Here, lin%) (sin V" + lin’{) %g

U R
_0+11me Q»g eXIHOCosecx %1%(Slnx)x_>0D

x - @s, (decimal)® - 0Q

12.

13.

14.

15.

16.

17.

Applying L'Hospital’s rule, we get

| LD
. xB—xZE . sinx
Iim ———— lim tan x
exao—cosecxcotx:exﬂo x :€O:1
7+ 00

Let y =

0 a
O hrnlogy—hm D[Di(l_'_ )Df 1+ )D

[using L Hospital’s rule]

fa 3
O log @imoyg =2 0 limoy = ¢

X —
For x OR, lim MD’C— M——26_5

e xm(1+2/x)x &

lim [(1 + 5P

%1 + 5x2DU

lim %:62
2 B T 320 11m[(1+3x)”3’“]
4 +4
) +60 .4 iy ©
lim 3780 = im g2 [1” form]
%o o Qx+10] x - o [] x+10
lim 2(¥+%)
L, r-w x+1 :e5
lim %an% x@ﬂ
x-0[]
O n :
tan — + tan x 1 + tan xd/x

=limg—2% 7 =lim
=00 —tan " tanx0 *- 0L ~tanxp
O 4 O

B [(1+tan x)l/tanx]tanxjx _ el e
glﬂ 0 [(1 tan x) Utanx] tan x/x _ej -e
PLAN fim SN = 4
x-0 x
A +x)( -x)
] -Jx
Given, lim E}bm @-1)+a- x)D ! -1
‘x-1f(x—1)+sin (x-1) O 4
Osin (x- 1) aﬂ*”
. H@-1n B _1
fmb Sme-DO T4
xﬁ1|:|1+ sini(x 4
B (x-1) E
0 gﬂg:l 0 (@-1)2=1
2 4
0 a=2or0

Hence, the maximum value of a is 2.
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Topic3 Squeeze, Newton-Leibnitz’'s Theorem and Limit Based
on Coverting infinite Serie s into Definite Integrals

1. Given a and B are roots of quadratic equation

375x% - 25x -2 =0 Taking log on both sides, we get
25 1 . x
0 a+B=—0-=— .. o Ch
P=375"15 ® O n'(x+n) +g@ Q&c+£§ 0
g n g
and aB=-—2 .. (&) log, {/()} = lim log W20 0. n?0
375 Oh!(x* + n?) Dcz +—0... 0%+ =00
B 4070 n’0F
Now, lim Z a” + lim ZB
S ABelg 8
=@ +a?+a? +... +upto infinite terms)+ = lim = Mog O r=1 rin 0
@+ B? + B> +... +uptoinfinite terms) n-®n Sn" @vz + 1 zﬁ A /n) E
a B 0 a 0 o=t (r/n)“Ur=1 O
= + o Se = for GPy
1-a 1 —B 0 -r 0
_a(l-p)+B(1 -a) _a —oB +B —op 0 L+? O
1-a)@-p) 1-a-B+ap =x lim — z 1OgEt| 2}" B
__@+B) -2 SR B | E L Rt
1-@ +B) +ap /£ r°0 ng
On substituting the valuea +3 = S andaf = —2 from O, O
15 375 1 n O—k+10
Egs. (i) and (ii) respectively, =x lim — log 20
we get nooon 4 Or Dc2+1[|
1 4 Bﬁ H
_ 15 * 375 _ 29 _29 _ 1 Converting summation into deﬁnite integration, we get
T,_1 _ 2 375-25-2 348 12 +10
5T log,{f(} == [, log %gd
sec?x _
If(t)dt Put, tx=z
9 1 ; 1) fore O xdt = dz
o lim 2 orm + 20
AL I D log, {(x)} = [ log gl *zHdz
16 O+ 2°0 x
- f(sec® x) 2secx secxtan x 01 +
coma 2x 0 log, ()} = [, log %D dz
[using I Hospital’s rule] ) .
2 fQ) _ Using Newton-Leibnitz formula, we get
*f( )
/4 T 01+ 0 .
—Df () =log G——0 ... (1)
zn . @ 0 + 0
3. Let I= lim = hm R —
nawn n +7‘ n-en —1 n\1+(r/n)2 Here,atx:l, f'(].)
- lim l rin 70 g (1)=0
n-— o 2
nr:1 1+(r/n) 0 f(].)—O
5 . e
:IO x . dy = [mlz =5 -1 Now, sign sc}ieme of f' (x) is shown below
A 1+x | —
4. Here, x=1
0 Dﬂf 0 Atx=1, function attains maximum.
O n"(x+n) @c + ﬁ@ @c+ EQ 0 Since, f(x) increases on (0, 1).
f@)= lim 3 2 n_ 0 x>0 D F1) > f1/2)
UG+ n?) O3 + rLE %CZ + %ED 0 Option (a) is incorrect.
A 4070 »°0F F(1/3)< f@13)

O Option (b) is correct.
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Also, f (x)<0, when x>1
a f@2<0
O Option (c) is correct.
e,
f ()
@ _
f@)

01 +x0
0 + x%0

= log %Q log %@

=log 2/3) <0
. FO_ 10
@  f@

O Option (d) is incorrect.

. We have,
1 1/n

Yo = [ +1) (0 +2)...(n+n)]
n

Also,

NIOR
f®)

and lim y, =L

n- o

O  L=liml[m+1)@n+2)m+3)..

L:Jm%+1§+2@+3§,,,§+n%

og f+ [ togff + . 0g] + T
PR

0 ogL= !} *logt + 3 d

J’ﬁi (log(l +x) J'dxad

[by using integration by parts]

(n + n)]l/n

|

0 logL = hm

n- © 1

0 logL = lim —

n- o 1

0 logL =(x Oog (1 + x))

1
O logL =[x log(l + x)], - d
gL =[x logll + ) = f —*— dx
10k +1 d
0 logL=log2- Odx
8 8 J'OD><+1 x +10

0 logL =log2- [x]0 + [log(x +1)]})
O logL=1log2-1+log2-0
d logL:logél—logeZIOgé ad L:é O
e e

L] BlD_

- EH

* costtd
lirnJ’OL 0 formE|
x-0 xsinx ) B

Applying L’Hospital’s rule, we get
2.2 _ 2,2
— i °8 x)2x-0 _ 2[kos*(x") _ 2

- lim =1
x-0 xcosx+sinx

x- 0 sin x +
cosx + —— 1 1
X

Topic 4 Continuity at a Point

1.

Given function is
V2 cos x—1 ezl
flx) = Dj cotx—1 ’ 4
g k , X= I
a 4
- Function f(x) is continuous, so it is continuous at
x=l
4
0 FELH=lim £
T
lim _
0 b= T V2 cosx-1

Put x:g+h, when x -

X - — —
4 cotx—1

E, thenh - 0

_ lim ﬁcos%+h@—l
h =0 cot%+h@—1

01 1 0
. V2 cosh— sin A1
_ lim % J2 H
h-0 coth-1 _
coth+1

[ cos (x+ y) =cos x cos y —sin xsin y and
t ty—-1

cot(x+y):CO xcot y
cot y+ cotx

_ lim cos h—sin h -1

h - 0 -2
1+coth
. _ . 0
_ lim E{l cos 'h) +sin h (sin h + cos )
h-0[ 2sin h 0
Lim %sm ﬁ+ QSlnﬁcosﬁ D
= 2 2 (sm h + cos h)D
h -0 I:I 4sin — cos— O
O 2 2 O
1 %;in h + cos h d
1 9 9 ad
:hlm Ez%ﬂx(sinh +cos h)gO & 1
=00 9c0s” O 2
U 2 g
NOTE Allintegers are critical point for greatest integer function.
Case I When x 01
f®=[x]? =[] =2 ~x*=0
Case II When x01
If 0<x<1, then [x] =0



and 0 < x? <1, then [x?] =0
Next, if 1<x?<2 0 1<x<+2
O [x]=1 and [x’]=1

Therefore, f (x) = [x]? - [x%] =0,if 1 <x <+/2
f@)=0, if 0<x<~2
This shows that f (x) is continuous at x = 1.

Therefore, f (x) is discontinuous in (- ,0) O [vV2¢ ) on
many other points. Therefore, (b) is the answer.

Therefore,

. Given, f (x) = [tan® «]

Now, —45°<x <45°

a tan (—45°) <tan x <tan (45°)
a - tan45< tanx tan 4% )
g - K tanx 1
g 0<tan®x<1
a [tanZx] =0

i.e. f(x) is zero for all values of x from x=-45°to 45°.
Thus, f (x)exists when x — Oand also it is continuous at
x=0. Also, f (x)is differentiable at x =0 and has a value
of zero.

Therefore, (b) is the answer.

. Here, f(x) = [x] cos ng_lQT[
g—cosng_lgﬂ , —1<x<0
_%) . , 0sx<1
. f(x)—g cos 127362 QI‘[

, 1<x<2

%cosgﬂgn , 2<x<3

2

which shows RHL =LHL at x = n 0 Integer as if x =1

ad lim cos gﬂgn =0 and
x-1" 2

Also, f@)=0
O Continuous at x =1.

lim 0=0

x- 1"

Similarly, when x =2,
lim f(x)= lim f(x) =0
x - 2% x - 27
Thus, function is discontinuous at no x.

Hence, option (c) is the correct answer.

. Given, f(x) :x(«/; + M)

0 f(x) would exists when x>0 and x+ 1 =0.
O f(x) would exists when x = 0.

O f(x) 1is not continuous at x=0,

because LHL does not exist.

Hence, option (c) is correct.

6. For f(x) to be continuous, we must have

f0) =lim f(x)

20
_ lin& log 1 + ax) —log 1 - bx)
X x

7.

8.

10.

11.
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a log (1 + ax) + blog (1 - bx)

=lim
X0 ax —-bx
=0 +00 [using}cif%mﬂZI]
=a+b
O f0)=(a +0)
f (%) = xcos(Ti(x + [x]))
Atx=0
}6111(1) f(x)= iiil%xcos(n(x + [x]) =0
and f(x)=0

01t 1s continuous at x =0 and clearly discontinuous at
other integer points.

PLAN If a continuous function has values of opposite sign inside an
interval , then it has a root in that interval.
f,g:[01 - R

We take two cases.

Case 1 Let f and g attain their common maximum
value at p.

g f(p) = &),
where p 0[0,1]

Case II Let fand g attain their common maximum
value at different points.

ad f(a)=Mand g(b) =M
g f(a)=g(a)>0 and f(b)-g(b) <0

O f(e)-g() =0 for some cO[0,1] as f and g are
continuous functions.

O f(c)—g(c) =0 for some ¢ 0[0,1] for all cases. ...(1)
Option (a) 0 /%@ &°@ 3[f(@ g©F 0

which is true from Eq. ().

Option (d) O f%(c) - g%(c) =0 which is true from Eq. (i)
Now, if we take f(x) =1land g(x) =1, [d [0,1]

Options (b) and (c) does not hold. Hence, options (a) and
(d) are correct.

fen)=a,, f@n")=a,
f@n7)=0b,+1
O a,-b,=1
fen+1)=a,
flen+1} =a,
flen+1)"}=b,,, -1
O a,=b,,;,-lora,-b,,;=-1
or a,-1—b,=-1
Given, «*+3y?>=4 0O y=44-2°

or F ) =44 — a2

O(1 + |sin x|} ¥k *! b <x <0
f(x)=% b , x=0
E etan?.x/taan , 0<x<T/6

Since, f(x) is continuous at x =0.
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12.

13.

14.

O RHL (at x =0) = LHL (at x =0) = f(0)

0 }}an% ptan2hitansh _ hm {1 +sin h [}/50 0 =
O e® = b

O a=2/3

and b=e®

Since, f(x)1is continuous at x =0.

d f(©)=LHL
a a = lim 71_%25 4h
A0 h
.9
0 a:hm2sm 2h Xé
a0 p2 4
a a=8

Since, f(x)is continuous for 0 < x < Tt

0 RHL %tx=EQ=LHL%tx=EQ

ad @Eﬁcot—+ b@ %+af@m

b .

O —+b——+a O a—bz— ...Q0)
2 4 4

Also, RHL @t x= EQ = LHL @tx = g@

ad %}cos——bsm n@ @Ek@ot—+b§

ad - a & b
O a+2b=0 ...(i1)
On solving Egs. (i) and (ii), we get
a= I and b= L
6 12

Let g(x) = ax + b be a polynomial of degree one.

Oax+b, x<0

O = 0
f) o

+ x0J

Since, f(x)1is continuous and f' (1) = f(-1)

O (LHL atx=0) = (RHL atx=0)
a hm (ax + b) = hm D—IEU
-0 [+ 20
ad b=0 ...()
Also, =1
0 f) = Mm x>0
P +x
U log f(x) =— [log (1 +x) —log @ +x)]
x
On differentiating both sides, we get
a1 1 0 B 0+ x%l]
x - -1 dog O—~
) %+x 2+x% gDZ+xDE
f() x

15.

16.

D Eﬂ_+x%[|
o
0 f®= [“”DU D<1+x)(2+x> ® v an
_EE"' D O x> 0
0 0
O

0 f'(1)=§%—1og%§§

and f(-1)=-a +b =-a [from Eq. (1)]
O -a =20 -1lo %ﬁ
st 8
% @og %Q—lﬁx, x<0
Thus, f(x)= x
fo=d g
0—-_0a x>0
H @m+x0
Now, to check continuity of f(x) (at x =0)
RHL = lim %lﬂ%v =0
x-0[R+ x0

O LHL—hm aog%@ GEJCZO

Hence, f(x) is continuous for all x.

E&in (@+1)x+sinx

, x<0
. 0 X
Given, f(x) = c ,x=0
0 (x+ baH"? -2
b2 ;x>0

is continuous at x =0.

O (LHL at x=0) = (RHL at x=0) = f(0)
. Ds1n(a+1)x sin x[J
0O lim
xaoa X X
V2 _
i 000" 1
x-0 bx
O (a+1)+1—11m%|317:
#0 bx \[1+bx +1
0 a+2:l:c
2
D a:—§’czl
2 2
and bOR

@) Given, f,: R - Rand f,(x) =sin (1 —¢™)

O f (x)is continuous at x = 0

Now, f;'(x) = V1- _xz.; 2xe’
, [y (x) = cos e 2\/H(xe )
Atx=0
f,' (x) does not exists.
O f (x)is not differential at x =0
Hence, option (2) for P.
11 .
(ii) Given, f,(x) = Dtﬁl :n—lxix’ ifx#0

5 1

ifx=0



0- sin x

D[Ean_1 x

1 x
fo@) = e
Jtan

D 1 x=0

H

Clearly, f,(x) is not continuous at x = 0.
O Option (1)for Q.

(iii) Given, f; (x) = [sin (log,(x +2)], where [] is G.L.F.

and f; :(-Le"'2-2 L R

It is given -l<x<e"? -2
0 - 2 o4 X T 2
0 1<x+2<e"?

O log, 1 <log, (x +2) <log, ev?

0 0 <log, (x+2)<g

O sin 0 <sin log,(x +2) <sin g

O 0 <sinlog, (x +2) <1

ad [sin log, (x+2)]1=0

O £@®=0,f3@0=4"" (=0
It is differentiable and continuous at x =0.
OOption (4) for R

2 . [l .
(@iv) Given, f,(x) = EW sin %@ if x#0
B O ifx=0

Now, lim f,(x) = lim xZsin %QZO
x- 0 x -0

fi ()= 2xsin%@ - cos %@

Forx=0,f, (x)= }}ijno M

h%sin %Q—O

—

O fi (x):%ifll()hsin @%@:O

0o ol
H 0, x=0

Again, lim f'(x) = lim @zx sin @}E- cos @,%

does not exists.

O fi (@)= lim

Since, hm cos %%does not exists.

Hence, f'(x) is not continuous at x = 0.
O Option (3) for S.
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Topic5 Continuity ina Domain

1. Given If “4tdr = (x-2) g
f(x)

O (x) = IG i di [ ided x # 2]
gx) = provided x #
(x-2)
If “ 4 ds
So, hm g(x) = lim 28

x - 2 x—2

0o O
5 —formasx » 20 6
Eo & eg

lim g9 = im 207 0

X —

P2(x)

E[ In J'(p1 ( )f(t) dt = f(@(0)), G (x) = F(Q(x) D({J(x)a
On applying limit, we get
lim g() =4(f@) ' @) =4 % 6) —,
X - 2 48

0 10
5 f@)=6and ' 2)=—
g @) @ 15E
:4><216:18
48
2. Given function
E‘Pin(p+1)x+sinx %<0
0 x
fl)= [I , x =0
D \x+x _\/7 x>0
o @2z ’

is continuous at x =0, then
fO)= 1im_ fo) = 1il(l)l+ f@)...Q)

sin(p + 1)x +sin x

hm f(x) = lim
-0 x-0" X

=p+1+1=p+2 Ij'-limsm(‘m):a[|
H o « 5

2
+ —
and lim f()= lim 7”’;2‘/;
x-0" x-0" X

Val@ +2"™ 1]

= lim
x-0" XJ;
0 O
3, 2%—@ ]
O+-x+ 2+ -10
% 2 21 %
= lim
x-0* x
[ @+x)"
:1+nx+n(n—1)x2+n(n—l(n—2))x3+“"|xl<1]

1012 1203
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From Eq. (1), we get
f0)=q =1 and lim f@)=p+2 -1
2 x-0" 2

O p=-—

2
so.  Ga=f .0

3. Given function
ulm-a+1, x<5

f(x):Eblx—Trl +3, x>5

and it is also given that f(x)is continuous at x=5.
Clearly, f®B)=a®G-m+1 ...(1)
xligl’ f(x) = }Lij%[al n-06-h)|+1]
=ab-m+1 ...(i1)
and xlir5n* f(x) = },if%[bl G+ h)-m +3]
=bG-m +3 ...(ii1)

- Function f(x)is continuous at x =5.
Of6)= lim f(x) = lim f(x)
x-5 x-5
O aB-m+1=bG-m +3
ad (@a-b)6-m=2

ad a-b= 2
5-T1

4. Given function f(x) = [x] - %E xOR

. . G+ h
Now, 1 x) =1 4+ h] -
BT = S = e
[ put x=4 + h, when x — 4", then h - 0]

=lim@ -1) =3
h-0

mﬂjﬁ{ﬂngﬁﬁyJﬂ—giﬁ
[ putx=4-h, when x - 4~
then A - 0]
=1lim@ -0) =3
"9 m@p
and f@) =] - go=4-1=3
- lim f(® = f@) = lim f(x) =3
x> 4" x-4”

So, function f(x)is continuous at x =4.
5. Given function f:[-1,3] - Ris defined as
Oxl+ [x], -1<x<1
f@=Hr+lxl, 1sx<2
Bx +[x], 2<x<3

Fx-1, -1<x<0
ad
X, 0<sx<1
H
a

=0 2«x, 1<x<2
gx+2, 2<x<3
g 6, x=3

[-ifn<x<n+1, 0n0 Integer, [x] =n]

lir(l)l_ f@)=-1%f0) [~ f0)=0]
111}1_ f)=1#fQ1) [ f@)=2]

lirg_ f)=4=1@)= lir; f)=4 [+ f@)=4]

and lim f() =5 # f(3) [+ f3)=6]
x-3

O Function f(x)is discontinuous at points 0, 1 and 3.

Key Idea A function is said to be continuous if it is continuous at
each point of the domain.

We have,
o b if  x<1
Fo+bx if 1<x<3
f®)=0 .
p+dx if 3<x<5b
H30 if «x25
Clearly, for f(x) to be continuous, it has to be continuous
atx=1,x=3and x=5
[ In rest portion it is continuous everywhere]
O lim (a+bx)=a +b=5 ...(0)
o 1"

[ liIII_ flx) = 1irln+ f) =f)]

lim (b+52) =b +25 =30 .G
e [ lir?_ flx)= lilég f@@) =f6)

On solving Egs. (1) and (i1), we get b=5and a =0
Now, let us check the continuity of f(x) at x = 3.

Here, lim (a + bx)=a +3b =15
x-3"

and lim (b+5x)=>b+15 =20
x- 3%

Hence, fora =0and b =5, f(x)is not continuous at x =3

0 f (x) cannot be continuous for any values of a and b.

. Given, f(x):%x—lforOstn

1, 0< 2
O =0 J-°°

00, 2<x<m

[(tan (-1), 0<x<2
0 tan [f(x)] = O

0 tan0, 2<x<T

ad lim tan [f(x)] =—-tan1
x- 2




and  lim_tan [f] =

x-2

So, tan f(x) is not continuous at x =2,

NOW, f(x):lx—lm f(x):x;Z D%

Clearly, 1 /f(x) is not continuous at x =2.

2
x—2

So, tan [f(x)] and %E are both discontinuous atx =2.

. The function f(x) =tanx is not defined at x:g, SO

f(x) is not continuous on (0, T1).

(b) Since, g(x) =xsin 1 is continuous on (0, M) and the
x

integral function of a continuous function is
continuous,

O f(x :I;t %in %Q dt is continuous on (0, ).

D O0<x< 3j
(© Also, f(x)= 4
Eilsm %@ — <x<T
We have, hm fx)=1
3m

X -
4
lim f(x)= lim 2sin ?@:1
3m* L 9
X 4

So, f(x)1is continuous at x = 311/4.
O f(x) is continuous at all other points.

(d) Finally, f(x)= g sin(x+m O f %@Z i)

2
1im_f(x)—hmf% h hm—sm%-[—h@:%[
xﬁ@gg

and  lim /(9 =lim / % + h@

x— (1/2)
=limEsin gl-[+ h@=—n
h-0 2 2 2

So, f(x)1s not continuous at x = 11/2.

9. We have, for -1<x<1
O O<xsinTtx<1/2
O [xsin Tie] =0

Also, xsin Tix becomes negative and numerically less
than 1 when x is slightly greater than 1 and so by
definition of [x].

f(x) =[xsinTtx] =-1,when1l<x<1+h
Thus, f(x) is constant and equal to 0 in the closed
interval [-1, 1] and so f(x) is continuous and
differentiable in the open interval (-1, 1).
At x =1, f(x) is discontinuous, since lim (1-A) =0
and lim 1+ h)=-1 B
O f(x)is not differentiable at x = 1.
Hence, (a), (b) and (d) are correct answers.

10. f(x) = [x]sin LD

11.

1.
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d
O+ 110

We know that, [x] is continuous on R ~I, where [

0 O .
denotes the set of integers and sin Elilj is
O+ 110

discontinuous for [x + 1] =0.

a O<sx+1<10- k¥ £ 0
Thus, the function is defined in the interval.
0 2
0 x , 0<x<1
Given, f(x) = 2 3 ...Q0)
BDx?-3x+> |, 1<x<2
] 2

Clearly, RHL (atx=1)=1/2and LHL (atx=1) =1/2
Also, fx)=1/2

O f(x)is continuous for all x [J[0,2].

On differentiating Eq. (1), we get

f'()_D X , 0<x<1
Y7 Hx-3 , 1sxs<2
Clearly, RHL (at x =1) for f' (x)=1
and LHL (at x=1) for f' (x)=1
Also, fa=1
Thus, f' (x)is continuous for all x 00[0,2].
Again, differentiating Eq. (i1), we get

a , 0sx<1

" @=0
Ao, l<x<2

Clearly, RHL (at x =1) Z LHL (at x = 1)
Thus, f'' (x) is not continuous at x = 1.

or f'" (x)1is continuous for all x[[0,2} {1}.

..(iD)

Topic6 Continuity for Composition and

Function

1 1 1 1
Given, f(x) = xcosf x=1 0O f' (x)—fsm + cos —

x x
a ' ()= —cos %@

lim f'(x)=0+1=1 0O Option (b) is correct.

X o

Now, xO[1l,0 )0 Bl» 0,11 0 " (0<0

Now,

Option (d) is correct.
As f'(1)=sinl+cosl>1
[ (x) is strictly decreasing and lim f' (x)=1

X o

So, graph of f' (x) is shown as below.

(1, sin1+cos1)




4, Given, f(x) =
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Now, in [x, x+2], x O[1,00 ), f(x)is continuous and
differentiable so by LMVT,
f’(x) - f(x+22)_f(-x)

As, [(x)>1
For all x[0[1,0 )

n LEDFO g faeg)-f >2

2
For all x0O[1,0)

0 f@+1, if £ () <0

C 8 DI 1 eb, i f @) 20

O x+a+1, fx<-a

:E(x+a—1)2+b, if —a <x <0
Hix-11-1)%+b, ifx=0

As gof (x)1is continuous at x = —a

gof (—a)=gof (-a”) =gof (-a’)
0 1+b=1+b=1 0O & O
Also, gof (x)1s continuous at x =0
0 gof (0) = gof 0") = gof (07)
0 b=b=(@-1)%+b 0 a=1
O x+2, ifx<-1

Hence, gof (x) = E x2, if -1<x<0

Hix-11-1)2%  ifx=0

In the neighbourhood of x=0, gof (x) =x% which is
differentiable at x =0.

. As, f(x)is continuous and g(x) is discontinuous.

Case I g(x) is discontinuous as limit does not exist at
x=k.

O ¢ (@F flr g
ad 1;131}e 0 (x) :jlcin}e{f(x) + g(x)} =does not exist.
0@ (x)is discontinuous.
Case II g(x)is discontinuous as, lim g(x) # g(k).
0 ¢ (F fer g@.
ad liink 0 (x) :}Cij% {f(x) +g(x)} =exists and is a finite
quantity
but @) =f(k) +g(k) ﬂiink{f () +g)}
O @ (xF f(xrF g(x)is discontinuous,
whenever g(x) is discontinuous.
d+x, 0<x<2
% -x, 2<x<3
O+ fkx), 0<f(x)<2
0 e@=rrel=g
O+ f, 0<f(w<l O+@B-x), 2<x<3
O fof =0 +f@, 1<f@s2=H+1+2, 0sx<1
B-f@, 2<f®<3 B-@1+x, 1<x<2
M-x 2<x<3
0 (o) @W=M+x 0<x<1
B-x 1<x<2

Now, RHL (atx=2)=2 and LHL (atx=2)=0
Also, RHL (at x=1) =1 and LHL (atx=1)=3
Therefore, f(x)is discontinuous at x =1, 2

O f [f(x)] 1s discontinuous at x ={1, 2}.

. Since, f(x)is continuous at x =0.

0 lim f(x) = /0)
0 fO")=f0)=£0) =0 @

To show, continuous at x = &

RHL =1}i1m0 f(k+h) =}liné [f(k) + f(R)] = f(k) + f(O7)
=f(k) + fO)

LHL =lim f(k ~h) = lim [f(k) + f(-h)]
=f(k)+ fO7) =f(R) +f0)

O lim f(@)=/(k)
O f(x)is corolcﬁnuous for all x OR.

Topic7 Differentiability at a Point
1. Given function, g(x) =| f(x) |

where f: R — R be differentiable at ¢ R and f(c) =0,

then for function ‘g at x=—¢
_ i, 8let h) —g(0)

g (= }}gnO Y

i FCERIZIFQ1 _ e+ )]

[where A >0]

h-0 h h- 0 h
[as f(c) =0 (given)]
= lim [[€* P 210 [+h>0]
h-0 h
|y Fe* W) =1©
h-0 h
=11 (¢ \ [ fis differentiable at x = (]

Now, if f'(¢)=0, then g(x) is differentiable at x=c¢
otherwise LHD (at x = ¢ and RHD
(at x = ¢) 1s different.

Key ldea (i) First use L' Hopital rule

(ii) Now, use formula

@ (x)
9 F 0t = a0l 00 - g (500
dx

@ (x)

f(x)
2tdt
f(x)
Let /= lim [ 2dl S D form, as £@) =62
¥2 4 x-2) »-2(x-2) B B

On applying the I’ Hopital rule, we get

[=lim
x-2

i D (Pz(x)
HOLD G L1 fydn = f0,00) o'
E dx(lh(x)
- 1@ @) ]
So, 1=2/Q) (' @ =12/ @) F: /@) =6]

f(x)
. 2tdt
01 =12 @
li [ o512 ®




3.

6.

Given function is f(x)=15-|x-10],x OR and
g() = f(f(x)

=f(15-x-101)

=15-]15 -]x-10| -10]|

=15-|5-|x-10]|

_[A5-15-(x-10)| ,x=10

H5 =15+ (x-10)| ,x <10
_[d5-115-x| , x210
“His-1x-5] ,x<10

015+ (x=5) =10 +x , x<5

_Hi5-(x-5)=20-x, 5<x<10
_E 15+ (x-15)=x , 10<x<15
H5-(x-15)=30-x, x=15
From the above definition it is clear that g(x) is not

differentiable at x =5, 10, 15.
Let us draw the graph of y = f(x), as shown below

y= min {sin x, cos x}

Clearly, the function f(x)=min {sinx,cosx} is not
differentiable at x=— 3

andZT[ [these are point of

intersection of graphs of sin x and cos x in (- T, T), on

. . 3m mQ
which function has sharp edges]. So, S = ,—
p edges] 07 2

31

L. iy -TT 31 T
which 1s a subset of S
4 4 4

"4n

We have,
f(x)=sin|x| —|x| +2 (x =) cos | x|
[(Fsinx + x +2(x — 1) cos x, if x <0

f®=0

Osinx —x +2(x —m)cosx, if x=0
[ sin(-0) = —sin B and cos(-0) =cos 6]

, (Fcosx+1+2cosx —2(x —Msinx; if x <0
07 @=0 . .
fcosx—1+2cosx —2(x —m)sinx, ifx>0

Clearly, f(x) is differentiable everywhere except
possibly at x =0
[ f" (x) exist for x <0 and x > 0]
Here, Rf' 0)= lim Bcosx—1-2(x —T0)sin x)
x- 07"

=3-1-0=2
and Lf (0)= lim (cosx+ 1 —2(x —)sinx)

X —

=1+1-0=2
Rf 0)=Lf 0)
So, f(x)is differentiable at all values of x.
O K=¢

Key Idea This type of problem can be solved graphically.
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-1, -2<x<0
We have, f(x)=%2 *

-1, 0<x<2
and gx) =1 f@) |+ f(ld)

01, -2<x<0
Clearly, IT®1=02 11 0<xso

o 1, -2=<x<0

=H@?-1), 0s<x<1
Ha?-1, 1=<x<2
and  f(lx])=]x*-1,0<|x| <2
[ f(lx]) = —11s not possible as | x| £ 0]
=x2-1, |x|<2 [ xl? =27
=x>-1, -2<x<2
O g =1f@1+f(x])
O 1+4%-1,
:Er(xz—l)+x2—1,
x2—1+x2—1,

-2<x<0
0<x<1
1 <x<2

xZ, -2<x<0

0, 0<sx<1
(*-1), 1<x<2

I
o o e

Now, let us draw the graph of y = g(x), as shown in the
figure.

Y 26)
(=2,4) 2|,
Y= =2 (@ -1)
X T T T T X
2 10 1 2
YI

[Here, y=2 (x* —-1)orx® = % (y + 2) represent a parabola

with vertex (0, — 2) and it open upward]

Note that there is a sharp edge at x =1 only, so g(x) is
not differentiable at x =1 only.

7. Key Idea This type of questions can be solved graphically.

Given, f:(-1,1)&» R, such that

f(x) :max{—lxl, —\/;c}

On drawing the graph, we get the follwong figure.
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[ graphof y=—|x]|is
Y

and graph of y = —4/1 —&°

Y

AN

\[ 2% + y* =1 represent a complete circle]

E—vl—xZ, -1 <acs—L
V2
0 f@ =0l Ll
T TETR
O-v1-x%, ——<x<1
0 V2
From the figure, it is clear that function have sharp
1
edges, atx=-—,0, ——
¢ NR)

O Function is not differentiable at 3 points.

8. Key Idea This type of problem can be solved graphically

2
We have, f(x):%nax{lxl,x}, <2
0 8-2ld, 2<|xl<4
Let us draw the graph of y = f(x)
For | x| < 2 f(x) =max{| x|, 2%}
Let us first draw the graph of y = |x|and y = x> as shown
in the following figure.
y=x2
y= x|

-2 -

Clearly, y =|x|and y = 2? intersect at x = - 1,0, 1
Now, the graph of y =max{|«, 2%} for |x|<2is

2 V1 2

For|x|0(2, 4]

-2 @
f(x)=8—2|xl=§ o 204

+2x, xOf 4~ 2)

O +—2<lxl<s4 g
D |t 2and|at 40
0 0

g g

From the graph it is clear that at x = -2, -1, 0, 1, 2 the
curve has sharp edges and hence at these points f is not
differentiable.

3

. Given, | f(x) - f(y)|<2|x-y|2 Ox ] R

1

'f(x)_f(y)lszm—yﬁ

[x=yl

ad

(dividing both sides by |x—y|)
Put x =x+ h and y =x, where A is very close to zero.

1
0 lim [LEEP Oy o) ot ) - 22
h-0| (x+h)-x h-0
1
0 lim | LEFD SO i 9172
h- 0 h h-0
0 hmw <0
h- 0 h

[substituting limit directly on right hand

side and using lim | f(x) | =| lim f(x) P

O1f (x)I<0 @ %i%w:f'(x)g
Olf =0 (.| f' (x) | can not be less than zero)
O f@x=0 [“1x]=0 = x=0]

O f(x)is a constant function.
Since, f(0) =1, therefore f(x)is always equal to 1.

Now, f; (f(0)2dx = I;dx = [l =(1 -0) =1



10. We have,

11.

12.

13.

f() =|x - TEY -1)sin |
Ox —m(e™ -1)sinx, x<0
fG) = B-(x - )¢ ~1)sinx, 0 <x<T

E(x—l‘[)(ex -1)sinx, x=T

We check the differentiability at x =0 and T

We have,
E(x—n) (€" —1cosx+(e™ -1) sinx
+ (x—TT) sin xe x( 1),x<0
[(x m(e* —1)cosx +(e* 1) sinx
+ (x—T) smxex]O <x <T
[(x (" —1)cosx + (¢ —1) sinx

f (%)=

0 +(x-T) sinxe*, x> T
Clearly,
lim f (x)=0= lim f' (x)
x-0" x-07"
and lim f (x)=

0= lim+ [ (%)
X TT X T
O fis differentiable at x=0and x =Tt
Hence, f is differentiable for all x.
We have, f(x)=|log2 —sin x|and g(x) = f(f(x)), x OR
Note that, for x » 0, log 2 >sin x
O f(x) =log 2 —sin x
U 8(x) = log 2 —sin (f(x))
=log 2 —sin (log 2 —sin x)

Clearly, g(x) is differentiable at x=0 as sinx is
differentiable.

Now, g (x)=-cos (log 2 —sin x) (- cos x)
=cos x [tos (log 2 —sin x)

O g (0)=1TCkos (log2)

Given, f(0)=2=g(1),g0)=0 and f(1)=6

f and g are differentiable in (0, 1).
Let A =f(x)-2g(x) ...(1)
h©)=£0)-2g0) =2 -0 =2
h()=f(@1)-2g(1) =6 -2@2) =2
h©0)=h(@1)=2
Hence, using Rolle’s theorem,

h'(c) =0, such that ¢, 1)

Differentiating Eq. (1) at ¢, we get

O f'(0)-28 () =0

O f'l=2g()

PLAN  To check differentiability at a point we use RHD and LHD at
a point and if RHD =LHD, then f(x) is differentiable at the
point.

Description of Situation

As, Rif (@)}=lim

and

flx+h)-fx)
h

and

Lif = im LRI

Limit, Continuity and Differentiability 207

Here, students generally gets confused in defining
modulus. To check differentiable at x=0,

(7 0 = i [0+ 1O

h% cos—|-0

—hm h ‘

—— =lim h#]cosE =0
-0 h h-0 h

h? cos%%%‘—o
-h

vy = i FO=R)=f(0) _ .
HIOp = Jim =i
So, f(x)1s differentiable at x=0.
To check differentiability at x=2,
f C+h)-f@)

R{f @
{re} = .
Um g Um0
2+ h)?| cosG——[]| -0 2[Gos ——
( ) COSE2+hE @+h) B:OSDZ+hE
=lim —hm
h-0 h -0 h
@+ h)?Ein 8-
2 2+hA0
=lim
n-0 h
(2+h)25-1mgl
=lim e h)DD LS
h-0 T 2@+h)
2@2+h)
) . fC-h)-f@)
L{f @}=1lim*——~ 1~
and  L{f @)= lim 2520
@-h)? #]cos -22 #]cosﬂ‘
. 2
=lim
h-0 -h
9 0
@-h)* - O-cos 0-0
. -hU
=lim
h-0 -h
—@-h2EnA -1
. 2-h0
=lim
h-0 h
o mm 0O
2- hZBmI} O
( ) 02@- h)D -
—hm =-T
-0 I 2(2—h)
2@2-h)
Thus, f(x)is differentiable at x=0 but not at x=2.
14. Given, g(x):&;0<x<2,m¢0, n are
log cos™(x - 1)
-1 >1
integersandlx—llZDx o X
-x, x<1

The left hand derivative of [x —1]atx=1is p=-1.
Also, lim g(x) p=-1

o1t

0 11 1+h-1)

- 0logcos™ (1+h - 1)
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15.

16.

17.

n

O lim ——=-1
h- 0 log cos™ h

O Iim ——=-1
k-0 m log cos h

n-1

0 lim nth =-1
- -sin h
cosh( )

[using L’Hospital’s rule]

n-2 n-2
ad hmg @QZLQ D%@gi%ggﬂ§=
h
d n=2 and

210 m=n=2
m

Given, (1) = f %@: f %@: = lim %Q:o

as f @},QZ 0; n Ointegers and n > 1.

0 1imf§17§:o 0 £0)=0

Since, there are infinitely many points in
neighbourhood of x =0.

U f(x)=0

O f'(x)=0

U f10)=0

Hence, fO)=f"0)=0

Using graphical transformation.

As, we know that, the function is not differentiable at
sharp edges.

Y

i)y = x| -1

AL
i

(iiyy = ||x| = 1]

In function,
y=|| x| =1 we have 3 sharp edges at x=-1,0, 1.

Hence, f(x)is not differentiable at {0, £ 1}.
b Cx-1),  ifx<-1
Given, f (x) =] tan " x, if-1<x<1

ifx>1

E% (x-1),

f (x)is discontinuous at x=-1and x =1.

18.

19.

20.

21.

0O Domainof f' (x)OR { 1,1}
lim Sinh-h

RHD of sin ([ x|) -1xl=,2, =1-1=0
[/ 0)=0]
LHD of sin (| x]) = x|
_._sin|=-h|-|-h|_sinh-h _
= lim = =0
h-0 -h -h

Therefore, (d) is the answer.

Given, [ (x) = [x] sin Tt x
If x is just less than &, [x] = &k -1
O f(x)=(k-1)sin T x.

LHD of f (x) :hn}e (R=1)sinTtx — ksin Tk

x—Fk
- lim (R -1)sin T[x,
x -k x—-k
— lim (R-1)sinT(k—h)
h-0 -h

- [wherex=Fk — h]
(k 1) (-1) Ein AT S D)k - T

o -h

f () =max {x, 2}
separately, y=»> and y=x

NOTE y = x°is odd order parabola and y = x is always
intersect at (1, 1) and (=1, = 1).
O in (=, ~1]

Given, considering the graph

3 .
Now, /@ % i)
in (1,0)
a , .in (=, —1]
x® in (1, o)

The point of consideration are

fr=17)=1 and fr(-1")=3
f (=0)=0 and [ O0")=1
fraH=1 and f'aH=3

Hence, fis not differentiable at —1,0, 1.
Let h (x) =lx|,then g @) =|f @|=h{f ()}

Since, composition of two continuous functions is
continuous, g is continuous if fis continuous. So, answer
is (c).
(a) Let f(x)=x0 g (&F x|
Now, f (x) is an onto function. Since, co-domain of x
is R and range of x is R. But g (x) is into function.
Since, range of g (x)is [0, ©) but co-domain is given R.
Hence, (a) is wrong.
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M) Let f=x0 g(F |xl hm f(x) @)

Now, f (x) is one-one

. . / X and  Rf' @)=
function but g (x) is many-one function. Hence, (b) is -2
wrong.

(d) Let f @)=x0 g (F |xl| Now, f (x)1is differentiable = lim %ﬁ -1 (x-1) + wg
for all x O Rbut g (x) =|x|is not differentiable at x =0 x-2" x=2 |
Hence, (d) is wrong. 9 ) .

99, T ] 2 1)(a® -2 49 ) =@2°-1)@2-1) -sin2 =3 -sin 2
. = - - + + . . .
unctlonl 69 . (e ) x | COS. (Ix ll). @ So, Lf"@)#R[" Q),f1isnot differentiable at x =2
NOTE In differentiable of| f (x)| we have to consider critical .
points for which f (x) = 0. Therefore, (d) is the answer.
0 x
0 x20
| x|is not differentiable at x =0 23. Given, f(x)= x |ZI1 +x
[Fos (=), if x <0 1+]xl % x<0
but cos|x|= . ot -
|:| cosx, 1ifx=0
. 01 +x)0-x0
[bosx if x<0 5 s x=20
] cos|x|= . O fr@=0 PNE
[posx, if x>0 1-x0-x(-1)
a0 *<0
Therefore, it is differentiable at x =0 . B a-x)
Now, |2 -3x+2|=|(x -1) (x -2)| 01
-1 -2), if x <1 , 227"
=x-1) @2 -x), if1 <x<2 O——.x<0
He-1) x-2), if2<x =)
Therefore, O RHDatx=0 O lim 5=
g(x2—1)(x—l)(x—2)+cosx, if —o0<x <1 #=0(1+x)
f@=0 " 1) (x-1)(x-2) +cosx, if 1sx<2 and LHDatx=0 0O lim ——=
Ha?-1) (x-1) (x -2) +cosx, if2 <x <o =0 (1-x)

. . . o Hence, f(x)is differentiable for all x.
Now, x=1,2 are critical point for differentiability.
Because f (x) is differentiable on other points in its

24, Since, f(x) is continuous and differentiable where

domain. fO)=1land f Q)=-1, f(x) >0, Ox
Differentiability at x=1 Thus, f(x)is decreasing for x >0 and concave down.
L f M= tm L@ 0 @<o
x- 1" x—-1 Therefore, (a) is answer.
_ _tan Tt [(x - ™)]
= lim e -1) (x -2) + COS X — COS lg 25. Here, f(x)= BEPT T
x-1" [ x-1 0 [x]
—0—sinl = sin 1 Since, we know T[[ g(zx - M] = n mand tan nTt =0
. cosx—cosl _ d 1+[x]"#0
o lim ——————=—(cosx) atx=1-0
[ xif x—1 dx( ) o fx)=0,0x
=-sinxatx=1-0=-sinxatx =1=-sin 1] Thus, f(x)is a constant function.
and Rf' ()= lim f) - Q) Of" @), f" (x),... all exist for every x, their value
so1t Xl being 0.
= lim, I:F o2 -1) (x -2) + cosx = :OS 1% O f' (x) exists for all x.
w1t * U 26. We have,
=0 -sinl =-sinl [same approach] (FO)? + (f (0)*=85
~ Lf'" (1)= Rf' (1). Therefore, function is differentiable and f:R- [-2,2]

atx=1.
Again, If' @)= lim [® 1@
x - 27 x—2
O -
- lim D(xz 1)@ -1) 4 Cosx cos 2
x-2 [ x—2

-@4-1)@2-1) -sin2 =-3 -sin2

a
d
d

(a) Since, f is twice differentiable function, so f is
continuous function.

O This is true for every continuous function.

Hence, we can always find x O(r, s), where f(x) is
one-one.

OThis statement is true.



210 Limit, Continuity and Differentiability

(b) By LM.V.T
f(rfw)fW)D”(H_ﬂﬁ—ﬂ@
-a
. H”@ﬁlzfQL i 9| f@);ﬂ—@\

Range of fis [- 2, 2]
-0k fOy ff 4% 40 0<

Hence, | f' (x) I<1.
Hence, statement is true.

(c) As no function is given, then we assume

L/ 0
f(x) =2sin D@D
02 O

/85 x[
V85 cos D%D

g

Now, (f(0))%+ (f' (0))* = @sin 0)* + (V85 cos 0)*
(fO)* + (f 0)*=85

and lim f(x) does not exists.

Hence, statement is false.
(d) From option b, | f' (xy) <1 and x, Ot 4,0)

0 f )=

U (f (xp))?<1
Hence, g(xg) = (f(x)* + (f' (x)* <4 + 1

[ fx) Ot 2,2]]
U 8(x) <5

Now, let p Of 4,0) for which g(p) =5

Similarly, let ¢ be smallest positive number ¢ (0, 4)
such that g(q) =5

Hence, by Rolle’s theorem is (p, q)

g (¢)=0fora O<€ 4,4) and since g(x) is greater than
5 as we move formx=ptox=gq

and f(x)?<4 O (f ®))*21lin (p,q)

Thus, g =0

0 Frefr=0

So, f@)+ f"@)=0and ' @)#0

Hence, statement is true.

27. Given, lim f@)sin ¢ = f(t) sin x =sin’x

t - x t—x

Using L' Hospital rules

lim f(x) cost—lf (